
This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 
to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 
to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 
are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other marginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 
publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing this resource, we have taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 

We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain from automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attribution The Google "watermark" you see on each file is essential for informing people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liability can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 



at |http : //books . google . com/ 



f^ 



^ 



IN MEMORIAM 
FLORIAN CAJORI 





. NEW. 
PLANE AND SOLID 
GEOMETRY 



BY 



WEBSTER WELLS, S.B. 

H 

PROFESSOR OF MATHEMATICS IN THE MASSACHUSETTS 

INSTITUTE OF TECHNOLOaT 



BOSTON, U.S.A. 

D. C. HEATH & CO., PUBLISHERS 

1909 



OOPYBIOHT, 1908, 

By WEBSTER WELLS. 
All rights rewnfed. 






PREFACE 

In the preparation of this text the author acknowledges 
joint authorship with Eobert L. Short. 

Geometry is approached from the constructive side, all 
methods of construction needed for drawing any figure in 
Books I or II being given in the introduction. In cases where 
a geometric principle is used in any construction, a note at the 
end tells where the principle is proved. In all figures in the 
early portions of Book I, the construction lines and arcs are 
given ; afterwards these are dispensed with. 

In Props. II and III, Book I, and in other places, colored 
diagrams are given in addition to the regular figures, in which 
the equal parts in the given triangles are represented by linea 
of the same color; this scheme will be found of great assistance 
to the pupil in the earlier portions of the work. 

Below each figure is a paragraph in smaller type, giving full 
directions for the construction of the diagram in accordance 
with the statement of the theorem. This gives the pupil a 
familiarity with the figure, and what in it is given, and what 
to be proved, that is of great value, and lessens the tendency 
to memorize. Many figures are omitted, but complete direc- 
tions for their construction are given in each case. 

In all figures given in connection with theorems and prob- 
lems, given and required lines are made heavy. 

Attention is invited to the order of theorems in Book I ; in 
this case, the pupil begins with the easier proofs. From the 
3tart the student has practice in representing angles and lines 
by small letters. 

Only the outline of the proof is given after Book II, except 
in the more difficult demonstrations. In this outline work the 
pupil has explicit directions, but develops the demonstration 
himself. In all portions of the work proofs are omitted in 
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cases where they should present no difficulty ; usually, in such 
cases, hints are given as to the method of demonstration. 

The numbering of the steps of the proof makes them more 
easy of reference. 

In Book I, and in the first part of Book VI, the authority 
for each statement of the proof will be found directly b^low, in 
smaller type, enclosed in brackets, with the number of the 
section where it is to be found. In other portions of the work 
only the section number is given, and in some cases only an 
interrogation point. In all such cases the pupil should be 
required to give the authority as fully as if it were actually 
printed on the page. 

No principles are given as immediate consequences of theo- 
rems except such as actually belong in this category. Sepa- 
rate propositions are made for all truths which are not 
immediate consequences of preceding theorems. 

The originals are new, and very largely of a practical nature. 
They are not too difficult, wiU make the pupil think, and are 
more than five hundred in number. The smaller number is 
compensated for by the fact that the pupil has to do some 
original work in almost every proof after Book II. Exercises 
coming under Book I will be found scattered through all the 
following Books of the Plane Geometry ; and a similar remark 
applies to exercises under Book II, Book III, etc. 

At the end of Book I will be found a list of principles 
proved, which will be of great assistance in solving originals. 
A similar list in regard to similar triangles is given in § 265. 

The authors thought that it would be an improvement to 
put all work under Polyedrons, including their measurement, 
in Book VII, devoting Book VIII to the Cylinder and Cone 
and Book IX to the Sphere and its measurement. 

The authors wish to thank the many teachers whose advice 
and criticism have been useful in preparing a treatise that 
should stand the test of class-room work. They are also in- 
debted to Mr. C. W. Sutton for a part of the exercises. 

WEBSTER WELLS, 
BQ9TQN, 1908. 



SUGGESTIONS TO TEACHERS 

In studying the opening propositions, in Geometry, begin- 
ners have difficulty in fixing clearly in mind just what parts, 
in the figure, are given. To aid this, in Props. II and III, 
Book I, and in other places, diagrams are given in addition to 
the regular cuts, in which the equal given parts are printed 
in the same color. 

This color-scheme may be advantageously followed in the 
class-room, in connection with all figures in the earlier portions 
of Book I. If colored crayons are not available, the beginner 
may designate equal lines by the marks /, //, ///, etc., and equal 
angles by single, double, or triple arcs. 

In solving the non-numerical exercises, while it is not prac- 
ticable to give very much assistance to the pupil, the following 
suggestions may be found of service : — 

1. Draw an accurate figure, showing all given and required 
lines. 

This sometimes suggests the method of proof. 

2. Be sure that the figure is the most general one allowable. 
Thus, in exercises relating to triangles, do not draw them 

right, isosceles, or equilateral, unless the exercise calls for a 
right, isosceles, or equilateral triangle ; in exercises relating to 
quadrilaterals, do not draw them with two sides equal or par- 
allel, unless the exercise calls for such a construction. 

3. Write down carefully what is given, and what is to he 
proved. 

4. Look up all previous theorems tohich may possibly have a 
bearing on what is to be proved. 

Thus, if two lines are to be proved equal, refer to all pre- 
vious theorems regarding equal lines. (Compare § 141.) 

In solving exercises in construction, it is advantageous to 
regard the problem as solved, and draw the given and required 
lines. Studying the relations between these will frequently 
suggest the method of construction to be employed. 
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A material body A geometrical solid 

1. A mcUerial body, as, for example, a block of wood, occu- 
pies a limited portion of space. 

The boundary which separates such a body from surround- 
ing space is called the surface of the body. 

If the material which composes such a body could be con- 
ceived as taken away from it, without altering the fomi of the 
bounding surface, we should have a portion of space, with the 
same bounding surface as the material body. 

We call this portion of space a geometrical solid, or simply 
a solid. 

We call the surface which bounds it a geometrical surface, or 
simply a surface; it is also called the surface of the solid. 

2. If two surfaces intersect each other, we ^ 
call that which is common to both a geometrical 
line, or simply a line. 

Thus, if surfaces AB and CD cut each other, 
their common part, EF, is a line. 

3. If two lines intersect each other, we call that which is 
common to both a geometrical point, or simply 
a point. 

Thus, if lines AB and CD cut each other, 
their common part, 0, is a point. 

1 
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2 GEOMETRY 

4. A solid has extension in every direction; but this is not 
the case with surfaces and lines. 

A point has extension in no direction. 

We may conceive a surface as existing independently in 
space, without reference to the solid whose boundary it forms. 

In like manner, we may conceive of lines and points as 
existing independently in space. 

A line is produced by the motion of a moving point, a sur- 
face by the motion of a moving line, and a solid by the motion 
of a moving surface. 

5. We define a straight line as a line which has the same 
direction throughout its length. 
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A straight line A curve A broken line 

A straight line is designated by two letters anywhere upon 
its length, or by a single letter ; thus, the straight line in the 
figure may be designated either AB or a. 

We define a curve as a line no portion of which is straight ; 
as CD. 

We define a broken line as a line which is composed of dif- 
ferent successive straight lines ; as EFGH, 

The word *'line,^' without qualification, will be used here- 
after as signifying a straight line, 

6. We define a plane as a surface such that if a straight line 
be drawn between any two of its points, it lies entirely in the 
surface. jf 

Thus, if P and Q are any two points in sur- 
face MN, and the straight line PQ lies entirely 
in the surface, then MN is a plane. ' ^ 

7. We may conceive a straight line as being of unlimited 
length ; we may also conceive a plane as being of unlimited 
extent in regard to length and breadth. 

8. We define a geometrical figure as any combination of 
points, lines, surfaces, and solids. 
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We define a plane figure as a figure formed by points and 
lines all lying in the same plane. 

A figure is called rectilinear when it is composed of straight 
lines only. 

A straight line is sometimes called a right line. 

9. Geometry treats of the properties, construction, and 
measurement of geometrical figures. 

Plane Geometry treats of plane figures only. 

Solid Geometry treats of figures which are not plane. 

10. We define an angle as the figure formed 
"by two straight lines drawn from a point. 

The point is called the vertex of the angle, 
and the straight lines its sides, 

U. If there is but one angle at a given vertex, we designate 
it by the letter at the vertex. 

But if two or more angles have the same vertex, we avoid 
ambiguity by naming also a letter on each side, reading the 
vertex letter between the others. 

Thus, we should read the angle of § 10 "angle B''; but if 
there were other angles at the same vertex, we should read it 
either ABC or CBA, 

Another way of designating, an angle is by means of a letter 
placed between its sides ; thus, we may read the angle of § 10 
•* angle a." 

12. Two figures are said to be equal when one can be applied 
to the other so that they shall coincide throughout. 

To prove two angles equal, we do 
not consider the lengths of their 
sides. 

Thus, if angle ABC can be applied ^ 

to angle DEF in such a manner that 

point B shall fall on point E, side AB on side DE, and side BC 
on side EF^ the angles are equal, even if side AB is not equal 
in length to side DE, and BG to EF. 
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13. We call two angles adjacent when they have the same 
vertex, and a common side between them ; as 
AOB and BOO, 

We call angle AOC the mm of angles AOB 
and BOa 

We also regard angle AOO as greater than 
angle BOC, and angle BOC as less than angle AOC, 

14. If from a point in a straight line a line be drawn in such 
a way as to make the adjacent angles equal, each of the ad- 
jacent angles is called a right angle, and the lines are said to 
be perpendicular to each other. 

Thus, if from point A in line CD line AB 
be drawn in such a way as to make angles 
BAC and BAD equal, each of these angles 
is a right angle, and AB and CD are perpen- 
dicular to each other. ' A ~ 

15. Let C be any point in straight line AB ; and let straight 
line CD be drawn in such a way as to make angle BCD less 
than angle ACD. 

Let line CD be turned about point O 
as a pivot towards the position CA, 

Then, angle BCD will constantly in- 
crease, and angle ACD will constantly 
diminish; and there must be some posi- 
tion of CD where these angles are 

A Q Ji 

equal, and there can evidently be but 
one such position. 

If CE is this position, by the definition of § 14, CE is per- 
pendicular to AB at C 

Then, at a given point in a straight line, a perpendicular to the 
line can he drawn, and hnt one. 

The following are immediate consequences of § 15 : 

16. Any tivo right angles are equal. 

17. If two adjacent angles have their exterior sides in tJie same 
straight line, their sum is equal to two right angles. 
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For in figure of § 15, the sum of angles ACD and BCD equals 
the sum of angles ACE and BCEy or two right angles. 

18. The sum of all the angles on tJie same side of a straight 
line at a given point is equal to two right angles, 

19. The sum of all the angles about a point 
in a plane is equal to four right angles. 

'Fov if a side of any angle, as OA, be ex- 
tended to E, the sum of the angles on either 
side of straight line AE is, by § 18, equal to 
two right angles. 

20. If the sum of two adjacent angles is equal to two right 
angles, their exterior sides lie in the same 

straight line. ^ 

If the sum of angles ACD and BCD is 
two right angles, side AC \i extended 
through C must coincide with CB\ for if 
it did not the sum of the angles would be 
less or greater than 180° (§ 17). , 

21. We define a tnangle as a portion of a plane bounded by 
three straight lines ; as ABC j^ 

We call the lines AB, 5(7, and CA 
the sides of the triangle; and their in- 
tersections. Ay B, and (7, the vertices. 

We define the angles of the triangle 
as the angles CAB, ABC, and BCA, 
between the adjacent sides. 

22. A triangle is called scalene when no two sides are equal; 
isosceles when two sides are equal; equilateral when all its 
sides are equal ; equiangular when all its angles are equal. 
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A right triangle is a triangle which has 
a right angle ; as ABC, which has a right 
angle at (7. 

The side AB opposite the right angle 
is called the hypotenuse, and the other 
sides, AC and BG, the legs, 

23. We define a circle as a portion of 
a plane bounded by a curve, called the 
circumference, all points of which are 
equally distant from a point within 
called the centre. 

An arc is any portion of the circum- 
ference ; as AB. 

A radius is a straight line drawn from the centre to the 
circumference 5 as OA, 

CONSTRUCTIONS 

24. At a given point in a straight line, to draw a perpendicu- 
lar to the line. 




C Ei B 

Let it be required to draw a line perpendicular to the 
straight line AB, at the point C. 

With C as centre, and any straight line less than AC as 
radius, describe arcs intersecting AC B.t D, and BC at E, 

With points D and E as centres, and any radius, describe 
arcs intersecting at F, 

Then, the straight line drawn from C through F will be 
perpendicular to AB at 0. 

The reason for the above construction wiU be found in § 68. 
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25. From a given point without a straight line to draw a per- 
pendicular to the line. 
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Let it be required to draw through any point C without the 
straight line AB a line perpendicular to AB, 

With C as a centre, and any radius, describe an arc cutting 
AB at points D and E. 

With points D and E as centres, and another radius, 
describe arcs intersecting at F, 

Then, the straight line CO drawn from G through F will be 
perpendicular to AB, 

The reason for the construction will be found in § 68. 

26. To bisect u given straight line. 



\E 



Xd 



Let it be required to divide the straight line AB into two 
equal parts. 

W^ith points A and B as centres, and with the same radius, 
describe arcs intersecting at C and D. 

Draw straight line CD intersecting AB at E. 

Then, E is the middle point of AB, 

The reason for the construction will be found in § 58. 
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27. To bisect a given aiigU. 




Let it be required to bisect angle AOB, 

With as a centre, and any radius, describe an arc inter- 
secting OA at Cand OB at 2); with C and D as centres, and 
the same radius, describe arcs intersecting at E. 

Then, the straight line OE will bisect angle AOB. 

The reason for the construction will be found in § 68, 

28. With a given vertex, and a given side, to construct an 
angle equal to a given angle. 





Let it be required to construct with E as the vertex, and 
ED as a side, an angle equal to angle ABC. 

With 2? as a centre, and any radius, describe an arc inter- 
secting AB at G and BC at ff. 

With E SiS Si centre, and BG as a radius, describe an arc 
intersecting DE at K 

With K as a centre, and the distance from G^ to J as a 
radius, describe an arc intersecting the former arc at L. 

Draw straight line ELF. 

Then, angle DEF will equal angle ABC. 

The reason for the construction will be found in § 58. 
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29. Given two sides and the included angle of a triangle^ to 
construct the triangle. 





Let it be required to construct the triangle having for two 
of its sides the straight lines m and n, and their included angle 
equal to angle E, 

Draw line AB equal to m, and construct angle BAT) equal to 
angle E (§ 28). 

On AD take AC equal to n, and draw straight line BO. 
Then, ABO is the required triangle. 

30. Given a side and two adjacent angles of a triangle^ to 
construct the triangle. 




Let it be required to construct the triangle having for a side 
the straight line m, and its adjacent angles equal to angles F 
and G. 

Draw line AB equal to m, and construct angle BAD equal 
to angle F (§ 28). 

Draw line BE, making angle ABE equal to angle O, inter- 
secting AD at (7. 

Then, ABO is the required triangle. 
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31. Oiven the three aides of a triangle^ to construct the 
tnangle. 




Let it be required to construct the triangle having for its 
sides the straight lines m, n, and p. 

Take the straight line AB equal to m. 

With ^ as a centre, afid n as a radius, describe an arc. 

With 2? as a centre, and p as a radius, describe an arc inter- 
secting the former arc at 0, 

Then, ABC is the required triangle. 

32. We define an Axiom as a truth which is assumed with- 
out proof as being self-evident. 

We define a Theorem as a truth requiring proof. 

We define a Problem as a question proposed for solution. 

A Proposition is a general term for a theorem or a problem. 

A Postulate assumes that a certain problem can be solved. 

A Corollary is a truth which is an immediate consequence of 
the proposition which it follows. 

An Hypothesis is a supposition, made either in the statement 
or the proof of a proposition. 

33. Postulates. 

We assume that the following problems can be solved : 

1. A straight line can be drawn between any two points. 

2. A straight line can be extended indefinitely in either 
direction. 

34. Axioms. 

We assume the following as true : 

1. Things which are equal to the same thing, or to equal things^ 
are equal to each other. 

2. If equals be added to equals, tJie sums will be equal. 
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3. If equals he subtracted from equals, the remainders will he 
equal. 

4. If equals he multiplied by equals, the products will he equal. 

5. If equals he divided by equals, the quotients will he equal. 

6. But one straight line can be draion between two points. 

7. A straight line is the shoHest line between two points. 

8. The whole is equal to the sum of all its parts. 

9. Tlie whole is greater than any of its parts. 

35. Since but one straight line can be drawn between two 
points, a straight line is said to be determined by any two of 
its points. 

36. Sjriiibols and Abbreviations. 

The following symbols are used in the work : 

+, plus. A, triangle. 

— , minus. A, triangles. 

X , multiplied by. J., perpendicular, is perpen- 

.=, equals. dicular to. 

=o=, equivalent, is equivalent ^, perpendiculars. 

to. II, parallel, is parallel to. 

>, is greater than. lis, parallels. 

<, is less than. O, parallelogram. 

.-., therefore. ZI7, parallelograms. 

Z, angle. O, circle. 

A, angles. (D, circles. 

The following abbreviations are used : 

Ax., Axiom. Sup., Supplementary. 

Def., Definition. Alt., Alternate. 

Hyp., Hypothesis. Int., Interior. 

Cons., Construction. Ext., Exterior. 

Kt., Eight. Corresp., Corresponding. 

Str., Straight. Beet., Rectangle, rec- 
Adj., Adjacent. tangular. 
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RECTILINEAR FIGURES 
DEFINITIONS 

37. We define an acute angle as an angle 
less than a right angle ; as ABC. 

We define an obtuse angle as an angle 
greater than a right angle ; as DEF. 

Acute and obtuse angles are called oblique an- 
gles ; and intersecting lines which are not per- 
pendicular, are said to be oblique to each other. 

We call two angles vertical when the sides 
of one are the prolongations of the sides of 
the other ; as AEO and BED. 

38. If angles AOB, BOC, COD, DOE, are 

all equal, we say that angle AOB is contained 
four times in angle AOE] and similarly for 
any number of equal parts of angle AOE. 

39. We measure an angle by finding 
how many times it contains another angle 
taken as the unit of measure. 

The usual unit of measure for angles is the degi^ee, which 
is the ninetieth part of a right angle. 

To express fractional parts of the unit, we divide the degree 
into sixty equal parts, called minutes, and the minute into 
sixty equal parts, called seconds. 

We represent degrees, minutes, and seconds by the symbols 
**, ', ", respectively. 

40. If the sum of two angles is a right angle, or 90% we 
call one the complement of the other; if their sum is two right 
angles, or 180°, we call one the supplement of the other. 

12 
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Thus, the complement of an angle of sV is 90** - 34% or 66^ ; 
the supplement of an angle of 34*^ is 180° - 34°, or 146°. 

Two angles which are complements of each other are called 
complementary ; and two angles which are supplements of each 
other are called supplementary. 

41. It follows from the above that : 

1. The complements of equal angles are equaL 

2. Tlie supplements of equal angles are equal. 

42. Since A AGD, BCD (Fig., § 15), are supplementary (§ 40), 
the principle of § 17 may be stated as follows : 

If two adjacent angles have their exterior sides tn the same 
straight line, they are supplementary. 

Such angles are called supplementary-adjacent. 

Ex. 1. How many degrees are there in the complement of 43® ? of 85° ? 

Ex. 2 . How many degrees are there in the supplement of 17° ? of 162° ? 

Ex. 3. Find the supplement of the complement of 75° ; of 22° 80' ; of 
45° 1^' 18" ; of A°. 

Bx. 4. Find the complement of the supplement of 178° ; of 144° ; of 
125° 14' 15" ; of B°. 

Ex. 5. Given the sum and difference of two lines, to find the lines. 
(Bisect the sum, also bisect the difference.) 

Ex. 6. The sum of the lengths of two given lines Is 20 inches, and 
their difference is 4 inches ; find the lines. Make a diagram. 

43. Note. The demonstration of a geometric truth consists 
of three parts: 

1. The statement of what is given in the figure. 

2. Tlie statement of what is to he proved. 

3. The proof depending upon previous theorems, axioms, or 
definitions. 

We shall mark these three divisions of the demonstration 
by the words Oiven, To Prove, and Proof, respectively. 

We shall use the symbols and abbreviations of § 36, and 
also number the successive steps of the proof. 
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In every proof in Book I, where a preceding theorem is 
given as the authority for any statement in the proof, it will 
be found directly after the statement, in smaller type, enclosed 
in brackets. 

Prop. I. Theorem 

44. If two straight lines intersect j the vertical angles are equal. 




^5 

Draw intersecting str. lines AB and CD forming vertical A a and c, 
and also h and d. We then have : 

Oiven intersecting str. lines AB and CD, forming vertical 
A a and c, and also h and d. 
To Prove Z.a = Ac and Z.h = /.d, 

Proof. 1. Za + Z 2^ = 180\ 

[If two adj. A have their ext. sides in the same str. line, their sum is 
equal to two rt. A.'\ (§ 17) 

2. Also, Z6+Zc = 180^ 

3. Then, /:a + Ah=^Z.b + Z.c, 

[Things which are equal to the same thing, or to equal things, are 
equal to each other.] (Ax. 1) 

4 Subtracting Z h from the equals Z.a + Z.h and Z-h + Zc, 

Z.a^Z.c. 

[If equals be subtracted from equals, the remainders will be equal.] 

(Ax. 8) 

5. In like manner, Ah^Zd, 

45. The enunciation of every theorem consists essentially 
of two parts : the Hypothesis, and the Conclusion, 
Thus, we may enunciate Prop. I as follows : 
Hjrpothesis. If two straight lines intersect, 
Conclusion. The vertical angles are equal. 
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Prop. II. Theorem 

46. Two triangles are equal when two sides and the included 
angle of one are equal respectively to two sides and the included 
angle of the other. 

G 





Draw any A ABC : draw line DE equal to AB : construct Z ED& 
equal to ZA^ the constructed side being DG : on DG take DF equal to 
-4(7: draw line i?"^. We now have: 

Given, in A ABC and DEF, 

AB = DE, AC= DF, and Z^ = Z 2>. 

To Prove A ABC = A DEF. 

Proof. 1. Superpose A ABO upon A DEF in such a way 
that Z A shall coincide with its equal Z D ; side AB falling 
on side DE, and side AC on side DF, 

2. Since AB = DE, point B will fall on point E, 

3. Since AC=DFy point will fall on point F. 

4. Then, side BO will fall on side EF. 

[But one str. line can be drawn between two points.] (Ax. 6) 

5. Therefore, the A coincide throughout, and are equal. 

47. Since ABO and DEF coincide throughout, we have 

ZB = ZE, Z0= Z DFE, Siud B0= EF. 

48. Note. In equal figures, lines or angles which are simi- 
larly placed are called homologous. 

Thus, in the figure of Prop. II, Z ^ is homologous to Z D-, 
AB is homologous to DE ; etc. 
It follows from the above that 
In equal figures, the homologous parts are equal. 
In equal triangles, the equal sides lie opposite the equal angles. 
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Ex. 7. If, in triangles ABD and BCD, sides j 
AB and BD and angle ABD are equal respec- 
tively to sides CD, BD, and angle BD&, what / 
other sides and angles of the triangles are equal ? jiL 





Prop. III. Theorem 

49. Two triangles are equal when a side and two adjacent 
angles of one are equal respectively to a side and tioo adja^cent 
angles of the other, 

S\ /O 

W 

/\ 

^^. CA^ 

Draw any A ABC : draw line DE equal to AB : at D construct Z EDG 
equal to /.A\ at ^ construct Z DEH equal to Z B. Let F be point of 
intersection ot DG and EH, We now have : 

Given, in A ABC and DEF, 

AB==DE,ZA=^ZD,SkndZB^ZE, 

To Prove A ABC= A DEF, 

Proof. 1. Superpose A ABC upoli A DEF in such a way 
that side AB shall coincide with its equal BE; point J. fall- 
ing on point D, and point B on point J5J. 

2. Since Z^ = Zi>, side ^0 will fall on side DF, and 
point C will fall somewhere on DF, 

3. Since ZB = ZE, side jBG will fall on side EF, and point 
C will fall somewhere on EF. 

4. Since point (7 falls at the same time on DF and EF, it 
must fall at their intersection, F, 

5. Then^ the A coincide throughout and are equal. 
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Ex. 8. What other sides and angles in the triangles 
of Prop. Ill are equal ? 

Ex. 9. If, in triangles ABD and BCD, side BD 
and angles ABD and ABB are equal respectively to 
side BD and angles CBD and CDB, what other sides -^ 
and angles of the triangles are equal ? 

Prop. IV. Theorem 

50. In an isosceles triangle^ the angles opposite the equal sides 
are equal. 





Draw line AB. With any radius greater than \ AB and with J. as a 
centre draw an arc ; with the same radius and J9 as a centre draw an arc 
intersecting the first arc at C; draw lines AC(l)) and BCija), We then 
have : 

Given a and 6, the equal sides of isosceles A ABC, 

To Prove /.Ar=Z.B. 

Proof. 1. Draw str. line CD bisecting Z ACB, meeting AB 
at D. 

2. In A ^ CD and BCD, CD = CD, 

3. By hyp., a = 6, and Z ACD = Z BCD, 

4. Then, A ACD = A BCD. 

[Two ii are equal when the twa sides and the included Z of one are 
equal respectively to two sides and the included Z of the other.] (§ 46) 

5. Then, ZA = Z.B. 

[In equal figures, the homologous parts are equal.] (§ 48) 

51. It follows from the preceding that 
An equilateral triangle is also equiangular. 



18 



PLANE GEOMETRY -^ BOOK I 
Theorem 



Prop. V. 

52. Two triangles are equal when the three sides of one are 
equal respectively to the three sides of the other. 

O F^ 





Given in 
AC=DF. 
To Prove 
Proof. 1 



A ABC and 



Draw any A ABC^ making AB the 
longest side : construct A BEF, having 
side DE = AB, side DF = AC, and side 
EF = BC (§ 31). We then have : 

DBF, AB=^DE, BC=EF, and 



A ABC =^ A DBF. 
Let AB be longest side of AABC\ and place 
A DEF in position ABF\ side DE coinciding with its equal 
AB, and vertex F falling at F\ on the opposite side of AB 
from C. 

2. Draw line CF\ and represent A ACF\ BCF', AF'C, and 
BF'C by a, b, c, and d, respectively. 

3. Since AC= AF', Za = Zc. (1) 
[In an isosceles A, the A opposite the e(iual sides are equal.] (§ 51) 

4. Since BC = BF',Z.b = Zd. (2) 

5. Adding (1) and (2), 

Za + Zb = Zc-{-Zd', ovZACB = ZAF'B. 

6. Since sides AC and BC and'Z ACB, of A ABC, are equal, 
respectively, to sides AF' and BF' and Z AF'B, of A ABF', 

A ABC = A ABF^. 
[Two A are equal when two sides and the included Z of one are equal 
respectively to two sides and the included Z of the other.] (§46) 

7.. That is, A ABC = A DEF. 
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53. Note. We may now see the reason for the construction 
given in § 28. We know that the triangle whose vertices are 
the points J5, G, and H has its sides respectively equal to those 
of the triangle whose vertices are the points E, Ky and L, 

Then, the triangles are equal by § 52, and the homologous 
angles B and E are equal. 

Prop. VI. Theorem 

54. If a perpendicular be erected at the middle point of a 
straight line, 

I. Any point in the perpendicular is equally distant from the 
extremities of the line, 

II. Any point without the perpendicidar is unequally distant 
from the extremities of the line. 

C 




At the middle point D of any line AB erect a ±DC From E^ any 
point in DC, draw lines to A and B. We now have : 

1. Oiven line CD 1. to line AB at its middle point 2), E 
any point in CD, and lines AE (a) and BE (6). 

To Prove a = 6. 

Proof. 1. In A ADE smd BDEy DE = DE. 

2. By hyp., AD =z DB. 

3. Also, Z ADE = Z BDE. 

[All rt. A are equal.] (§ 16) 
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4. Then, 
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A ADE = A BDE, 



[Two ii are equal when two sides and the included Z of one are equal 
respectively to two sides and the included Z of the other.] (§ 46) 



5. Then, a = 6. 

[In equal figures, the homologous parts are equal] 



(5 48) 




Draw line AB. At 2>, the middle point of ABy draw DC ± AB. 
From F, any point without CD, draw lines FA and FB. We then 
have : 

II. Oiven line CD ± to line AB at its middle point 2), F 
any point without CD, and lines AF and BF. 

To Prove AF and BF unequal. 

Proof. 1. Let AF intersect CD at E, and draw line BE. 

2. We have BE + EF > BF. 

[A str. line is the shortest line between two points.] (Ax. 7) 

3. But, BE = AE. 

[If a ± be erected at the middle point of a str. line, any point in the 
X is equally distant from the extremities of the line.] (§ 64, I) 

4. Substituting for BE its equal AE, 

AE -f EF> BF, or AF> BF. 

55. It follows from Prop. VI that evei^ point tohich is equally 
distant from the extremities of a straight line, lies in the perpen- 
dicular erected at the middle iwint of the line. 
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56. A straight line is determined by any two of its points 
(§ 35) ; whence, 

Two points, each equally distant from the extremities of a straight 
line, determine a peiyendicular to that line at its middle point, 

57. From the equal triangles ADE and BDE, in the figure 
of §54, 1, 

ZAED=:ZBEDi 

since homologous parts of equal figures are equal. • 

Then, if lines be drawn to the extremities of a straight line 
from any point in the perpendicular erected at its middle point, 
they make equal angles with the perpendicular, 

58. We may now see the reasons for the constructions given 
in §§ 24, 25, 26, and 27. 

In § 24, by construction, points C and F are each equally 
distant from points D and E) and CF is perpendicular to AB 
by § m. 

In § 25, points C and F are each equally distant from points 
D and E ; and in § 26, points G and D are each equally distant 
from points A and B, 

In § 27, points and E are each equally distant from points 
C and D ; then, OE is perpendicular to straight line CD at its 
middle point (§ 56), and Z AOE = Z BOE by § 57. 



Ez. 10. If in triangles ABB and BCD^ sides 
AB^ BD, and AD are equal, respectively, to sides 
CD, BD, and BC, what angles of the triangles j 
are equal ? ^ A^ 




Zbc. 11. Two lines of unequal length bisect each other at right angles. 
Show that any point in either line is equidistant from the extremities of 
the other. (§ 54.) 

Ibc. 12. If lines be drawn from the extremities of a straight line to 
any point in the perpendicular erected at its middle point, they make 
equal angles with the line. (Figure of § 54, I. Use § 48.) 
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Pkop. VII. Theorem 

59. From a given point icithout a straight line, hut one perpen- 
dicvlar can he drawn to the line. 

(It follows from § 25 that, from a given point without a straight line, a 
perpendicular can be drawn to the line.) 




A ^kJ\ K r^^ 



From point C without line AB, draw CD ± AB (§ 26) . We then have : 
Oiven point C without line AB, and line CD ± AB. 
To Prove CD the only ± which can be drawn from C to AB. 
Proof. 1. If possible, let CJE be another ± from C to AB. 

2. Extend CD to C, making CD = CD, and draw line EC ; 
represent Z CED by a, and Z CED by h. 

3. Since ED is ± CC at its middle point D,Za =Zh. 

[If lines be drawn to the extremities of a str. line from any point in the 
± erected at its middle point, they make equal A with the J-] (§ 57) 

4. By hyp., Z a is a rt. Z. 

5. Then, Z 6 is a rt. Z, and Za'{- Z.h = two rt. A. 

6. Then line CEC is a str. line. 

[If the sum of two adj. A is equal to two rt. A, their ext. sides lie in 
the same str. line.] (§ 20) 

7. This is impossible, for, by cons., CDC is a str. line. 
[But one str. line can be drawn between two points.] (Ax 6.) 
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8. Hence, CE cannot be ± AB, and CD is the only ± that 
can be drawn. 

Ex. 13. 11 AB^ AC^ and DB^ DC are the equal sides of two unequal 
isosceles triangles ABC^ DBC, having common side BC, the line joining 
A and D bisects BC. 

Prop. VIII. Theorem 

60. Two right triangles are equal when the hypotenuse and an 
adjacent angle of one are eqvAxl respectively to the hypotenuse and 
an adjacent angle of the other. 





/...a 



Draw any A ABC^ right angled at C ; draw line DE = AB ; construct 
AD=zAA'y draw line ^F±2>(y. We now have: 

Given, in rt. A ABC and DEF, 

hypotenuse AB (c) = hypotenuse DE (/), 
and ZA^ZD. 

To Prove A ABC = A DEF. 

Proof. 1. Denote BC by a, AC by h, EF by d, and DF by e, 

2. Superpose A ABC upon A DEF in such a way that 
hypotenuse c shall coincide with its equal/; vertex A falling 
on vertex D, and vertex B on vertex E, 

3. Since A A^ Z.Dj side 6 will fall on side e. 

4. Then, side a will fall on side d. 

[From a given point without a str. line, but one ± can be drawn to the 
line.] (§ 69) 

5. Therefore, the A coincide throughout, and are equal. 
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Prop. IX. Theorem 

61. Two right triangles are equal when the hypotenuse and a leg 
of one are equal respectively to the hypotenuse and a leg of the other, 

B ^ 

4 • 




Draw any A ABC, right angled at C; draw line EF= BC \ construct 
rt. Z EFG ; with E as centre and AB as radius describe an arc intersect- 
ing FG at D ; draw line DE. We now have : 

Given, in rt. A ABQ and DEF, 

hypotenuse ^5 = hypotenuse DE, and BC=EF. 
To Prove AABC=ADEF. 

Proof. 1. Place A DEF in position BCD' ; vertex E falling 
at B, F at (7, and D at D\ on opposite side of BC from A. 

2. Since ACB and BCD' are rt. A, ACD' is a str. line. 

[If the sum of two adj. A is equal to two rt. A^ their ext. sides lie in 
the same str. line.] (§ 20) 

3. Then, A ABD' is isosceles, and ZA = Z D'. 

[In an isosceles A, the A opposite the equal sides are equal.] (§ 60) 

4. Then, A ABO = A BCD'. 

[Two rt. A are equal when the hypotenuse and an adj. Z of one are 
equal respectively to the hypotenuse and an adj. Z of the other.] (§ 60) 

5. That is, A ABO = A DEF. 

Prop. X. Theorem 

62. Any side of a triangle is greater than the difference of the 
other two sides. 

Draw A ABC with side BC> side AC. We now have : 
Given AB, any side of A ABC, and BC > AC. 
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To Prove AB>BO- AC. 

Proof. 1. We have AB-\-AO> BC. 

[A str. line is the shortest line between two points.] (Ax. 7) 

2. Subtracting AC from both members of the inequality, 
AB>BC-AC 

Prop. XI. Thbobem 

63. The sum of any two sides of a triangle is greater than the 
sum of the lines drawn from any point within the triangle to Hie 
extremities of the remaining side. 




Draw A ABC, From D any point within the A draw lines DC and 
DB, Represent AC^ AB, DC^ and DB by &, c, d^ and «, respectively. 
We then have : » 

Oiven d and e lines drawn from any point D within A ABC 
to the extremities of side BC 

To Prove 6 + c > d + e. 

Proof. 1. Extend BD to meet AC at E. 

2. We have c -{■ AE > e •\- DE. (1) 
[A str. line is the shortest line between two points.] (Ax. 7) 

3. For same reason, CE + DE > d (2) 

4. Adding inequalities (1) and (2), and observing that 
AE + CE=:b, we have 

b + c + DE >d + e + DE. 

5. Subtracting DE from both members of the inequality, 

b + c>d + e. 
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Ez. 14. Given one side of a triangle, and the perpendicular drawn to 
it from the vertex of the opposite angle, to construct the triangle. Can 
more than one such triangle be drawn ? 

Ez. 15. There are six elements in every triangle, — three sides and 
three angles. How many of these elements and what elements are needed 
that only one definite triangle can be constructed ? 

Ez. 16. Triangles are to be formed by choosing any three lines from 
six given lines whose lengths are 2, 3, 4, 6, 6, 7 inches, respectively. How 
many triangles can you form and what kind of triangles are they ? 



Prop. XII. Theorem 

64. If oblique tines be drawn from a point to a straight line, 
I. Two oblique lines cutting off equal distances from the foot 
of the perpendicular from the point to the line are equal, 

II. Of two oblique lines cutting off unequal distances from the 
foot of the perpendicular from the point to the line^ the more 
remote is the greater. 

O 




A^E.^ D ^J'B 



I. From any point C without line AB, draw CD ± AB (§ 26); take 
line ED = DF and draw lines CE (a) and CF (b). We then have : 

I. Oiven CD J_ from point C to line AB ; and lines a and b 
cutting off equal distances from the foot of CD, 

To Prove a = b. 

Proof. Since CD is J_ EF at its middle point D, a = b. 

[If a ± be erected at the middle point* of a str. line, any point in the J. 
is equally distant from the extremities of the line.] (§64) 
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II. Construct the figure in accordance with the statement. We then 
have : 

II. Oiven CD the ± from point G to line AB\ and CE (a) 
and OF (b) oblique lines from C to AB, cutting off unequal 
distances from the foot of CD ; a being the more remote. 

To Prove a>b. 

Proof. 1. Produce CD to C, making CD = CD, and draw 
Hnes CE (c) and CF (d). 

2. Since by cons., AD is J_ CC at its middle point D, 

a = c, and b = d, 

[If a ± be erected at the middle point of a str. line, any point in the ± 
is equally distant from the extremities of the line.] (§ 54) 



3. But 



a + c>b + d. 



[The sum of any two sides of a A is > the sum of the lines drawn from 
any point within the A to the extremities of the remaining side.] (§ 63) 

4. Substituting for c and d their equals a and b, respectively, 

2a>2 6. 

5. Dividing by 2, a>b. 

Hote. The theorem holds equally if CE is on the opposite side of CD 
from CF, 

Ex. 17. Two sides of a triangle are 8 inches and XO inches, respec- 
tively. Between what limits must the third side lie ? 
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Prop. XIII. Theorem 
65. If oblique lines he drawn from a point to a straight line, 
I. Two equal oblique lines cut off equal distances from the 
foot of the perpendicular from the point to the line, 

II. Of two unequal oblique lines, the greater cuts off the greater 
distance from the foot of the perpendicular from the point to the 
line, 

I. Draw line AB and take G any point without AB, Draw line CD 
_L AB, With C as centre and radius greater than CD describe arc inter- 
secting AD at E^ and BD at F] draw lines CE (a) and CF (Jb), We 
then have : 

1. Given CD ± from point C to line AB, and a and h equal 
oblique lines from C to AB. 

To Prove ED = DF. 

Proof. 1/ In rt. A CDE and CDF, CD = CD. 

2. By hyp., a = b, 

3. Then, A CDE == A CDF. 

[Two rt. A are equal when the hypotenuse and a leg of one are equal 
respectively to the hypotenuse and a leg of the other.] (§ 61) 

4. Then, DE == DF. 

[In equal figures, the homologous parts are equal.] (§ 48) 

II. Draw line AB and take C any point without AB, Draw line CD 

± AB ; draw lines CE (a) and CF (b) intersecting AD at E and J^, 

respectively, making a > 6. We then have : 

II. Given CD the X from point C to line AB ; and a and b 
unequal oblique lines from O to AB, a being > b. 

To Prove DE > DF. 

Proof. 1. We know that DE is either < , = , or > DF. 

2, If we suppose DE < DF, a would be < b. 

[If oblique lines be drawn from a point to a str. line, of two oblique 
lines cutting oft unequal distances from the foot of the i. from the point 
to the line, the more remote is the greater.] (§ 64) 
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3. But this is contrary to the hypothesis that a is>6 ; then 
DE cannot be < DF. 

4. If we suppose DE = DF^ a would be = 6. 

[II oblique lines be drawn from a point to a str. line, two oblique lines 
cutting off equal distances from the foot of the ± from the point to the 
line are equal.] (§ 64) 

5. This is contrary to the hypothesis that a is > 6 ; then 
DE cannot be = DF, 

6. If DE cannot be < DF, nor = DF, we must have 

DE > DF. 

66. Hote I. The method of proof used in Prop. XIII is 
called the Indirect Method, or the Beductio ad absurdum. 

We prove a proposition by making every possible supposition 
inregard to it ; and showing that, in every case except the one 
we wish to prove, the supposition leads to something contrary 
to the hypothesis. 

67. Hote n. We may state Prop. XIT, I, as follows : 
Hypothesis. If two oblique lines be drawn from a point to a 

straight line^ cutting off equal distances from the foot of the 
perpendicular from the point to the line, 

Conclusion. They are equal. 

Again, we may state Prop. XIII, I, 

Hypothesis. If two equal oblique lines be drawn from a 
point to a straight line. 

Conclusion. They cut off equal distances from the foot of 
the perpendicular from the point to the line. 

We call one proposition the converse of another when the 
hypothesis and conclusion of the first are, respectively, the 
conclusion and hypothesis of the second* 

It follows from the above that Prop. XIII, I, is the converse 
of Prop. XII, L 

Prop. XIII, II, is the converse of Prop. XII, 11 j also § 20 is the con- 
verse of § 17. 
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PARALLEL LINES 

68. Def. Two straight lines are said to be parallel (II) when 

they lie in the same plane, and cannot meet how- A B 

ever far they may be produced ; as AB and CD. C D 

69. Ax. We assume that but one straight line can be dratvn 
through a given point parallel to a given straight line. 

Prop. XIV. Theorem 

70. Two perpendiculars to the same straight line are parallel. 

Draw a line EG ; at points A and C7, respectively, on EO^ draw lines 
AB and CD ± EG. We now have :. 

Given lines AB and CD J_ to line AC. 
To Prove AB II CD. 

Proof. 1. If AB and CD are not II, they will meet in some 
point if sufficiently produced (§ 68). 

2. We should then have two Js from this point to AC, which 
is impossible. 

[From a given point without a str. line, but one ± can be drawn to the 
line.] (§ 59) 

3. Therefore, AB and CD cannot meet, and are II. 

Prop. XV. Theorem 

71. Two straight lines parallel to the same straight line are 
parallel to each other. 

Draw line EF. Draw lines AB and CD II to EF (§ 70) . We then have : 
Given lines AB and CD II to line EF. 
To Prove AB II CD. 

Proof. 1. If AB and CD are not II, they will meet in some 
point if sufficiently produced. (§ 68) 

2. We should then have two lines drawn through this 
point II to EFj which is impossible. 

[But one str. line can be drawn through a given point II to a given 
str. line.] (§ 69) 

3. Therefore, AB and CD cannot meet, and are II. 
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Prop. XVI. Theorem 
72. A straight line perpendicxdar to one of two paraUels is 
perpendicular to the other. 



-JJ 



'E 



Draw line AB \\ CD (§ 70) ; draw line AC Jl AB, We then have :' 

Oiven lines AB and CD II, and line ACJlAB. 

To Prove AC±GD. 

Proof. 1. If CD is not ± AC, let line CEhe± AC. 

2. Then since AB and CE are ± AC, CE II AB. 

[Two ^ to the same str. Ime are II. ] (§ 70) 

3. But by hyp., CD II AB. 

4. Then, CE must coincide with CD. 

[But one str. line can be drawn through a given point H to a given 
str. line.] (§ 69) 

5. Now by cons., AC J. CE. 

6. Then since CE coincides with CD, we have AC ± CD. 

DEFINITIONS 

73. An exterior angle of a triangle is 
the angle at any vertex formed by any 
side of the triangle and the adjacent 
side produced ; as ACD. 

If any side of a triangle be taken and b 15 1) 

called the base, we define the corresponding altitude as the 
perpendicular drawn from the opposite vertex to the base, 
produced if necessary. 

In general, any side may be taken as the base ; but in an 
isosceles triangle, unless otherwise specified, the side which is 
not one of the equal sides is taken as the base. 

When any side has been taken as the base, we call the 
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opposite -angle the vertical angle, and its 
vertex the vertex of the triangle. 

Thus, in triangle ABO, BC is the base, 
AB the altitude, and B AC the vertical angle. 

74. If two straight lines, AB and OD, 
are cut by a line EF, called a transversal, 
the angles are named as follows : 

c, d, e, and /are called inteinor angles, 
and a, 5, g, and h exterior angles. 

c and /, or d and e, are called alternate' 
interior angles. 

a and hy or 6 and ^, are called atte^mate- 
exterior angles. q. 

a and e, b and /, c and ^, or d and A, 
are called corresponding angles. 





Prop. XVII. Theorem 

75. If two parallels are cut by a transversal, the altemate- 
interior angles are equal. 

Draw line AB II CD (§ 70). Draw any line EF (not ± AB) inter- 
secting AB and CD at G and ff, respectively. We then have : 

Given lis AB and CD cut by transversal EF at points G and 
H, respectively, forming alt. int. A AGH (a) and GHD (c), 
also BGH (b) and CHG (d). 

To Prove Z.a=: Z.c, and Z & = Z d. 

Proof. 1. Through K, the middle point of GH, draw a line 
J. AB, meeting AB at L, and (7Z> at M, 

2. Then, LM±CD. 

[A str. line ± to one of two h is ± to the other.] (§ 72) 

3. In rt. A GKL and HKMy by cons., 

hypotenuse GK— hypotenuse HK. 

4. Also, Z G^A-L = Z JETiOf. 

[If two str. lines intersect, the vertical A are equal.] (§ 44) 
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5. Then A GKL= A HKM, 

[Two rt. A are equal when the hypotenuse and an adj. /. of one are 
equal respectively to the hypotenuse and an adj. Z of the other.] (§ 60) 

6. Then, Z a = Z c. 

[In equal figures, the homologous pai-ts are equal.] (§ 48) 

7. Again, Z a is the supplement of Z 6,»and Z c of Z d 

[If two adj. A have their ext. sides in the same str. line, their sum is 
equal to two rt. A."] (§ 17) 

8. Then, since Z a = Z CyVJQ have /.h=^ Z.d, 

[The supplements of equal A are equal.] (§ 41) 

76. We have /.a^Z. BGE. (Fig. of Prop. XVII.) 

[If two str. lines intersect, the vertical A are equal.] (§ 44) 

Then, since Aa=^ Zcy^Q have Z BGE = Z c. 

[Things which are equal to the same thing are equal to each other. 1 

(Ax.1) 
In like manner, 

ZAGE=zZd, ZCHF=Za,a.ndZDHF=:Zb. 
That is, if two parallels are cut by a transversal, the correspond- 
ing angles are equal. 

77. We have Z a + Z 6 = two rt. A. (Fig. of Prop. XVII.) 
[If two adj. A have their ext. sides in the same str. line, their sum is 

equal to two rt. A."] (§ 17) 

Putting for Z b its equal Z d, we have 
Za + Zd = two rt. A. 

In like manner, Zb-^Zc = two rt. A, 

That is, if two parallels are cut by a transversal, the sum of 
the intei'ior angles on the same side of the transversal is equal to 
two right angles. yU 

Ex. 18. A line AB intersects line XY at \ \ ^Y 

O, and through any line MN is drawn ; if . 
through points C and D on AB equidistant 
from 0, parallels to MN be drawn, the tri- 
angles formed are equal. 
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Prop. XVIII. Theorem 

78. (Converse of Prop. XVII.) If two straight lines are cut 
by a transversal, and the alternate-interior angles are equal, the 
two lines are parallel. 




Draw line AB, Draw line EF cutting AB at G. Through any point 
H, in EF, draw line CD making Z GHD (c) equal ZAGH (a). We 
then have : 



Oiven lines AB and CD cut by transversal EF at points 
G and H, respectively, and 

Za = Zc. 
To Prove AB II CD. 

Proof. 1. If CD is not II AB, draw line ^Z through HW AB. 

2. Then since lis AB and KL are cut by transversal EF^ 

Aa=-Z.GHL. 
[If two lis are cut by a transversal, the alt. int. A are equal.] (§ 75) 

3. But by hyp., /.a^Z.c. 

4. Then, Z.GHL = Ac. 

[Things which are equal to the same thing are equal to each other.] 

(Ax.l) 

5. But this is impossible unless KL coincides with CD. 

6. Then, GD^^AB. 

In like manner it may be proved that if AB and CD are cut by EF, 
and Z BGH = Z CHG, then AB II CD, 
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79. (Converse of § 76.) If two straight lines are cut by a 
transversal^ and the corresponding angles are equal, the two lines 
are parallel. 

Suppose Z.a^Z CHF. (Fig. of Prop. XVIII.) 

Now, /Lc^ACHF. 

[If two sir. lines intersect, the vertical A are equal.] (§ 44) 

Then, /La^Ac. 

[Things which are equal to the same thing are equal to each other.] 

(Ax. 1) 
Then, by § 78, AB\ CD. 

In like manner we may prove that if 

ZBQE = Zc, or ^AGE = /. CHQ, or ZBGH= /.DHF, 

then, ABWCD, 

80. (Conver3e of § 77.) If two straight lines are cut by a 
transversal^ and the sum of the interior angles on the same side 
of the transversal is equal to two right angles, the two lines are 
paraUeL 

Suppose 

Z BGH + Z c = two rt. A (Fig. of Prop. XVIII.) 

Then, both A a and Z c are supplements of Z BGH, 

and Z.a = Zc, 

[The supplements of equal A are equal.] (§ 41) 

Then, by § 78, AB II CD. 

In like manner it may be proved .that if 

Za + Z CHG = two rt. A, then, ABW CD, 

Bx. 19. If two parallels are cut by a transversal, the alternate exte- 
rior angles are equal. 

Bz. 20. If two straight lines are cut by a transversal, and the 
alternate-exterior angles are equal, the two lines are parallel. 
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Prop. XIX. Theorem 
81. Two angles whose sides are paraHlel, each to each, are 
equal if both pairs of parallel sides extend in the same directioTiy 
or in opposite directions, from their vertices. 

M 




Draw lines AB and 5(7 II to lines DH and KF, respectively, intersect- 
ing at E. We then have : 

Given Z.DEF (a), with its sides II to and extending in the 
same direction as those of Z B, and Z HEK (6), with its sides 
II to and extending in the opposite direction to those of Z B. 

To Prove ZJ5 = Za, and ZJ5 = Z6. 

Proof. 1. Let BO and DIT intersect at G; denote Z DOC 
by c. 

2. Since lis AB and DE are cut* by BO, 

ZB^Zc. 
[If two lis are cut by a transversal, the corresp. A are equal.] (§ 76) 

3. For same reason, since lis BO and EF are cut by DE, 

Zc = Za. 

4. Then, ZB = Za, 

[Things which are equal to the same thing are equal to each other.] 

(Ax. 1) 

5. Again, Za = Zb. 

[If two str. lines intersect, the vertical A are equal.] (§ 44) 

6. Then, ZB = Zb. 

[Things which are equal to the same thing are equal to each other.] 

(Ax.1) 

Note. The sides extend in the same direction if they are on the same 
side of a straight line joining the vertices, and in opposite directions if 
they are on opposite sides of this line. 
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82. We have Za the supplement of ZZ)-E;^. (Fig. of Prop. XIX.) 

[If two adj. A have their ext. sides in the same str. line, their sum is 
equal to two rt. A."] (§ 17) 

Then its equal, Z B, is the supplement of Z DEK 
That is, two angles whose sides are parallel, each to each, are 
supplementary if one pair of parallel sides extend in the same 
direction, and the other pair in opposite directions, from their 
vertices. 

Prop. XX. Theorem 

83. Two angles whose sides are perpendicular, each to each, 
are either equal or supplementary. 



/ 



-a 




Draw line FG ; also, line DE meet- 
ing FG at E, Draw lines AB and BG 
X to lines DE and FG, respectively. 
We then have : 

Given A DBF (a), DEG (b); DE±AB, and FG ± BG. 
To Prove Z B equal to Z a, and supplementary to Z h. 
Proof. 1. Draw line EH ± DE, and line EK±EF; 
denote Z HEK by c. 

2. Since EH and ^5 are ± DE, EH II AB. 

[Two J& to the same str. line are II.] (§ 70) 

3. Since EK a.ud BG are ± FG, EKW BG. 

4. Then, Z.c^ZB. 

[Two A whose sides are II, each to each, are equal if both pairs of H 
sides extend in the same direction from their vertices.] (§ 81) 

5. Since, by cons., A DEH and FEKsxe rt. A, each of the 
A a and c is the complement of Z FEH 

6. Then, Za = Zc. 

[The complements of equal A are equal.] (§ 41) 
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7. Then, ^B^Za, 

[Things which are equal to the same thing are* equal to each other.] • 

(Ax.1) 

8. Again, Z a is the supplement of Z 6. 

[If two adj. A have their ext. sides in the same str. line, they are 
supplementary.] (§ 17) 

9. Then, its equal, Z jB, is the supplement of Z 6. 

Note. The angles are equal if they are both acute or both obtuse ; 
and supplementary if one is acute and the other obtuse. 

Prop. XXI. Theorem 

84. Tlie sum of the angles of any triangle is equal to two right 
angles, ^ 




A 

Given A ABC. 
To Prove Z ^ + Z 5 -fZ (7= two rt. A 

Proof. 1. Extend AC to D, and draw line CE W AB-, 
represent Z ECD by a, and Z BCE by 5. 

2. We have Za'\'Zb + Z ACB = two rt. A (1) 

[The sum of all the A on the same side of a str. line at a given point is 
equal to two rt. A."] (§ 18) 

3. Since lis AB and CE are cut by AD, 

Za=ZA. 
[If two lit are cut by a transversal, the corresp. A are equal.] (§ 76) 

4. Since lis AB and CE are cut by BC, 

Zh^ZB, 
[K two lis are cut by a transversal, the alt. int. A are equal.] (§ 75) 

5. Substituting in (1) Z A for Z a and Z ^ f or Z 6, 

ZA-{-Z B + ZACB=twovt A. 
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85. We have, from § 84, ZBCD = Za + Zb = Z.A + /. B. 
Hence, an exterior tingle of a triangle is equal to the sum of 

the two opposite interior angles. 

The following are immediate consequences of §§ 84, 85: 

86. An exterior angle of a triangle is greater than either of the 
opposite interior angles. 

87. If two triangles Jiave two angles of one equal, respectively, 
to tivo angles of the other, the third angle of the first is equal to 
the third angle of the second. 

88b A triangle cannot have two right angles, nor two obtuse 
angles. 

89. Two right triangles are equal when a leg and an acute 
angle of one are equaZ, respectively, to a leg and the homologous 
acute angle of the other. For the remaining acute angles are 
equal by § 87, and the triangles are equal by § 46. 

Ex. 21. Can a triangle be formed whose angles are 85°, 66°, and 66°, 
respectively? 86°, 60°, and 76°? 60°, 76°, and 66°? 46° 11' 20'^ 
61° 62' 48", and 72° 66' 62" ? 

Ex. 22. The sum of one of the base angles of an isosceles triangle 
and the vertical angle equals 140° ; find the degrees in the exterior angle 
formed by producing one of the equal sides through the vertex. 

Prop. XXII. Theorem 

90. (Converse of Prop. IV.) If two angles of a triangle are 
equal, the sides opposite are equal. 

Draw A ABC with ZA = ZB. Represent BC by a and AC by b. 

Given, in A ABC, ZA = ZB. 

To Prove a = 6. 

The proof is left to the pupil. Draw line CD±AB. The 
AACD and BCD are equal by § 89. 

9L From equal A ACD and BCD (Fig. of Prop. XXII), 
AD = BD, and Z ACD = Z BCD. 

Hence, the perpendicular from the vertex to the base of an 
isosceles triangle bisects the base and also the vertical angle. 
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Prop. XXIII. Theorem 

92. If two sides of a triangle are unequal, the angles opposite 
are unequal, and the greater angle lies opposite the greater side. 

Draw A ABC, with BC (a) > AG (&). We then have : 

Given A ABC with side a > side 6. 

To Prove ZBAC>ZB. 

Proof. 1. On CB take CD = b, and draw line AD. 

2. In isosceles A ACD, Z CAD = Z CDA. 

[In an isosceles A the A opposite the equal sides are equal.] (§ 60) 

3. Since CDA is an ext. Z of A ABD, 

ZCDA>ZB. 
[An ext. 2^ of a A is > either of the opposite int. A.'] (§ 86) 

4. Then its equal, Z CAD, is >ZB. 

5. Now, Z BAC is > Z CAD, 

6. Then, Z 5.4C must be > Z 5. 

Prop. XXIV. Theorem 

93. (Converse of Prop. XXIII.) If two angles of a triangle 
are unequal, the sides opposite are unequal, and the greater side 
lies opposite the greater angle, 

C 




Draw A ABC having ZBAC>/1B. We then have : 
Given, in A ABC, Z BAC > ZB. 
To Prove BC(a)>AC(b). 

Proof. 1. -Draw line AD making ZBAD=ZB, meeting 
BC at D. 
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2. InAABD, AD^BD, 

[If two i4 of a A are equal, the sides opposite are equal.] (§ 90) 

3. But CD-\-AD>b. 

[A str. line is the shortest line between two points.] (Ax. 7) 

4. Putting for AD its equal BD, 

CD-]-BD>b,OTa>b. 
The following are immediate consequences of § 93 ; 

94. The hypotenuse of a right triangle is its greatest side, 

95. The perpendicular is the shortest line which j^A 
can he drawn from a point to a straight line. 

For, if AC is the ±, and AB any other line, 
from A to CD, AB is the hypotenuse of rt. 



A ABC\ and hence is > AC (§ 94). D B C 

Ex. 23. Two isosceles triangles are equal, if their vertical angles and 
their bases are respectively equal. 



Prop. XXV. Theorem 

96. Two parallel lines are everywhere equally distant 

Hote. By the distance of a point from a line, we mean the length of 
the perpendicular from the point to the line. 

Draw lines AB and CD II (§ 70). At E and F^ any two points in AB^ 
draw lines EQ and FHA, CD. We then have : 

Given lis AB and CD, and also EG (a), and FH (h) ± CD. 

To Prove a = 6. 

Proof. 1. Draw line FO. 

2. WehavettX-^lB. 

[A str. line ± to one of two 11$ is ± to the other.] (§ 72) 

3. Then, in rt. A EFG and FGH, 

FG=FG. 
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4. And since lU AB and CD are cut by FG, 

ZEFG = ZFGH. 
[If two lis are cut by a transversal, the alt. int. A are equal.] (§ 76) 

5. Then AEFG^AFHG. 

[Two rt. i^ are equal when the hypotenuse and an adj. Z of one are 
equal respectively to the hypotenuse and an adj. Z of the other.] (§ 60) 

6. Then a = &. 

[In equal figures, the homologous parts are equal.] (§ 48) 

Prop. XXVI. Theorem 

97. If straight lines he drawn from a point within a triangle 
to the extremities of any side, the angle included by them is 
greater than the angle included by the other two sides. 

A 




Draw any A ABC ; from any point D within the A draw lines DB and 
DC, We then have: 

Given D, any point within A ABO ; and lines DB and DC 
iorming Z BDcla). 
To Prove Za>Z A. 

Proof. 1. Extend BD to meet ^C at ^; call Z DEC b. 

2. Since a is an ext. Z of A CDE, 

Za>Zb. 
[An ext. Z of a A is > either of the opposite int. A,] (§ 86) 

3. Since b is an ext. Z of A ABE, 

Zb>ZA. 

4. Since Za>Zb, and Z 6 > Z ^, we must have 

Za>ZA. 
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Pbop. XXVIL Theobem 

96. Any point in the bisector of an angle is equally distant 
from the sides of the angle. 

Construct any Z ABC, Draw BD, the bisector of Z ABC; from any 
point P in the bisector, draw lines PJd (a) and PN {b)± AB and BC, 
respectively. We then have : 

Given P, any point in BD, the bisector of Z ABC, and a 
and b lines from F ± AB and BC, respectively. 

To Prove a = 6. 

Proof. 1. Init A BPMsiiidBPN,BP=^BP. 

2. By hyp., ZPBM=ZPBK 

3. Then, ABPM==ABPN. 

[Two rt. ^ are equal when the hypotenuse and an adj. Z of one are 
equal respectively to the hypotenuse and an adj. Z of the other.] (§ 60) 

4. Then PM=PN. 

[In equal figures, the homologous parts are equal.] (§ 48) 

Pbop. XXVIIL Theobem 

99. (Converse of Prop, XXVII.) Every point which is uoithin 
an angle and equaUy distant from its sides lies in the bisector of 
the angle, 

M 




y 

Given point P within Z.ABC, equally distant from sides 
AB and BC, and line BP. 

To Prove Z PBM = Z PBK 

(Prove A BPM and BPN equal by § 61.) 
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Prop. XXIX. Theorem 

100. If two triangles have two aides of one equal respectively 
to two sides of the other ^ hut the included angle of the first greater 
than the included angle of the second, the third side of the first is 
greater than the third side of the second. 





Draw A AB C, Construct ZF<^/.A CB, Draw lines FD (e) and FE 
(d) equal to CA (5) and CB (a), respectively. Draw line DE, We 
then have : 

Given, in A ABC and DEF, b = e, a = d, a.nd Z ACB >ZF, 

To Prove AB > DE. 

Proof. 1. Place A DEF in position ACQ ; side e coinciding 
with its equal 6, and vertex E falling at G, 

2. Draw line Cff bisecting Z GCB, meeting AB at H\ also, 
line GH. 

3. In A CGH and CBH, CH= CH. 

4. By hyp., d = a, and Z GCH= Z BCH. 

5. Then, ACGH=ACBH. 

[Two A are equal when two sides and the included Z of one are equal 
respectively to two sides and the included Z of the other.] (§ 46) 

6. Then, GH=BH. 

[In equal figures, the homologous parts are equal.] (§ 48) 

7. Now, AH+GH>AG. 

[A str. line is the shortest line between two points.] (Ax. 7) 

8. Putting for GH its equal BH, 

AH+ BH > AG, or AB > DE. 
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Prop. XXX. Theorem 

101. (Converse of Prop. XXIX.) If two triangles have 
two sides of one equal respectively to two sides of the other, but 
the third side of the first greater than the third side of the second, 
the included angle of the first is greater than the included angle 
of the second. 





Draw A ABC, Draw A DEF making side DF = ACj side EF = BC, 
and side DE (/) < AB (c). We then have : 

Given, in A ABO and DEF, AC= DF, BC= EF, and c >/. 

To Prove ZC>ZF, 

Proof. 1. Z must be <, =, or > Z F. 

2. If we suppose ZC = Z.F,A ABC would equal A DEF. 

[Two ^ are equal when two sides and the included Z of one are equal 
respectively to two sides and the included Z of the other.] (§ 46) 

3. Then, c would equal / 

[In equal figures, the homologous parts are equal.] (§ 48) 

4. Again, if we suppose Z.C<ZF, c would be < /. 

[If two A have two sides of one equal respectively to two sides of the 
other, but the included Z of the first > the included Z of the second, the 
third side of the first is > the third side of the second.] (§ 100) 

5. Each of these conclusions is contrary to the hypothesis 
that c is > /. 

6. If Z cannot be = Z i^, nor < Z i^, we must have 

Z C> Z F. 

Ex. 24. ABC is an isosceles triangle. Lines AD and CE^ intersecting 
at 0, bisect the equal angles A and C. Prove A AOE = A DOC. 
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Ez. 25. By drawing a line through the vertex of a triangle parallel to 
the base, prove that the sum of the angles of a triangle is eqoal to two 
right angles. 

Ez. 26. The line which joins the vertex of an isosceles triangle to the 
intersection of the bisectors of the exterior angles at the base, is a peTi>en-> 
dicular bisector of the base. 

Ez. 27. If one of the equal sides of an isosceles triangle be extended 
through the vertex, a line through the vertex parallel to the base is a 
bisector of the exterior angle at the vertex. 

Ez. 28. The bisectors of the base angles of an isosceles triangle meet 
in a point and form with the base an isosceles triangle. 

Ez. 29. Through the middle point of one of the equal sides of an 
isosceles triangle a line parallel to the other equal side is drawn to meet 
the base and the bisector of the exterior angle at the vertex. Prove the 
two triangles formed equal. 

Ez. 30. The bisectors of the base angles of an isosceles triangle form 
an angle of 110®. Find its vertical angle. 

Ez. 31. Prove Prop. XXIX when point E falls vjithin triangle ABC, 

Ez. 32. The line which joins the vertex of an isosceles triangle to the 
intersection of the bisectors of the base angles, bisects the vertical angle. 

Ez. 33. The line which bisects the vertical angle of an isosceles tri- 
angle bisects the base at right angles. 

Ez. 34. Is it always possible to find a point in a given line which is 
equidistant from two given intersecting lines ? Is there ever more than 
one such point ? 

QUADRILATERALS 
DEFINITIONS 

102. A quddiilateral is a portion of a plane bounded by four 
straight lines ; as ABCD. 

The bounding lines are called the sides 
of the quadrilateral, and their points of 
intersection the vertices. 

The angles of the quadrilateral are the 
angles formed by the adjacent sides, ABO, 
BCD, etc. 
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A diagonal is a straight line joining two opposite vertices ; 
as AC. 

103. A Trapezium is a quadrilateral no two of whose sides 
are parallel. 

A Trapezoid is a quadrilateral two, and only two, of whose 
sides are parallel. 

A Parallelogram is a quadrilateral whose opposite sides are 
parallel. 




r\ EJ 



Trapezium Trapezoid Parallelogram 

An isosceles trapezoid is a trapezoid whose non-parallel sides 
are equal. 

The bases of a trapezoid are its parallel sides ; the altitude is 
the perpendicular distance between them. 

If either pair of parallel sides of a parallelogram be taken 
and called the bases, the altitude corresponding to these bases 
is the perpendicular distance between them. 

A Rhomboid is a parallelogram whose angles are not right 
angles, and whose adjacent sides are unequal. 

A Rhombus is a parellelogram whose angles are not right 
angles, and whose adjacent sides are equal. 

A Rectangle is a parallelogram whose angles are right angles. 

A Square is a rectangle whose sides are equal. 



z 




Rhomboid Rhombus Rectangle Square 

Ex. 35. Bisect the exterior anjjles of a given triangle and join the 
vertices of the triangle thas formed to the opposite verticf s of the given 
triangle. The lines thus drawn are the altitudes of the triangle formed 
hj the bisectors. 
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Prop. XXXI. Theorem 

104. In any parallelogram, the opposite sides are equal, and 
the opposite angles are equal. 





Draw the figure in accordance with the statement of the proposition. 
We then have : 

Given O ABCD. 

To Prove 

AB = CD, BC= AD,ZB= Z.D, and Z BAB^ Z BCD. 

Proof. 1. Draw diagonal AC] denote A BAC, BCA, ACD, 
and CAD by a, b, c, and d, respectively. 

2. In A ABC amd ACD, AC = AC. 

3. Since lis AB and CD are cut by AC, 

Za^Zc, (1) 

[If two lis are cut by a transversal, the alt. int. A are equal.] (§ 75) 

4. Since lis BC and AD are cut by AC, 

Zb = Zd. (2) 

6. Then, AABC=AACD. 

[Two ^ are equal when a side and two adj. A of one are equal respec- 
tively to a side and two adj. A of the other.] (§ 49) 

6. Then, AB = CD, BC = AD, and Z JB = Z D. 

[In equal figures, the homologous parts are equal.] (§ 48) 

(Why are AB and CD^ and BC and AD, homologous lines ?) 

7. Adding (1) and (2), we have 

Za4-Z& = Zc4-Z(f, or Z BAD = Z BCD. 
The following are consequences of § 104 : 
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105. 1. Parallel lines included between parallel lines are 
equal, 

2. A diagonal of a parallelogram divides it into two equal 
triangles. 

Prop. XXXII. Theorem 

106. If the opposite sides of a quadrilateral are equal, the 
figure is a parallelogram. 



A 





10 



Draw quadrila4;eral ABGD having side BG = AD^ and side AB = DC, 
We then have : 

Given, in quadrilateral ABCD, AB == CD and BO = AD. 

To Prove ABOD a £7. 

Proof. 1. Draw diagonal AC; represent ABAC, BCA, 
ACD, and CAD by a, b, c, and d, respectively. 

2. In A ABC Siud ACD, AC = AC, 

3. By hyp., AB = CD and BC = AD, 

4. Then, A ABC = A ACD. 

[Two A are equal when the three sides of one are equal respectively to 
the three sides of the other.] (§ 63) 

5. Then, Za = Zc, and Zb = Zd, 

[In equal figures, the homologous parts are equal.] * (§ 48) 

6. Since Za=^Zc,AB\\ CD. 

[If two str. lines are cut hy a transversal, and the alt. int. A are equal, 
the two lines are II.] (§ 78) 

• 7. Since Zb=^Zd,BC\\ AD. 

8. Then, by def ., ABCD is a O. 

Ex. 36. The perpendiculars from two opposite vertices of a parallelo- 
gram to a diagonal are equal. 
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Prop. XXXIII. Theorem 

107. If two sides of a quadrilateral are equal and parallel^ the 
figure is a parallelogram. 




Draw line BC — and II to AB^ and lines AB and DC We then have : 
Oiven^ in quadrilateral ABCD, BC equal and II to AD. 
To Prove ABCD a O. 

(Prove A ABC and ACD equal by § 46; then, AB = CD. 
Compare § 106.) 

Prop. XXXIV. Theorem 
108. The diagonals of a parallelogram bisect each other. 




Draw O ABCD as in § 107 ; and lines AC and BD. We then have : 

Given diagonals AC and BD of O ABCD intersecting at E. 

To Prove AE '= EC and BE = ED, 

(Prove A AED = A BEC, by § 49.) 

Note. The point E is called the centre of the parallelogram. 

Prop. XXXV. Theorem 

109. (Converse of Prop. XXXIII.) If the diagonals of a 
quadrilateral bisect each other, the figure is a parallelogram. 

Given AC and BD, the diagonals of quadrilateral ABCD^ 
bisecting each other at E. (Fig. of Prop. XXXIV.) 
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To Prove ABGD a O, 

(Prove A AED = A BECy by § 46 ; then AD = BO ', in like 
manner, AB = CD-, then use § 106.) 

Prop. XXXVI. Theorem 

110. Two parallelograms are equal when two adjacent sides 
and the included angle of one are equal respectively to two 
adjacent sides and the included angle of the other, 

J> „ / 




Draw Z17 ABCD and EFOH'wl accordance with the statement of the 
proposition. Let a, 6, c, d, represent sides AB^ BC^ CD, and DAj re- 
spectively ; and e, /, g, h, sides EF, FO, OH, and HEj respectively. 
We then have : 

Given, in ZU ABOD and EFOH, 

a = e, d=.h, and AA^ZE^ 

To Prove O ABCD = O EFGH. 

Proof. 1. Superpose O ABCD upon O EFGH in such a 
way that Z A shall coincide with its equal Z E; side a falling 
on side e, and side d on side h, 

2. Since a = e, point B will fall on point F, 

3. Since d = h, point D will fall on point H. 

4. Since b I! c?, and / II h, side b will fall on side /, and point 
C will fall somewhere on /. 

[But one str. line can be drawn through a given point II to a given str. 
line.] (§ 69) 

5. Since c II a, and g II e, side c will fall on side g, and point 
C will fall somewhere on g. 

6. Since (7 falls on both /and g, it must fall at their inter- 
section, G, ^ 

7. Then, the !U coincide throughout, and are equal. 
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The following is an immediate consequence of § 110 : 

111. Two rectangles are equal if the hose and altitude of one 
are equal respectively to the hose and altitude of the other. 

Prop. XXXVII. Theorem 

112. The diagonals of a rectangle are equal. 

Draw rectangle A BCD ; draw lines AC and BD, We then have: 

Oiven AC and BD the diagonals of rect. ABCD. 

To Prove AC=BD. 

(Prove rt. A ABD = rt. A ACD, by § 46.) 

The following is an immediate consequence of § 112 : 

113. Tlie diagonals of a square are equal. 

Prop. XXXVIII. Theorem 

114. The diagonals of a rhombus bisect each other ai right 
angles. 



M 



Oiven AC and BD the diagonals of rhombus ABCD. 

To Prove that AC and BD bisect each other at rt. A 

(Compare § b^.) 

Ex. 37. The lines which join the middle points of the opposite sides of 
a parallelogram bisect each other. 

Ez. 38. Are the diagonals of a parallelogram ever equal ? 

Ex. 39. When do the diagonals of a parallelogram bisect the opposite 
angles ? 

Ex. 40. If perpendiculars be drawn from the extremities of the upper 
base of an isosceles trapezoid to the lower base, they are equal and cut 
ofi equal segments from the extremities of the lower base. 
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Ex. 41. The lines which join the middle points of the bases of an 
isosceles trapezoid to the middle points of the non-parallel sides form, 
"with the sides of the trapezoid, two pairs of equal triangles. 

Ex. 42. If lines be drawn from the middle point of the base of an 
isosceles triangle to the middle points of the equal sides, the triangle is 
divided into two equal triangles and a parallelogram. 



POLYGONS 
DEFINITIONS 

115. We define a polygon as a portion of a plane bounded by 
three or more straight lines ; as ABODE. 

We call the bounding lines the sides of 
the polygon, and their sum the perimeter. 

The angles of the polygon are the 
angles EAB, ABC, etc., formed by the adja- 
cent sides; their vertices are called the 
vertices of the polygon. 

A diagonal of a polygon is a straight line joining any two 
vertices which are not consecutive; 2l8 AO, 

116. Polygons are named with reference to the number of 
their sides, as follows : 




No. ow 
Sides. 


Designation. 


No. ow 
Sides. 


Designation. 


3 
4 

5 
6 

7 


Triangle. 

Quadrilateral. 

Pentagon. 

Hexagon. 

Heptagon. 


8 

9 

10 

11 

12 


Octagon. 

Enneagon. 

Decagon. 

Hendecagon. 

Dodecagon. 



117, An equilateral polygon is a polygon all of whose sides 
are equal. 

An equiangular polygon is a polygon all of whose angles are 
equaL 
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118. A polygon is called convex when 
no side, if extended, will enter its surface ; 
as ABODE ; in such a case, each angle of 
the polygon is less than two right angles. 

Every polygon considered hereafter will 
be understood to be convex, unless the 
contrary is stated. 

119. *A polygon is called concave when at 
least two of its sides, if extended, will enter 
its surface ; as FGHIK. 

In such a case, at least one angle of the 
polygon is greater than two right angles. 

Thus, in polygon FGHIK, the interior angle OHI is greater 
than two right angles ; such an angle is called re-entrant 



hx 




120. We call two polygons mtUuaUy equilateral when the 
sides of one are equal re- 
spectively to the sides of the 
other, when taken in the same ^^ 
order. 

Thus, polygons ABCD and 
A'B'C'D' are mutually equilateral if 
AB = A'B', BO = B^C, CD = (72)', and DA = D'A\ 

121. We call two polygons mutually equiangular when the 
angles of one are equal respec- ^ q 
tively to the angles of the 
other, when taken in the same 
order. 

Thus, polygons EFOH and ^" 
E'FG'H' are mutually equiangular if 

ZA==ZE,ZB=:ZF,ZC = ZG,B,ndZD=^ZH. 

122. In polygons which are mutually equilateral or mutu- 
ally equiangular, sides or angle? which are similarly placed 
are* called homologous^ 
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123. If two polygons are both mvtually equilatercU and mutvr 
oily equiangular, they are equal, 

Eor they can evidently be applied one to the other so as to 
coincide throughout. 

124. Two polygons are equal when they are composed of the 
same number of triangles, equal each to each, and similarly 
jplaced. 

For they can evidently be applied one to the other so as to 
coincide throughout. 

Prop. XXXIX. Theorem 

125. The sum of the angles of any polygon is equal to two 
rigid angles taken as many times, less two, as the polygon lias 
sides, j^^^ 



Draw any polygon. We then have : 
Oiven a polygon of n sides. 

To Prove the sum of its A equal to w — 2 times two rt. A. 
Proof. 1. The polygon may be divided into n — 2 A by 
drawing diagonals from one of its vertices. 

2. The sum of the A of the polygon is equal to the sum of 
the A of the A. 

3. Now the sum of the A of each A is two rt. A. 

[The sum of the A of any A is equal to two rt. zi.] (§ 84) 

4. Then, the sum of the A of the polygon is n — 2 times 
two rt. A. 

126. We have (n — 2) x 2 rt. A equal to 2 n rt. ^ — 4 rt. A 

Then, the sum of the angles of any polygon equals twice as 

ifnany ri^ht angles as the polygon has sides, less four right angles. 
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Prop. XL. Theorem 

127. If the sides of any polygon be produced so as to form an 
exterior angle at each vertex, the sum of these eosterior angles 
is equal to four rigJU angles. 




Draw a polygon in accordance with the statement of the proposition. 
We then have : 

Oiven a polygon of n sides with its sides extended so as to 
form an ext. Z at each vertex. 

To Prove the sum of the ext. A equal to .4 rt. A. 

Proof. 1. The sum of the ext. and int. A at each vertex is 
two rt. A. 

[If two adj. A have their ext. sides in the same str. line, their sum is 
equal to two rt. zi.] (§ 17) 

2. Hence, the sum of all the ext. and int. ^ is 2 n rt. A. 

3. But the sum of the int. A alone is 2 n rt. /4 — 4 rt. A. 

[The sum of the A of any polygon equals twice as many rt. zi as the 
polygon has sides, less 4 rt. A.^ (§ 126) 

4. Whence, the sum of the ext. ^ is 4 rt. A. 

Ez. 43. Find the sum of the angles of a quadrilateral ; of a pentagon ; 
of a hexagon ; of an octagon. 

Ex. 44. An exterior angle of an equiangular polygon is one-fifth of 
a right angle. How many sides has the polygon ? 

Ex. 45. ITow many sides has a polygon each of whose interior angles 
is eight-fifths of a right angle ? 

Ex. 46. The difference between two consecutive angles of a parallelo- 
gram is 76° ; find the angles of the parallelogram. Find the angles when 
this difference is M°. 



RECTILINEAR FIGURES 67 

Bx. 47. How many sides has the polygon the sum of whose interior 
angles is 14 right angles ? Find the magnitude of each angle if the poly- 
gon is equiangular. 

MISCELLANEOUS THEOREMS 

Prop. XLI. Theorem 

128. If a series of parallels^ cutting two straight lines, inter- 
cept equal distances on one of these lines, they also intercept equal 
distances on the other. 

A A' 





Draw a series of parallels (§ 70). Draw lines AB and A'B* cutting 
these lis at C, D\ E, F, and C", 2>', U', F^, respectively. We then have : 

Given lines AB and A'B' cut by lis CC, DD', EE\ and Ft^ 
at points (7, Z>, E, F, and C\ D\ E', F, respectively, so that 

CD =DE =EF 

To Prove CD' = D'E' = E'F. 

Proof. 1. Draw lines CG, DH, and EK II A'B', meeting 
DD', EE', and FF at points G, H, and K, respectively. 

2. In A CDG, DEH, EFK, by hyp., CD=:DE = EF. 

3. Again, lines CG, DH, and EK are II to each other. 

[Two str. lines II to the same str. line are II to each other.] (§ 71) 

4. Then, Z.DCG = Z.EDH=ZFEK 

[If two II lines are cut by a transversal, the corresp. A are equal. ] 

(§76) 

5. Also, ZCDG = ZDEH=ZEFK. 

[If two II lines are cut by a transversal, the corresp. A are equal.] 

(§76) 
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6. Then, A CDG = ADEH = AEFK, a 

[Two A are equal when a side and two adj. zi of c3 

one are equal respectively to a side and two adj. A l>t 
of the other.] (§ 49) 




7. Then, CG == DH = EK. IfT 

[In equal figures, the homologous parts are equal.] (§ 48) 

8. But, CO = CD', DH = D^E\ and EK = E^F, 

[In any O, the opposite sides are equal.] (§ 104) 

9. Then, OD' = D'E' = E'F. 

[Things which are equal to equal things, are equal to each other.] 

(Ax. 1) 

129. The line which bisects one side of a triangle^ and is paral- 
lel to another side, bisects also the third side. 

If line DE is II side BC of A ABC, and 
bisects side AB, it also bisects AC, 

This is the particular case in the figure 
of Prop. XLI where CO coincides with 
CD', B 6 

130. In the figure of Prop. XLI, CCE'E is a trapezoid, and 
DD' bisects its sides CE and CE'. 

Hence, the line which is parallel to the ba^es of a trapezoid 
and bisects one of the non-parallel sides, bisects the other also. 

Prop. XLIL Theorem 

131. The line joining the middle points of two sides of a tri- 
angle is parallel to the thifd side, and equal to one-half of it. 

Draw any A ABO. Through D and E, middle points of AB and AC, 
respectively, draw line DE. We then have : 

Oiven line DE joining middle points of sides AB and AC, 
respectively, of A ABC 

To Prove DE II BC, and DE = :^ BC. 

Proof. 1. A line from D II BC will bisect AC 

[The line which bisects one side of a A, and is II to another side, bisects 
also the third side.] (§ 129) 
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2. Then it must coincide with DE, and DE || BC. 

[But one str. line can be drawn between two points.] (Ax. 6) 

3. Draw line EF\\ AB, meeting side BC at F. 

4. In A ADE and EEC, by hyp., AE = EC. 

5. Also, ZA = Z.CEF,2indZ.AED = Za 

[If two lis are cut By a transversal, the corresp. A are equal.] (§ 76) 

6. Then, A ADE = A EEC. 

[Two &i are equal when they have a side and two adjacent A of one 
equal respectively to a side and two adjacent A of the other.] (§ 49) 

7. Then, DE = FC, 

[In equal figures, the homologous parts are equaL] (§ 48) 

8. But, DE = BF. 

[In any O, the opposite sides are equal.] (S 104) 

9. Then, DE = ^BC 

Prop. XLIII. Theorem 

132. The line joining the middle points of the non-parallel 
sides of a trapezoid is parallel to the bases, and equal to one^half 
their sum. 




Draw trapezoid ABCD, BC and AD being II sides. Let ^, ^ be mid- 
dle points of AB and CD^ respectively. Draw line EF. We then have : 

Given line EF joining middle points of non-ll sides AB and 
CDj respectively, of trapezoid ABCD. 

To Prove EF \\ to AD and BC, and EF^ ^ (AD + BO), 

Proof. 1. A line from E || to AD and BC will bisect CD. 

[The line which is I| to the bases of a trapezoid, and bisects one of the 
non-ll sides, bisects the other also.] (J 130) 
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2. Then it coincides with EF, and EF is li to AD and BC. 
[But one str. line can be drawn between two points.] (Ax. 6) 

3. Draw diagonal ^(7, intersecting J5JF at (t. b* -^ 

4. Since EG bisects side AB of A ABC, e I , J " ^ 
and is II J5(7, it bisects side AC, a^ Az> 

[The line which bisects one side of a A, and is 1| to another side, 
bisects also the third side.] * (§ 129) 

5. Then, EG=^\Ba (1) 

[The line joining the middle points of two sides of a A is || to the third 
side, and equal to one-half of it.] (§ 131) 

6. In like manner, OF==\AD. (2) 

7. Adding (1) and- (2), EF= \BO + ^AD = i (BO + AD). 

Ez. 48. A straight line is drawn from the vertex of a triangle to any 
point in the base. Prove that this line is bisected by the line joining the 
middle points of the sides of the triangle. 

Ex. 49. ^ and i^ are middle points of sides 
BC and AD^ respectively, of the parallelogram 
ABCD. Draw lines AE and CF, Prove that 
these lines trisect the diagonal joining the other 
two vertices of the parallelogram. 

Prop. XLIV. Theorem 

133. The bisectors of the angles of a triangle intersect at a 
common point. 

Draw any A ABC. Let a, &, c, be the bisectors of A A, B, and (7, re- 
spectively. We then have : 

Oiven a, 6, and c, the bisectors of the angles of A ABO. 

To Prove that a, b, and c intersect at a common point. 

Proof. 1. Let a and 6 intersect at 0. 

2. Since is in bisector a, it is equally distant from sides 
AB and AC. 

[Any point in the bisector of an Z is equally distant from the sides of 
the Z.] (§ 98) 
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3. Since is in bisector b, it is equally distant from sides 
AB and BC. 

4. Then O is equally distant from sides AC and BO, and 
therefore lies in bisector c. 

[Every point which is within an Z, and equally distant from its sides, 
lies in the bisector of the Z.] (§ 99) 

5. Then, a, 6, and c intersect in the common point 0. 

134. It follows from § 133 that 

The point of intersection of the bisectors of the. angles of a 
triangle is equally distant Jrom the sides of the triangle. 

Ez. 50. The lines joining the middle points of the bases of an isosceles 
trapezoid to the middle points of the non-parallel sides form a rhombus. 

Ez. 51. If through the vertex A, of isosceles triangle ABC, a parallel 
to -BO be drawn, and through the middle points of AB and AC parallels, 
respectively, to ^Cand AB, a triangle is formed equal to the given tri- 
angle, and its vertex will lie in the base of the given triangle. 

Ez. 52. Two sides of a quadrilateral are parallel. The other sides 
are equal, but not parallel. Prove the opposite angles supplementary. 

Prop. XLV. Theorem 

135. The perpendiculars erected at the middle points of the 
sides of a triangle intersect at a common point. 

Draw any A ABC; at 2), E, and F, middle points of BC, CA, and AB, 
respectively, of A ABC, draw lines DG, EH, and FK± to BC, CA, and 
AB, respectively. We now have : 

Given DG, EH, and FK, the Ja erected at the middle points 
of the sides of A ABO, 

To Prove that DQ, EH, and FK intersect at a common 
point. 

(If DG and EH intersect at 0, is equally distant from B 
and C, by § 54 ; and also from A and C) 

136. It follows from § 135 that 

The point of intersection of the perpendiculars erected at the 
middle points of the sides of a triangle, is equally distant from 
the vertices of the triangle. 
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Prop. XL VI. Theorem 

137. The perpendiculars from the vertices of a triangle to the 
opposite sides intersect at a common point. 

A „ 



G 

Draw any A ABC. From A, B, and C draw lines AD (a), BE (6), 
and CF (c) J. to 50, CA^ and AB^ respectively. We then have : 

Given a, h, and c, the three Js from the vertices of A ABC 
to the opposite sides. 

To Prove that a, h, and c intersect at a common point. 

Proof. 1. Through A, B, and C draw lines HK, KG, and 
OH II BC, CA, and AB, respectively, forming A GHK. 

2. Since a is J- BC, it is also ± ^^. 

[A str. line JL to one of two lis is JL to the other.] (§ 72) 

3. Since, by cons., ABCH 2m^ ACBKa^ve £17, 

AH=BCa.ndAK=Ba 
[In any O, the opposite sides are equal.] (§ 104) 

4. Then, AH=:AK 

[Things which are equal to the same thing, are equal to each other.] 

(Ax. 1) 

5. Then, a is ± UK at its middle point. 

6. In like manner, h and c are ± to KG and GH, respec- 
tively, at their middle points. 

7. Since a, b, and c are ± to the sides of A GHK at their 
middle points, they intersect at a common point. 

[The Js erected at the middle points of the sides of a A intersect at a 
common point.] (§ 136) 
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13S. Def. A median of a triangle is a line drawn from any 
vertex to the middle point of the opposite side. 

Prop. XL VII. Theorem 

139. The line drawn from any vertex of a triangle through the 
point of intersection of medians drawn from the other two vertices, 
is itself a median. 

Draw A ABC ; draw medians BE and AD intersecting at 0] through 
O draw line CO meeting AB at F, We then have : 

Given AD and BE, two medians of A ^B(7 intersecting at 0. 

To Prove CF also a median, or AF = BF 

Proof. 1. Draw line AG II BE, meeting CF prolonged at (?; 
also, line BQ. 

2. Since EO is II to side AG of A ACG, and bisects side CA, 
O is the middle point of CG. 

[The line which bisects one side of a A, and is II to another side, bisects 
also the third side.] (§ 129) 

3. Since is the middle point of CG, and D of CB, OD is II 
to side BG of A BCG. 

[The line joining the middle points of two sides of a A is II to the third 



side.] 

4. Since AG II BE, and AO li BG, AOBG is 
AF=BF. 

[The diagonalH of a O bisect each other.] 


(§ 131) 
a O, and 

(§ 108) 


140. In the figure of Prop. XLVII, 0F= FG. 


(§ 108) 



Since is the middle point of CG, OG = OC 
Then, OF=iOG = i OC; and hence OC = J CF 
In like manner, OA =iAD, and OB = ^BE. 

That is, the point of intersection of the medians of a triangle 
lies two-thirds the way from each vertex to the opposite side. 

141. As an aid in the solution of original exercises, the 
following list of certain principles proved in Book I will be 
found useful. 
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Two triangles are eqaal : 

When two sides and the included angle of one are equal respectively to 
two sides and the included angle of the other (§ 46). 

When a side and two adjacent angles of one are equal respectively to a 
side and two adjacent angles of the other (§ 49). 

When the three sides of one are equal respectively to the three sides of 
the other (§ 62). 

Two right triangles are equal : 

When the hypotenuse and an adjacent angle of one are equal respec- 
tively to the hypotenuse and an adjacent angle of the other (§ 60). 

When the hypotenuse and a leg of one are equal respectively to the 
hypotenuse and a leg of the other (§61). 

When a leg and an acute angle of one are equal respectively to a leg 
and the homologous acute angle of the other (§89). 

Two straight lines are equal : 

When they are homologous sides of equal triangles (§ 48). 
When they are opposite equal angles in a triangle (§ 90). 
When they are opposite sides of a parallelogram (§ 104). 
When they are diagonals of a rectangle (§ 112). 

Two angles are equal : 

When they are the complements or supplements of equal angles (§ 41). 

When they are vertical (§ 44). 

When they are homologous angles of equal triangles (§ 48). 

WTien they are opposite the equal sides of an isosceles triangle (§ 50). 

When they are alternate-interior angles (§ 76). 

When they are corresponding angles (§ 76). 

When their sides are parallel each to each (§ 81). 

When their sides are perpendicular each to each (§ 88). 

When they are opposite angles of a parallelogram (§ 104). 

Two lines are parallel : * 

When they are perpendicular to the same line (§ 70). 

When they are parallel to the same line (§ 71). 

When the alternate-interior angles are equal (§ 78). 

When the corresponding angles are equal (§ 79). 

When the sura of the interior angles on the same side of the transversal 
is equal to two right angles (§ 80). 

When they are opposite sides of a parallelogram. 

When, one line is a side of a triangle, and the other joins the middle 
points of the other two sides (§ 131). 
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A quadrilateral is a parallelogram : 

When the opposite sides are equal (§ 106). 
When two sides are equal and parallel (§ 107). 
When the diagonals bisect each other (§ 109). 

One line is greater than another : 

When it is the hypotenuse of a right triangle of which the other line is 
a leg (§94). 

When it is opposite a greater angle in a triangle (§ 93). 

One angle is greater than another : 

When it is an exterior angle of a triangle in which the other is an oppo- 
site interior angle (§ 86). 

When it is opposite a greater side in a triangle (§ 92). 

Ez. 53. Is it always possible to find a point equidistant from three 
given straight lines ? 

Ez. 54. Is it possible to find a point equidistant from four given 
straight lines ? 

Ez. 55. If two medians of a triangle intersect the sides at right angles, 
the triangle is equiangular. 

Ex. 56. If a line joining two opposite vertices of a parallelogram bisects 
the angles at these vertices, the parallelogram is equilateral. 

Ex. 57. Prove that lines drawn from two vertices of a triangle and 
terminating in the opposite sides cannot bisect each other. 




Book II 

THE CIRCLE 
DEFINITIONS 

142. A diameter of a circle is a straight 
line drawn through the centre, having its 
extremities in the circumference. ^. -. 

143. By the definition of § 23 
All radii of a circle are equal. 

Also, all its diameters are equal, since each is the sum of 
two radii. 

144. Two circles are equal when their radii are equal. 

For they can evidently be applied one to the other so that 
their circumferences shall coincide throughout. 

145. The radii of equal circles are equal, (Converse of § 144.) 

146. Concentric circles are circles having the same centre. 

147. A chord is a straight line joining the extremities of an 
arc ; as AB, 

The arc is said to be subtended by its chord. 

Every chord subtends two arcs ; thus chord 
AB subtends arcs AMB and ACDB, 

When the arc subtended by a chord is 
spoken of, the one which is less than a semi- 
circumference is understood, unless the con- 
trary is specified. 

A segment of a circle is the portion included between an arc 
and its chord j as AMEN, 
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A sector of a circle is the portion included between an arc 
and the radii drawn to its extremities ; as OCD. 

148. A straight line cannot meet a circumference at more than 
two points. 

For by § 64, not more than two equal straight lines can 
be drawn from a point (in this case, the centre) to a straight 
line. 

149. A central angle is an angle whose vertex is at the 
centre, and whose sides are radii; as -40(7. 

An inscribed angle is an angle whose vertex 
is on the circumference, and whose sides are 
chords; as ABC, 

An angle is inscribed in a segment when 
its vertex is on the arc of the segment, and 
its sides pass through the extremities of 
the subtending chord ; thus, angle B is in- 
scribed in segment ABC, 

150. A straight line is said to be tangent to, or to touch, 
a circle when it hag but one point in common with the circum- 
ference ; as AB, 

In such a case, the circle is said to be 
tangent to the straight line. 

The common point is called the point 
of contact, 

A secant is a straight line which 
intersects the circumference in two 
points ; as CD, 

151. Two circles are said to be tangent to each other 
when they are tangent to the same straight line at the same 
point. 

They are said to be tangent internally or externally according 
as one circle lies entirely within or entirely without the other. 

A common tangent to two circles is a straight line which is 
tangent to both of them. 
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152. A polygon is said to be inscribed in 
a circle when all its vertices lie on the cir- 
cumference ; as ABCD. 

In this case, the circle is said to be cir- 
ciimscribed about the polygon, 

A polygon is said to be inscriptible when 
it can be inscribed in a circle. 

A polygon is said to be circumscribed 
about a circle when all its sides are tangent 
to the circle ; as EFOH, 

In this case, the circle is said to be inr 
scribed in the polygon. 




Prop. I. Theorem 
153. Every diameter bisects the circle and Us circumference. 




Given AC(d) a diameter of O ABCD. 
To Prove that d bisects the O, and its circumference. 
Proof. 1. Superpose segment ABC upon segment ADO, by 
folding it over about d as an axis. 

2. Then, arc ABC will coincide with arc ADC] for other- 
wise there would be points of the circumference unequally 
distant from the centre. 

3. Hence, segments ABC and ADC coincide throughout, 
and are equal. 

4. Therefore, d bisects the O, and its circumference. 
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154. Defs. A semirdrcumfereixce is an arc equal to one-half 
the circumference. 

A quadrant is an arc equal to one-fourth the circumference. 
A semicircle is a segment equal to one-half the circle. 

Ex. 1. If two non-perpendicular diameters be drawn in the same 
circle, the perpendiculars from the extremities of th6 one upon the other 
are equaL 

Prop. II. Theorem 

155. In equal circles, or in the same circle, equal central angles 
irUerce^ equal arcs on the circumference. 





Draw ® AMB and A^WB'^ having centres C and C, respectively, and 
same radius. In O AMB, dT&yr ZACB; in O A'M'B', construct 
Z A'C'B' = A ACS. We then have : 

Given AOB and. A^OB' equal central A of equal © AMB 
and A'M'B'y respectively. 

To Prove arc AB = arc A^B\ 

Proof. 1. Superpose sector ABO upon sector A'B'C in such 
a way that Z. C shall coincide with its equal Z 0\ 

2. We have ^C=^'(7 and J5(7=5'(7. (§145) 

3. Then, point A will fall at A\ and point B at B\ 

4. Then, arc AB will coincide with arc A'B^ ; for all points 
of either are equally distant from the centre. 

5. Whence, arc AB = arc A^B\ 

Bac 2. Draw lines dividing a circumference into eight equal parts. 
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Prop. III. Theorem 

1B6. (Converse of Prop. II.) In equal circles, or in the same^ 
circle, equal arcs are intercepted by equal central angles. 





Draw ® AMB and A'M'B',, having centres G and C", respectively, 
and same radius. Take arc -4JB = arc A'B', and draw lines AC^ BC, 
A'G', and B'G', We then liave : 

Given ACB and A'OB^ central A of equal © AMB and 
A'J)fB', respectively, and arc AB = arc A'B', 

To Prove ZC=ZO'. 

Proof. 1. Since the (D are equal, we may superpose O AMB 
upon O A'M'B^ in such a way that point A shall fall at A', 
and centre C at C. 

2. Since arc AB = arc A'B', point 5 will fall at B'. 

3. Then, radii AC and 5(7 will coincide with radii A'C and 
B'C, respectively. (Ax. 6) 

4. Then, Z (7 will coincide with Z C ; that is, Z (7= Z C 

157. Note. 7n equal circles, or in the same circle, 

1. The greater of two central angles intercepts the greater arc 
on the circumference, 

2. 27ie greater of two arcs is intercepted by the greater central 
angle. 

Prop. IV. Theorem 

158. In equal circles, or in the same circle, equal chords sub- 
tend equal arcs. 

Draw (D AMB and A'WB', having same radius. In O AMB, draw 
chord AB; in O A'M'B', draw chord A'B' = chord AB. We then have : 

Given, in equal (D AMB, A'M'B', chord AB = chord A'B', 
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To Prove arc AB = arc A'B*. 

Proot 1. Draw ladii AC, EC, AC\ and B'C". 

2. In A ABC and AB'O, by hyp., AB = AB\ 

3. Also, ^C=^'(7', and-BC=B'(7. (§145) 

4. Then, AABC=^AAB'C\ (§52) 

5. Then, Z C = Z (7. (?) 

6. Then, arc ^5 = arc ^'5'. (§155) 

ZSz. 3. If ^, B, C, 2) are points in succession on a circumference, and 
arcs AB^ BC, and CZ> are equal, prove chord AC = chord BD. 

Prop. V. Theorem 

159. (Converse of Prop. IV.) In equal circles, or in the 
same circle, equal arcs are subtended by equal chords. 

Given, in equal (D AMB and A'M'B', arc AB = arc A'B* ; 
and chords AB and A'B'. (Fig. of Prop. IV.) 
To Prove chord AB = chord A'B'. 

(The A ABC and A'B^C are equal by § 46.) 

Prop. VI. Theorem 

160. In equal circles, or in the same circle, the greater of two 
ares is subtended by the greater chord; each arc being less than 
a semircircumference. 

Draw ®AMB and A'WB', having same radius, and centres at C and 
C, respectively. Take arc AB > arc A^B', each arc < a semi-circum- 
ference. Draw lines AB and A'B^. We then have : 

Given, in equal (D AMB and A'M'B', arc AB > arc A'B', 
each arc < a semi-circumference, and chords AB and A'B'. 
To Prove chord AB > chord A'B'. 

Proof. 1. Draw radii AC, BC, A'C, and B'C. 

2. In A ABC and A'B'C, AC = A'C, and J3(7 = J5'C". (?) 

3. Since, by hyp., arc AB > arc A'B', 

ZOZ.C'. (§157,2) 

4. Then, chord AB > chord A'B'. (§ 100) 
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Prop. VII. Theorem 

161. (Converse of Prop. YI.) In equal circles, or in the 
same circle, the greater of two chords subtends the greater arc; 
each arc being less than a semi-circumference. 

Given, in equal (D AMB and A'M'B', chord AB > chord 
A'B', arcs AB and A'B* being < a semi-circumference. (Fig. 
of Prop. VI.) 
To Prove arc AB > arc A'B\ 

(We have ZC>ZC', hy § 101 ; then use § 157, 1.) 

Ex. 4. A central angle AOB is bisected by a radius 00, Let A', C, 
B' be the middle points of OA, OC, and OB, respectively. Prove the 
length of the broken line A'C'B' equal to the length of the chord AC. 

Prop. VIII. Theorem 

162. The diameter perpendicular to a chord bisects the chord 
and its subtended arcs. 

Draw O ABD with centre at ; draw diameter 
D C ; through point E on OC draw chord AB ±DC, 
We then have : 

Given, in QABD, diameter CD ± chord 
AB, 

To Prove that CD bisects chord AB, and 
arcs ACB and ADB, 

Proof. 1. Let O be centre of O ; draw radii OA and OB. 

2. Since OA = OB, A OAB is isosceles. 

3. Then, (7Z> bisects ^4B, and Z ^105. ^ (§91) 

4. Since ZAOC = Z BOC, arc AC = arc BC. (§ 155) 

5. Again, AAOD ^ ABOD, (§41,2) 

6. Then, arc ^D = arc -BD. (?) 

163. It follows from the above that the perpendicular erected 
at the middle point of a chord passes through the centre of the 
circle, and bisects the arcs subtended by the chord. 
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Prop. IX. Theorem 

164 In the same circle, or in equal circles^ equal chords are 
equally distant from the centre. 

Draw a O with centre at ; draw equal chords AB and CD. Draw 
lines OE and 0F± AB and CD, respectively, and meeting these lines at 
E and jP, respectively. We then have : 

Oiven AB and CD equal chords of O ABC, whose centre is 
O, and lines OE and OF 1. AB and CD, respectively. 
To Prove OE = OF. 

Proof. 1. Draw radii OA and OC. 

2. In rt. A OAE and OCF, OA = 00. (?) 

3. E is the middle point of AB, and F of 02>. (§ 162) 

4. Then, AE =: CF] 

for they are halves of equal chords AB and 0I>, respectively. 

5. Then, A OAE = A OCF. (?) 

6. Then, OE = OF. (?) 

Ebc. 5. If two equal chords, not diameters, intersect within a circle, 
and perpendiculars be drawn from the centre to these chords, the line 
joining the centre of the circle with the intersection of these chords is a 
bisector of the angle formed by the perpendiculars. 

Ebc. 6. If two circles are concentric, and a chord of the greater is a 
secant of the smaller, then the portions of the chord between the two 
circumferences are equal. 

Ebc. 7. The line which bisects a chord of a circle and its subtended arc 
will, if extended, pass through the centre of the circle. 

Prop. X. Theorem 

165. (Converse of Prop. IX.) In the same circle, or in equal 
circles, chords equally distant from the centre are equal. 

Given the centre of O ABC, and AB and CD chords equally 
distant from 0. (Fig. of Prop. IX.) 

To Prove chord AB = chord CD. 

(The rt. A OAE and OCF are equal (?), and AE = 0F\ E 
is the middle point of AB, and F of CD.) 
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Prop. XI. Theorem 
166. In the same circle, or in equal circles, if two chords are 
unequally distant from the centre, the more remote is the less. 



K^ 



Draw figure in accord- A __ 4.5 Jp 

ance with the statement. 
We then have: 

Given the centre of O ABC, and chord AB more remote 
from than chord CD, 

To Prove chord AB < chord CD. 

Proof. 1. Draw lines OG±AB and 0H± CD ; on OG take 
0K= OH, and through /iTdraw chord EF± OK 

2. Then, chord ^JF' = chord (7/>. (§165) 

3. Now, chord AB II chord EF. (§ 70) 

4. Then, arc AB must be < arc EF, 

5. Then, chord AB < chord EF, (§ 160) 

6. That is, chord AB < chord CD. 

167. By § 166, a diameter is greater than any other chord. 

Prop. XII. Theorem 

168. (Converse of Prop. XI.) In the same circle, or in equal 
circles, the less of two chords is ai the greater distance from the 
centre. 




Draw O with centre at ; draw chords a and 6, a being < 5, their X 
distances from 6 being c and d, respectively. We then have : 

Oiven, in O whose centre is O, chords a and h, respectively, 
at distances c and d from 0, and chord a < chord h. 
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To Prove c > d. 

Proof. 1. If c is < df, chord a will be > chord 6. (§ 166) 

2. If c = d, chord a will equal chord 6. (§ 165) 

3. Both of these results are contrary to the hyp. that chord 
a is < chord b, 

4. Then, c> d. 

Prop. XIII. Theorem 

169. A straight line perpendicular to a radius of a circle at its 
extremity is tangent to the circle. 

Draw a O with centre at O, and radius 0(7. Through point G -draw 
line AB X 00. We then have : 

Given line AB ± radius 0(7 of O at (7. 

To Prove AB tangent to the O. 

Proof. 1. Let D be any point of AB except C. 

2. Draw line 0J9; then, OD > 00, (?) 

3. Therefore, point D lies without the O. 

4. Then, every point of AB except O lies without the O, 
and AB is tangent to the O. (§ 150) 

Prop. XIV. Theorem 

170. (Converse of Prop. XIII.) A tangent to a circle is 
perpendicular to the radius drawn to the point of contact. 




A a B 

Draw O with centre at 0. Draw line AB tangent to the O at (7. 
Draw line 0(7. We then have : 

Given line AB tangent to O EO at (7, and radius 00, 
To Prove 00 ± AB, 

(00 is the shortest Hue from O to AB,) 
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•171. It follows from § 170 that a line perpendicular to a 
tangent at its point of contact passes through the centre of the 
circle. 

Prop. XV. Theorem 

172. Two parallels intercept equal arcs on a circumference. 

Case I. When one line is a tangent and the other a secarU, 

Draw a O. Through E, any point on the circumference, draw diame- 
ter EF, and tangent AB ± EF (§ 169). Draw secant CD II AB, inter- 
secting the circumference at G and Z>. We then have : 

Given AB a tangent to O CED at E, and CD a secant II AB, 
intersecting the circumference at C and Z>. 

To Prove arc CE = arc DE. 

'Sioot 1. Draw diameter EF\ then EF Jl AB. (§ 170) 

2. Then, EF 1, CD. (?) 

3. Then, arc CE = arc DE. (§ 162) 

Case n. When both lines are secants. 

Draw a O. Draw || secants, AB and CD, intersecting the circum- 
ference at A and J5, and C and Z), respectively. We then have : 

Given, in O ABCj AB and CD II secants, intersecting the 
circumference at A and B, and C and D, respectively. 

To Prove arc AC= arc BD. 

Proof. 1. Draw tangent EF II AB, touching the O at G. 

2. Then, EF II CD. (?) 

3. By Case I, arc AG = arc BG, (1) 
and arc CG = arc DG. (2) 

4. Subtracting (2) from (1), 

arc AG — arc CG = arc BG — arc DG, 
or arc AC = arc BD. 
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Case m. When both lines are tangents. 

In QEGF, draw || tangents, AB and CD, touching O at ^ and F, 
respectively. We then have : 

Given, in O EGF, AB and CD 11 tangents, touching the O at 
£J apd Fy respectively. ^ 

To Prove arc EGF = arc EHF. 

(Draw secant GH II AB, and apply Case I.) 

173. It follows from § 172 that the straight line joining the 
points of contact of two parallel tangents is a dvaineter, 

Ex. 8. The diameters of two concentric circles are 11 and 15 inches, 
respectively. Can a tangent to either circle be drawn through a point 6 
inches from the common centre ? Why ? 

Ez. 9. The lines joining the extremities of two unequal parallel chords 
form, with the chords, an isosceles trapezoid. Is the centre within or 
without the trapezoid ? 

Ez. 10. If two equal chords, AB and CD, of a circle are parallel, the 
points Ay B, Z>, and C being in succession on the circumference, the chords 
AC and BD are equal and the figure formed is a rectangle. Can the 
centre be without the rectangle ? 

Prop. XVI. Theorem 

174. The tangents to a circle from an outside point are equal. 



Draw O with centre at O. Draw radii OB and 0(7, and tangents 
J_ OB and OC, respectively, intersecting at A. We then have : 

Given AB and AC tangent at points B and C, respectively, 
to O BC whose centre is O. 
To Prove AB = AC. 

(Kt. A GAB and GAC are equal by § 61.) 
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175. From equal A OAB and OAC (Fig. of Prop. XVI), 

Z OAB = Z OAC and Z AOB = Z ^00. 
Then, the line joining the centre of a circle to the point of inter- 
section of tvjo tangents makes equal angles with the tangents, and 
also with the radii drawn to the points of contact. 

Ex. 11. The line through the middle points of two parallel chords 
passes through the centre of the circle. 

Ez. 12. If two equal circles intersect and parallel lines be drawn 
through the points of intersection, the portion cut from the first line by- 
one circumference is equal to the portion cut from the second by the other 
circumference. 

Ez. 13. The angle formed by two tangents to a circle is the supple- 
ment of the angle formed by joining the centre to the points of tangency. 

Ez. 14. Can a trapezoid be constructed whose sides are 8, 10, 11, 12, 
respectively ? Give method showing the result. Can such a trapezoid be 
inscribed in a circle ? 

Prop. XVII. Theorem 

176. Through three points, not in the same straight line, a cir- 
cumference can be drawn, and but one, 

A 




Given points A, B, and 0, not in the same straight line. 

To Prove that a circumference can be drawn through A, B, 
and C, and but one. 

Proof. 1. Draw lines AB and BC, and lines DF and EG ± 
AB and BC, respectively, at their middle points, meeting at O. 

2. Then is equally distant from A, B, and C. (§ 136) 

3. Hence, a circumference described with as a centre and 
OA as a radius will pass through A, B, and C. 
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4. Again, the centre of any circumference drawn through Aj 
jB, and Q must be in each of the Ja BF and EQ, (§ 56) 

5. Then as DF and EQ intersect in but one point, only one 
circumference can be drawn through A^ B, and (7. 

177. Two circumferences can intersect in but two points; for 
if they had three common points, they would have the same 
centre, and coincide throughout. 

Prop. XVIII. Theorem 

178. If two circumferences irdersect, the straight line joining 
their centres bisects their common chord at right angles. 




Draw ®, with centres at O and O', whose circumferences intersect at A 
and B, Draw lines AB and 00'. We then have : 

Given and 0' the centres of two (D, whose circumferences 
intersect at A and By and lines 00' and AB, 
To Prove that 00' bisects AB at rt. A. 
(Use § 56.) 

Prop. XIX. Theorem 

179. If tzvo circles are tangent to each other, the straight line 
joining their centres passes through their point of contact. 

Draw two ®, whose centres are at and O', tangent to line AB at 
A. We then have : 

CKven and 0' the centres of two (D, which are tangent to 
line AB at A, 

To Prove that str. line joining and 0' passes through A. 

(Draw radii OA and OA; these lines are±-4B, and OAO^ 
is a str. line by § 20. Then use Ax. 6.) 
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Ex. 15. If two circumferences intersect, the distance between their 
centres is greater than the difference of their radii. 

Ex. 16. If a tangent has its extremities Tn two parallel tangentjs to 
the same circle, the angle which is formed by the lines joining the centre 
of the circle to the extremities of the fiist tangent is a right angle. 

[Draw radii to the points of tangency.] 

MEASUREMENT 

180. The ratio of one magnitude to another of the same 
kind is the quotient of the first divided by the second. 

Thus, if a and b are quantities of the same kind, the ratio of 

a to 6 IS Y« 



We measure a magnitude "by finding its ratio to another 
magnitude of the same kind, called the unit of measure. 

If the quotient can be obtained exactly as an integer or frac- 
tion, we call it the numerical measure of the magnitude. 

181. Two magnitudes of the same kind are said to be com- 
mensurable when a unit of measure (called a common m£asure) 
is contained an integral number of times in each. 

Thus, two lines whose lengths are 2f and 8^ inches are commensurable ; 
for the common measure ^ inch is contained an integral number of times 
in each ; i.e. 55 times in the first line, and 76 times in the second. 

Two magnitudes of the same kind are said to be incomr 
mensurable when no magnitude of the same kind can be found 
which is contained an integral number of times in each. 

For example, if AB and OD are two lines such that 

AB 
CD' 

since V2 can only be obtained approximately as a decimal, no 
line, however small, can be found which is contained an integral 
number of times in each line, and AB and CD are incom- 
mensurable. 

183. A magnitude which is incommensurable with respect 
to the unit has no exact numerical measure (§ 180). 



7m = V2; 
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Still if CD is the unit of measure, and — - = V2, we shall call 

1 — \jMiJ 

V2 the numerical measure of AB, 

183. It is evident from the above that the ratio of two mag- 
nitudes of the same kind, whether commensurable or incom- 
mensurable, is equal to the ratio of their numerical measures 
when referred to a common unit. 

THE METHOD OF LIMITS 

184. We define a variable as a quantity which, under the 
conditions imposed upon it, may have an indefinitely great 
number of different values. 

We define a constant as a quantity which remains unchanged 
throughout the same discussion. 

185. A limit of a variable is a constant quantity, the differ- 
ence between which and the variable may be made less than 
any assigned quantity, however small. 

In other words, a limit of a variable is a fixed quantity to 
which the variable approaches indefinitely near. 

186. Suppose, for example, that a point moves from A 
towards B under the condition that it ^ C D E B 

shall move, during successive equal inter- ' J ' — l— J 

vals of time, first from A to (7, halfway between A and B ; 
then to i>, halfway between C and 5; then to E, halfway 
between D and B ; and so on indefinitely. 

In this case, the distance between the moving point and B 
can be made less than any assigned distance, however small. 

Then, the distance from A to the moving point is a variable 
which approaches the constant distance AB as a limit. 

Again, the distance from the moving point to B is a variable 
which approaches the limit 0. 

As another illustration, consider the series 

where each term after the first is one-half the preceding; 
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In this case, by taking terms enough, the last term may be 
made less than any assigned number, however small. 

Then, the last term of the series is a variable which ap- 
proaches the limit when the number of terms is indefinitely 
increased. 

Again, the sum of the first two terms is 1 J ; 
the sum of the first three terms is If ; 
the sum of the first four terms is 1 J ; etc. 

In this case, by taking terms enough, the sum of the terms 
may be made to differ from 2 by less than any assigned num- 
ber, however small. 

Then, the sum of the terms of the series is a variable which 
approaches the limit 2 when the number of terms is indefinitely 
increased. 

187. The Theorem of Limits. If two variables are always 
equal, and each approaches a limit, the limits are equal. 



M 

_j 



JL-f 



A' M' 

I I 



i 



Oiyen AMsxid A'M^ two variables, which are always equal, 
and approach the limits AB and A'B', respectively. 

To Prove AB = A'B', 

Proof. 1. If possible, suppose AB > A^B\ 

2. Take, on AB, AC equal to A'B', 

3. Then, variable AM ma,y assume values > AC, while varia- 
ble A'M' is restricted to values < AC 

4. This is contrary to the hypothesis that the variables are 
always equal ; then, AB cannot be > A'B^. 

5. In like manner, we may prove that AB cannot be < A^ff. 

6. Since AB cannot be >, nor < A'B^, we have AB = A'B\ 

Bfote. In the above demonstration, we have supposed AM and A'3t 
to be increasing variables ; the theorem may be proved in a similar man- 
ner if AM and A'M' are decreasing variables. 
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MEASUREMENT OF ANGLES 
Prop. XX. Theorem 

188. In the same circle, or in equal circles, two central angles 
are in the same ratio as their intercepted arcsr. 

Case L Wlien the arcs are commensurable (§ 181). 

B 




Draw figure in accordance with the statement. We then have : 

Given, in O ABC, AOB and BOC central A intercepting 
commensurable arcs AB and BC, respectively. 

Z AOB arc AB * 



To Prove 



Z BOC arc BC 



Proof. 1. By hyp., arcs AB and BC are commensurable; let 
arc AD be a common measure of arcs AB and BC, and suppose 
it to be contained 4 times in arc AB, and 3 times in arc BC. 

2. Then, ^^ = t- (1) 

' arc ^(7 3 ^ ^ 

3. Drawing radii to the several points of division of arc AC, 
Z AOB will be divided into 4 A, and Z BOC into 3 A, all of 
which A are equal. (§ 155) 

Bfote. The theorem may be proved in a similar manner, whatever the 
number of subdivisions of arcs AB and BC. 
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Case n. When the arcs are incommensurable (§ 181). 




Draw figure in accordance with the statement. We then have : 
Oiven, in O ABC, AOB and BOC central A interceptiog 
incommensurable arcs AB and BC, respectively. 

A AOB aro^B 



To Prove 



Z.BOC arc EG 



Proof. 1. Let arc AB be divided into any number of equal 
arcs, and let one of these arcs be applied to arc BC as a unit 
of measure. 

2. Since arcs AB and BG are incommensurable, a certain 
number of equal arcs will extend from B to G\ leaving a 
remainder G'G less than one of the equal arcs. 

3. Draw radius DO ; since arcs AB and BC are commen- 
surable, Z^OB arc^B ,^ tn 

-Zboc^^^.^bg^' ^^^'^) 

4. Now let the number of subdivisions of arc AB be indefi- 
nitely increased. 

5. Then the unit of measure will be indefinitely diminished ; 
and the remainder (7(7, being always less than the unit, will 
approach the limit 0. 

6. Then ZBOC will approach the limit Z BOC, 
and arc BC will approach the limit arc BG, 

7. Hence, 4^^ will approach the limit "^,^^5 

' Z.BOC ^^ ZBOC 

and 5i^-4^ will approach the limit ^IcAB^ 

arc BCf ^^ aic BC 
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8. Now, — — -— and ^^ _^,. are two variables which are 

always equal; and they approaxjh the limits p^^ ^^^ 

axoAB . , 

^i^^^a' respectively. 

9. By the Theorem of Limits, these limits are equal. 

(§ 187) 

10. Then, 44g^ = 5i:^. 

' Z BOO arc BO 

189. The usual unit of measure for arcs is the degree, which 
is the ninetieth part of a quadrant (§ 154). 

The degree of arc is divided into sixty equal parts, called 
rrUmUes, and the minute into sixty equal parts, called seconds. 

If the sum of two arcs is a quadrant, or 90**, one is called 
the complement of the other; if their sum is a semi-circum- 
ference, or 180**, one is called the supplement of the other. 

190. By § 155, equal central A, in the same ©, intercept 
equal arcs on the circumference. 

Hence, if the angular magnitude about the centre of a O be 
divided into four equal A, each /. will intercept an arc equal 
to one-fourth of the circumference. 

That is, a right central angle intercepts a quadrant on the 
circumference. (§ 19) 

19L By § 188, a central Z of n degrees bears the same ratio 
to a rt. central Z that its intercepted arc bears to a quadrant. ' 

But a central Z of n degrees is :^ of a rt. central Z. 
^ 90 

Hence, its intercepted arc is ^ of a quadrant, or an arc of 
n degrees. 

The above principle is usually expressed as follows : 
A central angle is measured by its intercepted arc. 

The above statement signifies simply that the number of angular de- 
grees in a central angle is equal to the number of degrees of arc In its 
intercepted arc. 
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Prop. XXI. Theorem 

192, An inscnhed angle is measured by one-half Us inter- 
cepted arc. 

Case L When one side' of the angle is a diameter. 
Draw O ABC with centre at O. Draw diameter AC and chord AB, 
We then have : 

Oiven AC q, diameter, and AB a chord, of O ABC, 
To Prove that Z J. is measured by \ arc EC, 
Proof. 1. Draw radius 0-B; denote Z-BOC by a. 

2. We have, OA = OB. (?) 

3. Then, /LB = Z.A, (§50) 
4 Since a is an ext. Z of A OAB^ Z.a = Z.A + Z,B, 

5. Then, Za = 2 ZA, ot ZA=:^Za, 

6. But, Z a is measured by arc BC, (§ 191) 

7. Whence, ZAis measured by ^ arc BC. 

Case n. When the centre is within the angle. 

Draw O ABC ; draw an inscribed Z BAC with the centre within the Z, 
We then have : 

Oiven AB and AC chords of O ABC, and the centre of the 
O within Z BAC, 

To Prove that Z BAC is measured by ^ arc BC, 

Proof. 1. Draw diameter AD; denote ZBAD by a and 
ZBAChyb. 

2. By Case I, Z a is measured by ^ arc BD, 
and Z 6 is measured by ^ arc CD, 

3. Then, Z a -f Z 6 is measured by ^ arc BD + ^ arc CD, 

4. Then, Z BAC is measured by ^ arc BC, 

Case m. When the centre is without the angle. 

Draw O ABC. Inscribe Z BAC, the centre lying without the Z. Draw 
diameter AD. 

(The proof is left to the pupil.) 
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193. Angles insanbed in the same segment 
are equal. 

For, if A, By and C are A inscribed in seg- 
ment AED of O ABOy 

ZA = ZB^ZC'y ' 
for each Z is measured by ^ arc DE (§ 192). 

194. An angle inscribed in a semicircle is 
a right angle. 

For if BC be a diameter, and AB and 
AC chords, of OABDy ZJ. is m'easured 
by i an arc of 180^ or 90^ (§ 192). 

195. The opposite angles of an inscribed 
quadrilateral are supplementary. 

For their sum is measured by ^ of SGO"*, 
or 180^ (?) 

"^ "^ 

Iix. 17. A quadrilateral ABCD is inscribed in a circle. Arc AB 
is 84°, arc CD is 96°, and Z C is 80°. Find remaining arcs and angles. 

Zbc. 18. A quadrilateral ABCD is inscribed in a circle. /.BSa 104°, 
Z O is 92°, and arc AB 70°. Find remaining angles of the quadrilateral 
and the arcs subtended by its sides. 

Zbc. 19. A regular polygon has seven sides. Find the number of 
degrees in each angle. 

Zbc. 20. The median drawn to the hypotenuse of a right triangle 
divides it into two isosceles triangles. 

Zbc. 21. If angles be inscribed in two segments whose sum is equal 
to the whole circle, they are supplements and each angle is a supplement 
of one-half the central angle which its arc subtends. 

Ex. 22. A triangle is inscribed in a circle ; one of its angles is 74°, 
and one side of this angle subtends an arc of 42° ; find the remaining 
angles of the triangle and the subtended arcs. 

Bx. 23. One of the equal sides of an isosceles triangle ABC is 30 
inches, the vertical angle A is 120°. A circle described on one of the 
equal sides as a diameter intersects BC at D. Find BD in terms of BC 
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Prop. XXII. Theorem 

196. Tlie angle formed by a tangent and a chord is measured 
by one-half its intercepted arc. 

. B ^ 



Draw a G. Draw tangent AC^ touching the O at B, and chord BD 
making an acute /. with AB, We then have : 

Given AC tangent to O BDE at B, and BD a chord. 

To Prove that Z ABD is measured by ^ arc BD, 

Proof. 1. Draw chord DE II AC-, then, A ABD ^AD. {% 75) 

2. . Now Z D is measured by ^ arc BE, (§ 192) 

3. Also, arc 5^= arc ^Z>. (§172) 

4. Then, Z ABD is measured by ^ arc BD. 

Since Z GBD is sup. to Z ABD^ it is measured by 

\ (a circumference — arc BD), or J arc BED. (§ 1©2) 

Prop. XXIII. Theorem 

197. The angle formed by two chords^ intersecting within the 
drcumferencey is measured by one-half the sum of its intercepted 
arc, and the arc intercepted by its vertical angle. 

Draw ABC. Draw chords AB and CD intersecting within the cir- 
cumference at E ; denote Z AEC hy a. We then have : 

Oiven, in O ABC, chords AB and CD intersecting within the 
circumference at E. 
To Prove that Z a is measured by \ (arc AC + arc BD\ 
Proof. 1. Draw chord BC\ since a is an ext. Z of A BCE, 
Za=:ZB + ZC. (?) 
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2. But, ZJB is measured by ^ arc -4(7, 

and Z O is measured by ^ arc BD. (?) 

3. Substituting in result of (1), 

Za is measured by \ (arc AO 4- arc BD), 

Ex. 24. In an inscribed quadrilateral ^50 A ^A=:7b% ZB = 40°, 
arc B(7 = 95^; find the an^e formed by the diagonals of the quad- 
rilateral. 

Prop. XXIV. Theorem 
196. The angle foi*med by two secant s^ intersecting without the 
circumference, is meoMired by one-half the difference of the inter- 
cepted arcs. 




Draw O ABG, Draw secants AE and GE intersecting without the 
circumference at E, and intersecting the circumference at A and By and 
C and V, respectively. We then have : 

Oiven, in O ABO, secants AE and CE intersecting without 
the circumference at E, and intersecting the circumference at 
A and B, and (7 and D, respectively. 

To Prove that ZE is measured by ^ (arc AO — arc BD). 

Proof. 1. Draw chord BO; denote Z ABO by a. 

2. Since a is an ext. Z of ABOE, Za = /.E -\- Z.O. (?) 

3. Then, Z.E ^ /.a-- /.O. 

4. Now Z a is measured by ^ arc AO, 

and Z (7 is measured by \ arc BD. (?) 

5. Then, Z.E is measured by \ (arc -4(7 — arc BD). 
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199. If the opposite angles of a quadrilateral are supplement- 
aryy the qxiadrilateral can he inscribed in a circle. 

(Converse of § 195.) 

Suppose, in quadrilateral ABCD, Z A sup. 
to Z (7, and Z JB to Z Z) ; and a circumference 
drawn through A, B, and (7. (§ 176) 

If Z Z> is sup. to Z By it is measured by 
i arc ABO. (§ 192) 

Then, D must lie on the circumference ; for if it were within 
the O, Z i> would be measured by ^ an arc > ABC; and if it 
were without the O, ZZ> would be measui'ed by ^ an arc 
< ABO. (§§ 197, 198) 

Ez. 25. Two equal chords bisect in a circle. What are the angles 
formed ? 

Ez. 26. Two chords intersect within a circle, and form an angle of 
76° ; one of the intercepted arcs is 60° : find the other. 

Hx. 27. Two chords interaect within a circle; one of the angles 
formed is A°, and one of the intercepted arcs is B° : find the other. 

Prop. XXV. Theorem 



200. The angle formed by a secant and a tangent, or two 
tangents, is measured by one-half the difference of the intercepted 
arcs. 





Fig. 1. 



Fig. 2. 



Draw figures in accordance with the statement, AE tangent to O BDF 
at J5, and CE a chord in Fig. 1, a secant in Fig. 2. We then have : 



THE CIRCLE 91 

1. Given AE a tangent tc O BDO at B, and EC a secant 
intersecting the circumference at G and D. (Fig. 1.) 

To Prove that ZE is measured by ^ (arc BFC—zxq BD). 

(We have Z.E = /. ABC-Z C.) 

2. (In Mg. 2,ZE==Z ABD - Z BDE-, then use § 197.) 

Ez. 28. In Ex. 27 find the point of intersection of these chords when 
ui and B are equal. 

X8z. 29. Two chords intersecting in a circle intercept opposite arcs on 
the circumference 58° and 14°, respectively. Find the angle formed by 
the chords. 

X8z. 30. Two unequal chords intersect at right angles. Find the 
sum of the opposite intercepted arcs. Will this sum remain constant if 
the lengths of the chords vary ? 

Ex. 31. A chord subtends an arc of 144°. Through one extremity of 
the chord a tangent is drawn ; find the angles which it forms with the 
chord, 

Ex. 32. The angle formed by a tangent and a secant is 94°, and one 
of the intercepted arcs is 210° ; find the other. 

Ex. 33. Find the angle formed by two secants intersecting without a 
circle, if the intercepted arcs are 36° and 144°, respectively ; also if the 
angle is 76° and one of the intercepted arcs is 44°, find the other. 

Ex. 34. An inscribed angle is 32°. How many degrees in the arc in 
which it is inscribed? 

Ex. 35. In how large a circle can a triangle whose sides are 12, 13, 
and 6 be inscribed ? What kind of a triangle is it ? 

Ex. 36. The angle formed by two tangents is 76°; find the inter- 
cepted arcs ; also for 92°. 

Ex. 37. An inscribed quadrilateral subtends arcs of 70°, 80°, 100°, 
and 110°, respectively. Find the angles of the quadrilateral, and also the 
angles of the quadrilateral formed by the intersections of the tangents 
through the vertices of the quadrilateral. 

Ex. 38. The sum of the degrees in the angle formed by two tangents 
and the smaller of the intercepted arcs is 180°. 

Bx. 39. Choose any two of the following statements for the hypothe- 
sis and any one of the remaining three for the conclusion, and prove each 
of the ten theorems thus formed, not already proved in §§ 162, 168 : 
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A straight line that 

1. Passes through the centre of a circle ; 

2. Bisects the chord ; 

8. Is perpendicular to the chord ; 

4. Bisects the smaller arc ; 

5. Bisects the greater arc. 

Ex. 40. Give a general rule for the measurement of angles formed 
by two lines intersecting 

(a) within a circumference, 
(p) on a circumference, 
(c) without a circumferenoe. 

Ex. 41. What figure is formed by the bisectors of the angles of a 
parallelogram? Giye proof. 

"Ex. 42. Two equal chords intersect either within a circumference, 
on the circumference, or without the circumference. Prove that in either 
case the bisector of one of the angles formed by the chords passes through 
the centre of the circle. 

Ex. 43. Given a chord CD and A and B, two points on the circum- 
ference, such that line AG = AD and line BC = BD, prove that line AB 
is a diameter. 

CONSTRUCTIONS 

Prop. XXVI. Problem 

201. At a given point in a straight line to erect a perpendicih 
lar to that line. 

In § 24, we gave a method for drawing a perpendicular to a straight 
line at a given point ; the following method is advantageous when the 
point is near the end of the line. 









E 

\ 

\ 


1 


! 


\ 


/' 


D\ 






Oiven C any point in line AB. 
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Bequired to draw a line ± AB at (7. * 

CoiutniotioiL 1. With any point O without line AB as a 
centre, and distance 00 as a radius, describe a circumference 
intersecting AB at O and Z>. 

2. Draw diameter DE, and line OE, 

3. Then, OjE7 is X AB at 0. 

Proof. 4. Z i>CJ^, being inscribed in a semicircle, is a 
rt. Z. (§ 194) 

Pbop. XXVII. Pboblbm 

202. To bisect a given arc 



Given arc AB. 

Bequired to bisect arc AB. 

Oonstrnotion. 1. With A and B as centres, and with equal 
radii, describe arcs intersecting at O and D. 

2. Draw line OD intersecting arc AB at E. 

3. Then E is the middle point of arc AB. 

Proof. 4. Draw chord AB. 

5. Then, OD is ± chord -4-B at its middle point. (?) 

6. Whence, OD bisects arc AB. (§ 163) 

Ex. 44. The hypotenuse of an isosceles right triangle is 18. Con- 
struct the triangle. 

Ex. 45. Given two angles of a triangle, to construct the third. (Com- 
pare § 84.) 
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Prop. XXVIII. Problem 

203. Through a given point vnthout a given straight linCf to 
draw a parallel to the line. 

/F 
/ 

/c 



-Z£, 



Given '(7 any point without line AB, 

Eeqnired to draw through C a line || AB, 

Construction. Through O draw any line EFy meeting AB 
at E, and construct Z FCD = Z CEB (§ 28) ; then, CD II AB. 

(The proof is left to the pupil.) 

Prop. XXIX. Problem 

204. Given two sides of a triangle, and the angle opposite to 
one of them, to construct the triangle. 

Given m and n sides of a A, and A the Z opposite to n. 

Eequired to construct the A. 

Construction. 1. Construct Z DAE = Z ^' (§ 28) ; on AE 
take AB = m. 
2. With £ as a centre and w as a radius, describe an arc. 

Case I. When A' is acute, and m'>n. 



B/ 




Ci^^ '--C^ 



There may be three cases : 



THE CIRCLE 95 

I. The arc may intersect AD in two ppints. 

3. Let Ci and Ci be the points in which the arc intersects 
-4Z>, and draw lines BCi and BC^ 

4. Then, either ABCi or ABC2 is the required A. 

This is called the ambiguous case, 

II. The arc may be tangent to AD. 
In this case there is but one A. 

5. Since a tangent to a O is ± the radius drawn to the 
point of contact (§ 170), the A is a right A. 

III. The arc may not intersect AD at alL 
In this case the problem is impossible. 

Case XL When A! is acute, and m = 71. 

6. In this case, the arc intersects AD in two points, of which 
JL is one ; there is but one A, an isosceles A. 

Case UL When A' is acute, and m <n. 



L 




Ci\ 



7. In this case, the arc intersects AD in two points. 

8. Let Ci and Ci be the points in which the arc intersects 
AD, and draw lines BC^ and BC^* 

9. Now AABCi <ioes not satisfy the conditions of the 
problem, since it does not contain Z A\ 

10. Then there is but one A ; A ABO^. 

Case IV. When A! is right or obtuse, and m<,n. 

11. In each of these cases, the arc intersects AD in two 
points on opposite sides of A, and there is but one A. 

The pupil should construct the triangle corresponding to each case of 
(204. 



96 PLANE GEOMETRY— BOOK U 

Prop. XXX. Problem 

205. To divide a given straight line irUo any number of equal 
parts. 

X\ \ \ 

1 H K L B 

Given line AB. 
Bequired to divide AB into four equal parts. 

Construction. 1. On the indefinite line AC, take any con- 
venient length AD. 

2. On i>Ctake DE=^AD\ on J7(7take EF^AD; on FC 
take FG = AD ; and draw line BG. 

3. Draw lines DH, EK, and FL II BG, meeting AB at H, 
K, and L, respectively, 

4 Then, AH== HK= KL = LB. (§128) 

Prop. XXXI. Problem 

206. To circumscribe a circle about a given triangle. 




QiYenAABC. 

Bequired to circumscribe a O about A ABO. 

Construction. 1. Draw lines DF and EG ± AB and AQ re- 
spectively, at their middle points, intersecting at 0. (§ 26) 
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2. With as a centre, and OA as a radius, describe a O. 

3. The circumference will pass through A^ B, and C. 

(The proof is left to the pupil ; see § 136.) 

Note. The above construction serves to describe a circumference 
through three given points not in the same straight line, or to find the 
centre of a given circumference or arc. 

Ez. 46. Through any given point within a circumference to draw a 
chord of given length, 

Bx. 47. To inscribe a circle in a given triangle. (Compare § 184.) 

Prop. XXXII. Problem 

207. To draw a tangent to a circle through a given point on 
the circumference. 

B A C 




Given A any point on the circumference of QAD. 
Seqnired to draw through A a tangent to O AD. 

Constmction. 1. Draw radius OA. 

2. Through A draw line BCJL OA, (§ 24) 

3. Then, BC will be tangent to O AD. (?) 

Bx. 48. Given two sides and the included angle of a parallelogram, 
to construct the parallelogram. 

Zbc. 49. Circumscribe a parallelogram about a circle and find relations 
between the lengths of the adjacent sides. 

Zbc. 50. To draw a tangent to a given circle which shall be perpen- 
dicular to a given line. 

Zbc. 51. To draw the shortest chord through a given point within a 
given circumference. 
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Prop. XXXIII. Problem 

206. To draw a tangent to a cirde through a given point with- 
out the circle. 



Given A any point without O BC, 

Bequired to draw through A a tange^t to O BO. 

Construction. 1. Let be the centre of O BC. 

2. Draw line OAy and with OA as a diameter, describe a 
circumference, cutting the given circumference at B and C. 

3. Draw lines AB and AO. 

4. Then, AB and AC are tangents to O BC. 
Proof. 5. Draw line OB. 

6. Since Z ABO is inscribed in a semicircle, it is a rt. Z. (?) 

7. Then, ^JB is tangent to© BO. (?) 
In like manner, we may prove AC tangent to QBC. 

Prop. XXXIV. Problem 

209. Upon a given straight line, to describe a segment which 
shall contain a given angle. 



G 



L 



Given line AB, and AA\ 
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Seqnired to describe upon AB a segment such that every 
Z. inscribed in the segment shall equal Z A\ 

Construction. 1. Construct Z 5^(7= Z -4'. (§28) 

2. Draw line DE ± AB s.t its middle point. (§ 26) 

3. Draw line AF ± AC, intersecting DE at 0. 

4. With as centre and OA as radius, describe O AMBN. 

5. Then, AMB will be the required segment. 

Proof. 6. If AOB be any Z inscribed in segment AMB, it 
is measured by \ arc A2^, (?) 

7. But, by cons., AC ± 0A\ and ^(7 is tangent to O 
AMB. (?) 

8. Therefore, Z.BAC is measured by \ arc ^iVB. <§ 196) 

9. Then, A AOB =^ Z BAC = /. A\ (?) 

10. Hence, every Z inscribed in segment AMB equals Z -4'. 

(§ 193) 

Ex. 52. From a given point without a circle to draw two equal secants 
terminating in the circumference. Can more than two be drawn ? 

Xbc. 53. Trisect a right angle. 

(In general, an angle cannot be trisected by methods of Euclidean 
geometry.) 

Zbc. 54. In a circle whose radius is 12, draw a chord whose length is 
8, parallel to a given line. 

Zbc. 55. One of the equal sides of an isosceles triangle is 8, and one 
of the equal angles 30°. Construct the triangle. 

Xbc. 56. The distance between two parallel lines is a, and a line is 
drawn intersecting these two parallels. Construct a circle which shall be 
tangent to the three lines. How many such circles are possible ? 

Bx. 57. The sides of a triangle are a, 6, and c, respectively. The 
angle opposite h is twice, and the angle opposite c three times, the angle 
opposite a. Construct the triangle. 

Bx. 58. The base of an isosceles triangle is 10, and the perimeter 18. 
Construct the triangle. 

Bx. 59. In a rhombus ABCD^ Z-4 is twice /.B. The shorter diag- 
onal is 9. Construct the rhombus. 
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ZSz. 60. Two angles of an inscribed quadrilateral are 90° and 60°, 

respectively. Find the remaining angles and inscribe the quadrilateral 
in a given circle. Can more than one such quadrilateral be inscribed ? 

Ex. 61. One side of a triangle is three-fourths another, and three- 
fifths the third side. The perimeter of the triangle is 48. Construct the 
triangle. 

Ex. 62. A given point lies within, without, or on the circumference 
of, a circle. With the given point as centre, describe a circumference 
passing through the extremities of a given diameter of the circle. 

Ex. 63. We define the angle between two intersecting curves as the 
angle formed by tangents to the curves at their point of intersection. 
With a point outside a given circle as a centre, describe an arc which 
shall intersect the given circumference at right angles. 



Book III 



PROPORTION. -SIMILAR POLY(3K)NS 
DEFINITIONS 

210. A Proportion is a statement that two ratios are equal. 

211. The statement that the ratio of a to 6 is equal to the 
ratio of c to d is written 

55 — £. 

212. In the proportion ^ = ^, we call a the first term, b the 

b a 

second term, c the third term, and d the fourth term. 

213. We call the first and fourth terms the extremes, and 
the second and third terms the means. 

We call the first and third terms the antecedents, and the 
second and fourth terms the consequents. 

Thus, in the above proportion a and d are the extremes, b 
and c the means, a and c the antecedents, and b and d the 
consequents. 

214. If the means of a proportion are equal, either mean is 
called a mean p^-oportional between the first and last terms, 
and the last term a third proportional to the first and second 
terms. 

Thus, in the proportion - = -, 6 is a mean proportional be- 
b c 

tween a and c, and c a third proportional to a and 6. 

215. In the pre 

tional to a, 6, and c. 



215. In the proportion 2 = $., d is called a fourth propor- 
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Pbop. I. Theobem 

216. In any proportion, the product of the extremes is equal to 
the product of the means. 

Given the proportion - = -. (1) 

b d 

To Prove ad = he. 

Proof. Multiplying both members of equation (1) by hd, 

ad = bc, 

217. Applying the above theorem to the proportion 

- = -, we have 5^ = oc, or b= Vac. 
b c 

That is, the mean proportional between two numbers is equal to 
the square root of their product, 

Pbop. II. Theobbm 

218. (Converse of Prop. I.) If the product of two numbers 
is equal to the product of two others, one pair may be made the 
extremes, and the other pair the means, of a proportion. 

Given ad = be. (1) 

To Prove -2 = ^. 

b d 

Proof. Dividing both members of (1) by bd, 
ad_bc^ a__c 
bd'^bd' ^ b" d 

In like manner, we may prove - = - ; - = - ; etc. 

c d a c 

Pbop. III. Theobem 

*219. In any proportion, the terms are in proportion by Alter- 
nation; that is, the first term is to the third as the second term 
is to the fourth. 

Given the proportion - = -. (1) 

a 
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To Prove 


c 


b 






Proof. From (1), 


ad = 


-be. 




(§216) 


Then, 


a_ 
c 


b 

• — . 
d 




(§ 218) 


Pbop. 


IV. 


Theorem 






220. In any proportion, the terms are in proportion by Inveb- 
siON ; thai is, the second term is to the first as the fourth term is 
to the third. 


Given the proportion 


a 
b^ 


c 
d 




(1) 


•To Prove 


b^ 
a 


d 

=— . 

c 






Proof. From (1), 


ad = 


= bc. 




(?) 


Then, 


b_ 
a 


d 

= — , 

c 




(?) 



Prop. V. Theorem 

221. In any proportion, the terms are in proportion by Com- 
position ; that is, the sum of the first two terms is to the first 
term as the sum of the last two terms is to the third term. 

Given the proportion \ = % (1) 

b d 

To Prove «±^ = £±^. 

a c 

Proof. From (1), ad:=bc, (?) 

Adding both members of this equation to ac, 

oc -f ctd = ac -f 6c, or a(c -I- c2) = c{a + b). 

Then, ^^ = ^±^ (§ 218). (2) 

a c 

In like manner, we may prove ^ = ^ T" . 

b a 
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Pbop. VI. Theobem 

222. In any proportion, the terms are in propoHion by Divi- 
sion ; that is, the difference of the first two terms is to the first 
term as the difference of the last two terms is to the third term. 

Given the proportion - = ■^- (1 ) 

b d 

To Prove a-6^c-d^ 

a c 

Proof. Froin(l), ad^bc. (?) 

Subtracting both members from ojc, 

ac — ad = ac—bc, or a(c — d)=zc(a— 6). 

Then, 5Lll^ = £zi^ (§ 218). (2) 

a c 

In like manner, we prove ^"" = ^ "~ . 



Prop. VII. Theorem 

223. In any proportion, tJie terms are in proportion by 
Composition and Division; that is, the sum of the first two 
terms is to their difference as the sum of the last two terms is 
to their difference. 

Given the proportion ? = - . 
b d 

To Prove a+_6^c + d. 

a— b c^ d 

Proof. Dividing equation (2), § 221, by equation (2), § 222, 

a—b c — d 
Ez. i: What is the ratio of 50 cents to $ 1^ ? of ^ hour to 1 day ? 
of 160 rods to 1 mile ? 

Ez. 2. If X is a fourth proportional to a, 6, c, find x. 
"Ex.. 3. Apply composition and division to the following: 
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Pbop. VIII. Theobem 

224. In a series of equal ratios, the sum of all the antecedents 
is to the sum of all the consequents as any antecedent is to its 
consequent. 

Givea f=|=!. (1) 



To Prove 



a'\'C'\'e a 



h-^d+f b 
Proof. We have to = a&. 
And from (1), be = ad, 

and 6e = a/. (?) 

Adding, ba + be + be = ab + ad + af. 
Or, . 6(a + c H- e) =s a(6 + d -f/). 

225. The ratio of two magnitudes of the same kind is equal 
to the ratio of their numerical measures when referred to a 
common unit (§ 183). 

Then, in every proportion involving the ratio of magnitudes 
of the same kind, we shall regard the ratio of the magnitudes 
as replaced by the ratio of their numerical measures when 
referred to a common unit. 

Thus, if AB and CD are lines, and 
AB^m 
CD n' 

where m and n are numbers, this means simply that the ralio 
of the numerical measures of AB and CD, when referred to a 
common unit, is equal to the ratio ofm to n. 
Ex. 4. Find a third proportional to Y ^^^ A* 
Ex. 5. Find a mean proportional between f J and ■^. 

Ex. 6. If the ratio of the h3rpotenuse of a right triangle to one of the 
legs is 2, the acute angles are 30° and 60°. 

Ex. 7. Each of two angles of a triangle is 45°. Find the ratio of the 
sides opposite these angles. 
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Ex. 8. Two angles of a triangle are 30° and 60*^, respectively. Find 
the ratio of the sides opposite these angles. Is the ratio commensurable ? 

PROPORTIONAL LINES 

226. Def . Two straight lines are said to be divided propor- 
tionally when their corresponding segments are in the same 
ratio as the lines themselves. A E B 

Thus, lines AB and CD are divided pro- '— z r 

portionally if \ \ [ 

AE^BE^AB 
CF DF CD' 

Pbop. IX. Theobem 

227. A parallel to one side of a triangle divides the other two 
sides proportionally. 

Case L When the segments of ea>ch side are commensiiraUe. 



Draw A ABC. Take D, a point in AB, such that AD and DB are 
commensurable ; draw DEW BG, meeting ^O at i^. We then have : 

Given, in A ABCy segments AD and BD of side AB com- 
mensurable, and line DE II BC, meeting AC at E. 

To Prove 4? = ^. 

BD CE 

Proof. 1. Let ^4i^be contained 4 times in AD, 3 times in BD. 

2. Find ratio of AD to BD. 

3. Through points of division of AB draw lis to BC. 

4. Find ratio of AE to CE. (§ 128) 

5. From steps (2) and (4), || = ^- (?) 
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Case n. When the aegmerUs of each side are inwmmensurable. 



Draw figure in accordance with the statement of the proposition. We 
then have : 

Oiveii; in A ABC, segments AD and BD of side AB incom- 
mensurable, and line DE II BO, meeting AO at E, 

To Prove 4^ = ^- 

BD CE 

Proof. 1. Let AD be divided into any number of equal 
parts, and let one of these parts be applied to BD as a unit of 
measure. 

2. Since AD and BD are incommensurable, a certain num- 
ber of the equal parts will extend from D to B', leaving a 
remainder BB' < one of the equal parts. 

3. Draw line BV II BC, meeting AC at (7. 

4. Then, AD and B'D are commensurable, and 

^ = ^. (Ca^el) 

B'D CE ^ ^ 

5. Now, if the number of subdivisions of AD be indefinitely 
increased, the unit of measure will be indefinitely diminished, 
and the remainder BB' will approach the limit 0. 

6. Then, ^ wUl approach the limit 4?, 

B'D BD 

AE AE 

and —- will approach the limit — — • 

C E C/E 

7. By the Theorem of Limits, these limits are equal. (?) 
AD AE 



8. Then, 



BD CE 
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The aboye result simply means that the ratio of the numerical measures 
of lines AD and BD^ when referred to a common unit, is equal to ratio 
of the numerical measures of lines AE and GE^ when referred to a com- 
mon unit. 

A similar meaning is attached to every proportion involving the ratio of 
two geometrical magnitudes of the same kind. (Compare § 225.) 



Applying the theorem of § 221 to the proportion of 
§ 227, we have 

AD AE ' AD AE ^ ' 

In like manner, |f = ^- (2) 

Again, applying the theorem of § 220 to the proportiona (1) 
and (2), we obtain the proportions 

AG Alf AC GE 

rri.^^ Vv^ A^ 1 AB AD BD /on 

ThenbyAx.1, ^^^^^^e' ^^^ 

The proportions (1), (2), and (3) are all included in the 
statement of Prop. IX : 

A parallel to one side of a triangle divides the other two sides 
proportionally. 

Pbop. X. Theorem 

229. (Converse of Prop. IX.) A line which divides two sides 
of a triangle proportionally is parallel to the third side. 




Draw A ABC. Draw line DE dividing AB and AC proportionally at 
^ ^nd Ey respectively. We then have : 
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Given, in A ABC, line DE meeting AB and AC at D and E, 
respectively, so that 

AB^AC 
AD AE 

To Prove DE \\ BC 

Proof. 1. If DE is not II BC, draw line DFW BC, meeting 

2- Then, 2i = 2f- (§^^^> 

3. But by hyp., ^^A^. 

^ ^^^ AD AE 

4. Then, 4^ = 4^ or AE = .£Fl (?) 

' AE AE ^ ^ 

5. Then, line DF coincides with DE, and line DE is II BC. 

(Ax. 3) 

Prop. XI. Theobem 

230. In any triangle, the bisector of an angle divides the 
opposite side into segments proportional to the adjacent sides. 

Draw A ABC. Draw line AD, bisecting Z -4, meeting BC bX D. We 
then have : 

Given line AD bisecting Z -4 of A ABC, meeting BC at D. 

To Prove DB^AB 

DC AC 
Proof. 1. Draw line BE II AD, meeting CA extended at E', 
represent A BAD, CAD, and ABE by a, b, c, respectively. 

2. We have Zc = Za. (?) 

3. Also, ZE=:Zb. (?) 

4. By hyp., Za=: Zb, 

5. Then, Zc = ZE. (?) 

6. Then, AB^AE. (?) 
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231. Def. The segments of a line by a point are the dis- 
tances from the point to the extremities of the line, whether 
the point is in the line itself, or in the line extended. 

Ex. 9. Three parallels cut segments 5 and 3, respectively, from a line 
drawn at random across them. What is the ratio of the segments cut 
from another line drawn across these three parallels ? 

Ez. 10. A line 15 inches long is parallel to the base of a triangle. 
It divides the sides in the ratio of 3 to 2. Find the base. 



Prop. XII. Theorem 

232. In any triangle the bisector of an exterior angle divides 
the opposite side externally into segments propoHional to the ad- 
jacent sides. 

Draw A ABC. Extend CA to E and draw line AD bisecting Z BAE^ 
meeting CB extended at D. We then have : 

Given line AD bisecting ext. Z BAE of A ABC, meeting CB 
extended at D. 

(Draw BFW AD, then Z.ABF==ZAFB, and AF =^ AB\ 
BF is II to side AD of A AOD.) 

The above theorem is not true for the exterior angle at the vertex of an 
isosceles triangle. 

Ex. 11. The base of a triangle is 26, and the other sides are 16 and 
16, respectively. Draw a line which shall be parallel to the base of the 
triangle, terminate in the sides, and be 21 in length. 

Ez. 12. One of the parallel sides of 'a trapezoid is double the other. 
In what ratio do the diagonals intersect ? 

Ex. 13. In a triangle ABC, AB = 12, BO = 16, CA = 13. Find the 
segments into which the bisector of ZB divides the opposite side. 

Ex. 14. The sides of a triangle are 8, 10, and 12 ; find the segments 
of the side 12 made by the bisector of the opposite angle. 
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Ex. 15. The sides of a triangle are AB = 6, BC = 7, CA = 8. Find 
the length of the segments into which the bisector of the exterior angle 
at B divides AC. 

SIMILAR POLYGONS 

233. Def. Two polygons are said to be similar if they are 

mutually equiangular (§ 121), and have their homologous sides 

proportional. 

B 





E D W D' 

Thus, polygons ABODE and A'B'C'D'E' are similar if 



and, 



ZA = ZA', ZB = ZB, etc., 
4^ = ^ = -^, etc. 



A'B' B'a an 

234. The following are given for reference : 

1. In similar polygons, the homologous angles are equal, 

2. In similar polygons, the homologous sides are proportional. 

Prop. XIII. Theorem 

235. Two triangles are similar when they are mutually equi- 
angular. 





Draw A ABC\ also, A A'B^C having /.A' = /.A, /.B' = ZB, and 
Z C = Z a. We then have : 

Given, in A ABO and A^B'O, 

ZA==ZA',ZB^ZB',SLndZC= ZO. 
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To Prove A ABO and A'B'O similar. 

Proof. 1. Place AA'B^O in position ^D^; Z J.' coincid- 
ing with Z A, vertices B' and C falling at D and E, respec- 
tively, and side B'C' at DE. 

2. We have ^=^. (§228) 

4. In like manner, by placing B' at B, 
AB ^ BC 
A'B' B'a' 

6. Then A ABO and A'B'O' have their homologous sides 
proportional, and are similar. (§ 233) 

The following are consequences of § 235 : 

236. Two triangles are similar when two angles of one are 
equal respectively to two angles of the other. 

Por their remaining A are equal each to each. (§ 87) 

237. Two right triangles are similar when an acute angle of 
one is equal to an acute angle of the other. 

238. If a line he drawn bettoeen two sides of a triangle paraUd 
to tlie third side, the triangle formed is simr 
liar to the given triangle. 

Por the triangles are mutually equiangu- 
lar. (§ 76) 

239. Hote. In similar tHangles, the ho- . b" 
mologous sides lie opposite the equal angles. 

Ez. 16. Find the sides of a triangle similar to that in Ex. 14, one 
side being 9. Does more than one triangle satisfy this condition ? 

Ez. 17. Each of two isosceles triangles has a vertical angle of 32''. 
Do their homologous sides form a proportion ? Why ? 





PLATE V 




PLATE VI 
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Prop. XIV. Theorem 

240. Two triangles are similar token their Jiomologous sides 
are proportional, 
A 




Draw i^ ABC and A'B'C having their homologous sides proportional. 
We then have : 



Given, in A ABC and A'B'C, 

AB ^AO ^ BO 
A'B' A'C B'C 

To Prove A ABC and A'B'C similar. 



(1) 



Proof. 1. On AB and AC, take AD = A'B' and AE = A'C ; 
and draw line DE. 

2. ^mce^ = ^ DEWBG. (§229) 

AU AE 

3. Then A ADE and ABC are similar. (§ 238) 

4. Then 41 = ^, or ^ = ^. (§234,2) 

AD DE' A'B' DE \^ > J 

5. Then DE = B'C by comparing this with (1). 

6. Then AADE = AA'B'C. (?) 

7. Then, A A' B'C is similar toAABlj. 

Ex. 18. The sides of a triangle are 7, 12, and 14. If the side of a 
similar triangle homologous to 12 is 18, find the remaining sides of the 
second triangle. 

Ex. 19. The diagonals of any trapezoid divide each other proportionally. 

Ez. 20. A post a feet high casts a shadow b feet long. At the same 
time, a tree casts a shadow c feet long. Find the height of the tree. 
What theorem of proportion is involved ? 
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241. Note. To prove two polygons in general similar, it 
must be shown that they are mutually equiangular, and have 
their homologous sides proportional (§ 233) ; but in the case 
of two triangles, each of these conditions involves the other 
(§§ 235, 240), so that it is only necessary to show that one of 
the tests of similarity is satisfied. 

Pbop. XV. Theorem 

242. l}wo triangles are similar when they have an angle of one 
equal to an angle of the other, and the sides including these angles 
proportional. 

Draw A ABC and A'B'G' having ZA = ZA', and the sides including 
these sides proportional. We then have : 

Given, in A ABC and A'B'C, ZA = Z A', sxid ^, = ^^ 

A 13 A \j 

To Prove A ABC and A' BO similar. 

(Place AA'B'O upon A ABC so that Z A' coincides with 
Z A and vertices J5' and O fall at D and E, respectively ; by 
§ 229, DE II BCi the theorem follows by § 238.) 

Prop. XVI. Theorem 

243. Two triangles are similar when their sides are parallel 
each to each, or perpendicular each to each. 



A' 




^. 




£ O B' C 

Fig. 1. Fig. 2. Fig. 3. 

Draw A ABC and A'B'C in accordance with the statement of the 
proposition. We then have : 

Given sides AB, AC, and BC, of A ABC, II respectively to 
sides A'B', A'C, and B'O of A A'B'C in Fig. 2, and ± respec- 
tively to sides A'B', A'C, and BC of A A'B'C in Fig. 3. 
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To Prove A ABC and A'B'O' similar. 

Proof. 1. A A and A' are either equal or supplementary, as 
also are B and J5', and O and 0'. (§§ 81, 82, 83) 

2. We may then make the following hypotheses with regard 
to the A of the A : 

L A + A' = 2 Yt. A, B-^- B' = 2 Tt A, G -{- C = 2 it A. 

IL J. + ^' = 2rt. ^, B + J5' = 2rt. 4 0=0'. 

IIL ^4-^' = 2rt. 4 J5 = J5', (74-0' = 2rt. A 

IV. A = A', B-hB' = 2vt A, (7+0' = 2rt. A. 

V. ^ = ^', J5 = ^, whence C= C. (§87) 

3. The first four hypotheses are impossible; for, in either 
case, the sum of the A of the two A would be > 4 rt. A, (§ 84) 

4. We then have only ^ = ^', J5 = J5', and C=0. 

5. Therefore, A ABC and A'B'C are similar. (§ 235) 
244. Note. 1. In similar triangles whose sides are parallel 

each to each, the parallel sides are homologous. 

2. In similar triangles whose sides are perpendicular each to 
each, the perpendicular sides are homologous, 

Ex. 21. The bisectors of the equal angles of an isosceles triangle ex- 
tended to meet the equal sides are divided proportionally. 

Ez. 22. The altitudes to the equal sides of an isosceles triangle inter- 
sect in a point such that the product of segments of one equals the product 
of the segments of the other. 

Ez. 23. The diagonals of inscribed quadrilateral ABCD intersect at 
O. If OB and OS are the altitudes of triangles OBG and OAD^ respec- 
,. , OB BG 

tively, prove OS^ad' 

Prop. XVII. Theorem 

246. Tlie homologous altitudes of two similar triangles are in 
the same ratio as any two homologous sides. 

Draw A ABC, and line AD ± BC. Draw A A'B' O , making Z B'A' C 
= Z BAG a.nd /.B' = ZB; draw line A'B' JL B'G'. . We now have : 

Oiven AD and A^D' homologous altitudes of similar A ABO 
and A'B^a. 



116 PLANE GEOMETRY — BOOK HI 

ToProve AD_^J^^AC_^BC_ 

AD' A'B' AO B'C 

(Rt. A ABD and AB'D' are similar by § 237.) 

Prop. XVIII. Theorem 

246. Tioo polygons are similar ivhen they are composed of the 
same number of triangles, similar each to each, and similarly 
placed, 

A 

A' 





Draw polygon ABODE; from ^draw diagonals EG and EB, Con- 
struct A E'D'C similar to A EDO, sides DC and D'C being homolo- 
gous ; on E' C, homologous to EC, construct A E' C'B' similar to A ECB ; 
on E'B*, homologous to EB, construct A E'B'A' similar to A EBA, We 
then have : 

Given, in polygons AC and AC, A ABE similar to A 
AB'E', A BCE to A B'OE', and A ODE to A CD'S'. 
To Prove polygons AO and AC are similar. 

Proof. 1. A ABE and AB'E' are similar ; find equal parts 
of these A, 

2. A BCE and B'CE' are similar; find equal parts of 
these A. 

3. Now, Z ABE + ZEBO=:Z A B'E'-^-ZE'B'O, or 

ZABC=:ZAB'a. 

4. In like manner, Z BCD = Z B'G'D\ etc.; and AG and 
AO are mutually equiangular. 

whence -^ = ^. 
AB' BO 

-, etc. 

(§ 233) 



6. 


Then ^^ = ^^ and -^^ = ^C' 
A'B' B'E' B'E' B'C' 


6. 


'-'^~- %=M-m 


7. 


Then AG and AO are similar. 
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Prop. XIX. Theorem 

247. (Converse of Prop. XVIII.) Two similar polygons may 
be decomposed into the same numbei* of triangles^ similar each to 
each, and similarly placed 
A 

A' 





Draw simUar polygons ABCDE, A'B'G'D'E^, vertices E, E' being 
homologous ; and diagonals EB, EC, E'B', E'C We then have : 

Oiven E and E' homologous vertices of similar polygons AC 
and ud'C, and lines EB, EC, E'B', and E'C 

To Prove A ABE simUar to A A'B'E', A BCE to A B'C'E', 
and A CDE to A O'D'E'. 

Proof. 1. In similar polygons, the homologous A are equal, 
and the homologous sides proportional. 

2. Then A ABE and A'B'E' are similar. (§ 242) 

3. Using other A and sides of AC and A'O, and of A ABE 
and A'B'E', prove A BCE and B'CE' similar. 

4. In like manner, prove A CDE and CD'E^ similar. 

Prop. XX. Theorem 

248. The perimeters of two similar polygons are in the same 
ratio as any two homologous sides. 

Draw similar polygons ABODE, A'B^C'D'E', vertices A, A' being 
homologous. We then have ; 

Given AB and AB\ BC and B'O, CD and OD\ etc., 
homologous sides of similar polygons AC and A'C, 
To Prove 

AB ^ BC -\- CD -\- QtQ. _AB^^BG_^CD^ . 



A'B' +B'C''{- CD' -{- etc. A'B' B'C CD 
(Apply § 224 to the equal ratios of § 233.) 
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Ez. 24. From any point in the base of an isosceles triangle perpen- 
diculars to the equal sides are drawn. Prove that these perpendiculars 
form equal angles with the base and that they are proportional to the seg- 
ments they cut off from the equal sides ; the segments being measured 
from the extremities of the base towards the vertex. 

Ez. 25. A straight line bisecting the exterior angle at the vertex of a 
triangle is parallel to the base ; find the ratio of the sides of the triangle. 

Prop. XXI. Theorem 

249. If a perpendicular . he drawn from the vertex of the right 
angle to the hypotenuse of a right triangle, 

I. The triangles formed are similar to the whole tnan^le, and 
to each other, 

II. The perpendicular is a mean proportional between the 
segments of the hypotenuse, 

III. Either leg is a mean proportional between the whole 
hypotenuse and the adjacent segment. 

Draw A ABC, with rt. Z at C; also, line CD ±^AB. We then have: 

Given line CD ± hypotenuse AB of rt. A ABO. 

To Prove A ACD and BCD similar to A ABC, and to each 
other; also, 

AD^CD AB^AC ^^^^B^BO 
CD BD' AC AD' BC BD' 

Proof. 1. Rt. A ACD and ABC are similar. (§ 237) 

2. In like manner, A BCD and ABC are similar. 

3. Then, A ACD and BCD are similar. 

4. In similar A, homologous sides lie opposite equal A 
(§ 239); find sides of A BCD homologous to sides AD and CD 
oiAACD, 

5- Then, ^ = ^- (§^^'2) 

6. In like manner, from A ABC and ACD, and A ABC and 

BCDy 

AB^AC ^^^AB^BC 
AC AD' BC BD 
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250. Since an angle inscribed in a semicircle is a right angle 
(§ 194), it follows that : 

If a perpendicular he drawn from any point 
in the circumference of a cirde to a diameter, 

1. The perpendicular is a mean propor- 
tional between the segments of the diameter, 

2. The chord joining the point to either extremity of the 
diameter is a mean proportional between the whole diameter and 
the adjacent segment, 

251. We have from the three proportions of § 249, 

CD^ = ADx BD, 

A& = ABx AD, 

and W^ABxBD. (?) 

Hence, if a perpendicular be draionfrom the vertex of the right 
angle to the hypotenuse of a right triangle, 

1. The square of the perpendicular is equal to the product of 
the segments of the hypotenuse, 

2, The square of either leg is equal to the product of the whole 
hypotenuse and the adjacent segment. 

These equations mean that the square of the numerical measure of CD 
equals the product of the numerical measures of AD and BD\ etc. 
(Compare § 226.) 

Ex. 26. The non-parallel sides AD and BG of trapezoid ABCD 
intersect at 0. If AB = 16, CD = 24, and the altitude of the trapezoid 
is 8, what is the altitude of triangle OAB ? 

Ex. 27. Given two similar triangles, and the altitude of the first 
double the homologous altitude of the second. Find the ratio be- 
tween the radii of the circles circumscribing 
these triangles. 

Ex. 28. If two circles are tangent internally, 
and a chord of the greater is a tangent to the 
smaller, and if through the points of contact a 
chord of the greater circle be drawn, then the 
chords joining the extremities of the tangent 
and the chord form two pairs of similar triangles. 
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Ex. 29. The perimeters of two similar polygons are A and B feet, 
respectively. If a side of the first is a feet, find the homologous side of 
the second. 

Ez. 30. The perimeters of two similar polygons are in the ratio of 4 to 
5. If the perimeter of the second is 200, what is the perimeter of the first ? 
If the ratio is J. to ^ and a side of the second is 5, what is the homologous 
side of the first ? 

Ez. 31. Give a method for stretching strings which mark out a 
rectangular building for the excavators. 

Ez. 32. The legs of a right triangle are 12 and 16. Find the length 
of the perpendicular from the vertex of the right angle to the hypotenuse. 

Ex. 33. In any right triangle if a perpendicular be drawn from the 
vertex of the right angle to the hypotenuse, the hypotenuse is to either 
leg as the other leg is to the perpendicular to the hypotenuse. 

Prop. XXII. Theorem 

252. In any right triangle, the square of the hypotenuse is equal 
to the sum of the squares of the legs, 

Drsiw A ABC with rt. Z at C. We then have : 
Given A ABGy with rt. Z at O. 
To Prove 3F = 30" + BC". 

Proof. 1. Draw line (72>±^B, 

2. Then, AC' = AB x AD, 

and BC' = ABx BD. (§ 251, 2) 

3. Adding, ACP + BC' = ABx (AD+BD) == AB x AB. 

4. Then, AB':=Ad' + B&, 

253. It follows from § 252 that 

ZC" = 35" - SC", and 50' = 35" - 3C^. 

That is, in any right tinangle, the square of either leg is equal 
to the square of the hypotenuse, minus the square of the other leg, 

Ex. 34. If D is the middle point of side BG oi right triangle ABC^ 
and BE be drawn perpendicular to the hypotenuse AB, prove 

AB^ -CB^ = AE^ - Eff, 
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Ex. 35. One leg of a right triangle is double the other. Find the 
ratio of the segments of the hypotenuse formed by a perpendicular drawn 
from the vertex of the right angle to the hypotenuse. 

Ex. 36. In an isosceles triangle ABC, the altitude CE is extended to 
i>, so that Z DAE = 30°. It is then found that AE is a mean propor- 
tional between CE and ED. Find AB in terms of AC. 

Ez. 37. If from the sum of the squares of the diagonals of a square 
we subtract the sum of the squares of the four sides of the square, the 
result is zero. 

254. Defs. The projection of a point upon a straight line of 
indefinite length, is the foot of the perpen- 
dicular from the point to the line. 

Thus, if line AA' be perpendicular to line 
CD, the projection of point A on line CD is 
point A\ ^^ ^^ 

The projection of a finite straight line upon a straight line of 
indefinite length, is that portion of the second line included 
between the projections of the extremities of the first. 

Thus, if lines AA^ and BB^ be perpendicular to line CD, the 
projection of line AB upon line CD is line A'B'. 

Prop. XXIII. Theorem 

255. In any triangle, the square of the side opposite an acute 
angle is equal to the sum of the squares of the other two sides, 
minus twice the product of 07ie of these sides and the projection of 
the other side upon it. 

A 4 





B 

Fig. 1. Fig. 2. 

Draw acute-angled A ABC; draw also A ABC having an obtuse angle 
at B. Let CD be projection of CA upon CB. We then have : 

Oiven C an acute Z of A ABC, and CD the projection of 
side JO upon side CB, extended if necessary. (§ 254) 
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To Prove AB'^BC' + AC^'-2B0x CD. 

Proof. 1. Draw line ^2>; then, AD ± CD. (§254) 

2. There will be two 
cases according as D falls 
on CB (Fig. 1), or on CB 
extended (Fig. 2) ; in each 
figure express BD in terms 
of BC and CD. 

3. Square both members of each of these equations. 

4. Add AD^ to both members of the result. 

5. Find values of AD^ + BD" and AJj'+Cff from the 
figures. (§ 252) 

6. Then, 4^" = 5o' + ^C" - 2 J50 X Oi>. 

Prop. XXIV. Theorem 

256. In any triangle having an obtuse angle, the square of the 
side opposite the obtuse angle is equal to the sum of the squares 
of the other two sides, plus twice the product of one of these sides 
and the projection of the other side upon it. 

Draw A ABC having an obtuse angle at C; draw AD±BC, meeting 
BG extended at D. We then have : 

Oiven C an obtuse Z of A ABC, and CD the projection of 
side AC upon side BC extended. 

To Prove A^ == BC^ -{- AC^ + 2BCx CD. 

(We have BD = BC + CD ; square both members, using 
the algebraic rule for the square of the sum of two numbei-s, 
and then add AI? to both members.) 

Ex. 38. In any triangle, if a perpendicular be drawn from the vertex 
/to the base, the sum of the other sides of the triangle is to the sum of the 
segments of the base as the difference of the segments of the base is to 
the difference of the sides. 

Ex. 39. In right triangle ABC, BC^ = 8 ACf- If line CD be drawn 
from the vertex of the right angle to the middle point of AB, prove ZACD 
equal to 60°. 

Bat. 40. If in triangle ABC, ZC = 120°, prove 
AB^ = BC^i- AG^ +AC x BG. 
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Zfac. 41. CD is a chord of the greater of two 
concentric circles, intersecting the smaller cir- 
cumference at A and B. CD is 40, Z ^ OB is 60°, 
and AB equals BD ; find distance CO and the 
distance from to CI), 

Prop. XXV. Theorem 

257. In any triangle^ if a median be drawn from the vertex 
to the base, 

I. The sum of the squares of the other two sides is equal to 
twice the square of half the base, plus twice the square of the 
median, 

II. The difference of the squares of the other two sides is equal 
to twice the product of the base and the projection of the median 
upon the base. q 




Draw A ABC having /.B> /.A, and CD a median meeting AB at D, 
Draw line CE ± AB. We then have : 

Given DE the projection of median CD upon base AB (c) of 
A ABC, and AG (b) > BC (a). 

To Prove 6^ ^ a^ = 2 A& + 2 CS", (1) 

and 6* - a* = 2 c X DE, (2) 

Proof. 1. Since b > a, E lies between B and D ; and 
Z ADC is obtuse, and Z BDC acute. 

2. In A ADC, b^ = AD" ^ Clf -{- 2 AD x DE (§ 2m) 

= Zd" -\-Cff -{-cxDE. . (3) 

3. In A BDC, a^ = Bff -{- CD' - 2 BD x DE (§ 255) 

= ad" -{-CD" -ex DE, (4) 

4. Adding and subtracting (3) and (4) gives (1) and (2). 
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Ex. 42. One side of an inscribed qomdrilatenl is 14. Hie diameter 
of the circle is 24. Find the distance of this side from the centre of the 
circle correct to three decimal places. 

Ex. 43. The radii of two concentric circles are a and b, respectively. 
Find the length of a chord of the greater which is tangent to the smaller. 

Ex. 44. Two unequal circles are tangent externally at ^ BC and 
DE are secants drawn through A, and terminating in one circumference 
at B and i>, in the other at C and E, Chords BD and CE are drawn, 
formiDg triangles ABD, ACE. Prove AB x AE = AC x AD. 

Ex. 45. If a median of a triangle is perpendicular to the side, the tri- 
angle is isosceles. 

Ex. 46. One of the equal sides of an isosceles right triangle is 12 inches 
in length ; find the length of the median drawn to the hypotenuse. 

Ex. 47. Two parallel chords are 6 inches apart. The length of the 
smaller chord is 14 inches, and that of the greater is 32 inches. Find the 
distance of the smaller chord from the centre. 

Ex. 48. If 2> is the middle point of side BC of triangle ABC^ right- 
angled at C, prove AE^ - A& = 3 C&. 

Prop. XXVI. Theorem 

258. If any two chords he dratcn through a fixed point within 
a cirdcy the product of the segments of one chord is equal to the 
product of the segments of the other. 

Draw a O ; let P be any point within it. Through P draw two 
chords AB and A'BK We then have: 

Oiven AB and A^Bf any two chords passing tjirough fixed 
point P within O AA'B. 

To Prove APx BP= A'P x B*P. 

Proof. 1. Draw lines AA' and BB. 

2. A A and B' are measured by one-half the same arc, as 
also are A A' and B. (?) 

3. A AA'P and BB'P are similar. (§ 236) 

4. Find sides of A BB'P homologous to sides AP and A'P 
oiAAA'P (§239) 

6. Then, ^=£^; and AP x BP=A'P x B'P. (?) 



SIMILAR POLYGOl^S 126 

Note. If, in the figure of Prop. XXVI, chord AB be supposed to re- 
volve about point P as a pivot, the variable segments of the chord will 
have a constant product; and if one segment increases, the other decreases 
in the same ratio. 

If, for example, AP were doubled, BP would be halved. 

If two variable magnitudes are so related that, if one increases, the 
other decreases in the same ratio, they are said to be reciprocally pro- 
portional. 

Thus, the segments of a chord by a fixed point are reciprocally pro- 
I)ortional j and the theorem may be written : 

If any two chorda he drawn through a fixed point within a circle^ their 
segments are reciprocally proportional. 

Zfac. 49. Jn a triangle ABC^ CD \b o, median and 4 G&=:Aff^ off. 
Prove that A^ equals Aff plus four times the square of the projection 
of CD upon CB, 

Ex. 50. The sides of a triangle are 21, 20, and 18, respectively. Find 
the length of the median drawn to the side 18. 

ibr. 51. The sides of a triangle are 21, 20, and 18. A median is 
drawn to the side 18. Find the projection of the median upon this side. 

Ex. 52. Using values found in Ex. 50, find the altitude of the above 
triangle drawn to side 18. 

Ex. 53. The median drawn to the base of a' triangle is •^. The other 
sides of the triangle are 12 and 5. Find the base and altitude. 



Ex. 54. Given a circle and a chord CD, Find a point P in the cir- 
PC ^b 
PD 3' 



PC 5 
cumference such 'that =^-^ = 



Ex. 55. If, in triangle ABC, the altitudes AD, BE, and CF intersect 

o+ n T^^/^^^ OA OE ^. OB OF 
at O, prove —— = — and -— - = -— . 

^ OB OD OC OE 

Ex. 56. Two sides of a parallelogram are a and 6, respectively. Prove 
that the bisectors of the angles of the parallelogram form a rectangle, 
whose diagonal is & — a. 

Ex. 57. Two chords intersect in a circle. Tlie segments of the first 
are 8 and 9. One segment of the second is ^ ; find the other. Also, if 
the segments of the first are' a and &, and a segment of the second is c. 
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Prop. XXVII. Theorem 

259. If through a fixed point vdthout a cirde a secant and a 
tangent be drawn, tJie product of the wJiole secant and its external 
segment is equal to the square of the tangent. 

Draw a O. Through P, any point without the O, draw line PC tan- 
gent to the O at (7 ; through P draw a secant intersecting the circum- 
ference at P, and terminating in the circumference at A. We then have : 

Oiven AP a secant, and CP a tangent, passing through fixed 
point P without O ABC. 
To Prove AP x BP= CP. 

(Draw lines AC, BO. ZA==Z BCP, for each is measured 
by ^ arc BC (?) ; then A ACP and BCP are similar, and their 
homologous, sides are proportional.) 

260. It follows from § 259 that if through a fixed point with- 
out a circle a secant and a tangent he drawn, the tangent is a 
mean proportional between the whole secant and its external 
segment 

261. If any two secants be drawn through a fixed point with- 
out a circle, the product of one and its external segment is equal to 
the product of the other and its external 
segment. 

For if P be any point without O ABC, 
AP and A^P secants intersecting the a\ 
circumference at A and B, and A^ and 
B\ respectively, and CP tangent to the 
O at C, then 

APxBP=^A'PxB'P', 

for both AP x BP and A'P x S'P equal CF, (§ 259) 

Note. If any two secants be drawn through a fixed point without a 
circle, the entire secants and their external segments are reciprocally 
proportional. (Compare Note, § 258.) 

Ex. 58. Two chords, AB and CD, intersect at K. The centre of the 
circle is O. CK = 8, KD = 5, 0K= 3. Find the radius of the circle. 
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Ez. 59. A tangent to a circle at a fixed point is 12 feet, and the 
diameter of the circle is 12 feet. Locate the point from which the 
tangent is drawn. 

Ez. 60. One side of an equilateral triangle is 16 ; find the altitude, 
correct to three decimal places. 

Ez. 61. One side of a square is 1 ; find the diagonal of the square, 
correct to three decimal places. 

Ex. 62. A tangent 12 inches long and a secant 16 inches long are 
drawn from an external point to a circle. If the secant passes through 
the centre, find the radius of the circle. 

Ez. 63. If a secant be divided by the circumference in the ratio of 1 
to 2, what is the length of the tangent drawn to its extremity ? 

Prop. XXVIII. Theorem 

262. In any triangle, the product of any two sides is equal to 
the diameter of the circumscribed circle, multiplied by the perpen- 
dicular drawn to the third side from the vertex of the opposite 
angle. 




Draw A ABC. Circumscribe a about it (§ 206) ; draw diameter AD, 
and line AE ± BC, We then have : 

Given AD a diameter of the circumscribed O ACD of A ABG, 
SLud line AE ±30. 

To Prove AB x AG= AD x AE. 

(In rt. AABD and ACE, ZD = ZC', then, the A are 
similar, and their homologous sides are proportional.) 

263. It follows from § 262 that in any triangle, the diameter 
of the circumscribed cirde is equal to the product of any two sides 
divided by the perpendiadar drawn to the third side from the vertex 
of the opposite angle. 



128 PLANE GEOMETRY — BOOK IH 

Prop. XXIX. Theorem 

264. In any triangle^ the product of any two sides is equal to 
the product of the segments of the third side formed by the bisector 
of the opposite angle, phis the square of the bisector,^ 

Draw A ABC, and line AD bisecting Z -d, and meeting BC at D. We 
then have : 

Given, in A ABC, line AD bisecting Z A, meeting side BC at D, 

To Prove ABxAC^BDx DC+A&. 

Proof. 1. Circumscribe a O about KABO\ extend AD to 
meet the circumference at Ey and draw line CE. 

2. In A ABB and ACE, Z BAD = Z CAE, by hyp. 

3. A1soZjB = Z^. (?) 

4. Then, A ABD and ACE are similar. (?) 

5. Find sides of A ACE homologous to sides AB and AD of 
A ABD. (§239) 

6. Then, ^ = ^, ov AB x AC ^ AD x AE. (?) 

AD A\j 

7. Then, ^Bx^C=^2)x(i)^ + ^/>)=^lDxZ>^+lS*. 

8. Express AD x D-EJ in terms of BD and 2)0. (§ 258) 

265. The following cases in which two triangles are similar 
will be found useful in solving original exercises. 

T'wo triangles are aimilar : 

When they have two angles of one equal to two angles of the other 
(§ 236). 

When their homologous sides are proportional (§ 240). 

When they have an angle of one equal to an angle of the other, and the 
sides including these angles proportional (§ 242). 

When their sides are parallel each to each, or perpendicular each to 
each (§ 243). 

Two right triangles are similar : 

When an acute angle of one is equal to an acute angle of the other 
(§ 237). 

Ex. 64. CD is a common chord of two equal circles. At C tangents 
are drawn to each circle and meet the circumferences in E and F. Prove 
A EDO equal to A DEC, 
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Ez. 65. In a circle whose centre ie .0, CD is a chord perpendicular 

to a diameter at any point F not the centre. At C a tangent is drawn, 

CD DE 
and DE perpendicular to the tangent. Prove ^^— = —= • 

OG CF 

Rs. 66. AB is a diameter of a circle with centre at 0. CD is a chord 
I)erpendicular to AB aX E. DFis b. line through O, and CF is perpen- 
dicular to DF. OC is drawn. Prove A COE similar to A DFC, 

Ez. 67. ABC is a right triangle, O any 
point in the hypotenuse AB, Through two 
perpendiculars are drawn, one to the leg AC^ 
the other to AB. These perpendiculars are 
extended to meet any line DE parallel to AB, 

at X and y, respectively. Prove -^ = ^~. 

BO AB 




CONSTRUCTIONS . 

Prop. XXX. Problem 

266. To construct a fourth proportional (§ 216) to three given 
straight lines. 

m -^^ 



y 


.a: 

\ 


\ 


-—§ —p- 








Given lines m, n, and p. 

Bequired to construct a fourth proportional to m, n, and p. 

Construction. 1. Draw lines AB and AC, making any Z. 

2. On AB take AD =s m, and DE = n ; on AC take AF=p. 

3. Draw line DF, and line EQ II Z>-P, meeting AC at ©. 



4. Then, 






(?) 



267. If -^i?* = n, the above proportion becomes - = ■—* 
In this case, FQ is a f Aird proportional (§ 214) to m and n. 
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Prop. XXXI. Problem 
268. To construct a mean proportional (§ 214) between two 
given straight lines. 



—a — / 

Oiven lines m and n. a m ~B"n"~c""E 

Beqnired to construct a mean proportional between m and n. 
Construction. 1. On line AE, take AB = m, and BC=n. 

2. With AC as a diameter, describe a semi-circumference, 
and draw line BDA-AC, meeting the arc at 2). * 

3. Then, ^ = ^. (§ 250, 1) 

BD n ^ 

269. By aid of § 268, a line may be constructed equal to Va, 
where a is any number whatever. 

Thus, to construct a line equal to V3, we take AB equal to 
3 units, and BC equal to 1 unit. 

Then, BD = VAByTBG (§ 217) = V3xT = V3. 

Prop. XXXII. Problem 

270. To divide a given straight line into parts proportional to 
any number of given lines. p ^q 

^..- / 



Given line AB^ and lines m, n, and p. 

Eequired to divide AB into parts proportional to m, n, and p. 

Construction. 1. On line AC take AD = m, DE = w, and 
EF^p. 

2. Draw line BF-, and lines DO and EH II -BF, meeting AB 
at (t and H^ respectively. 
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3. Then, ^ = M=m. (l) 

m 71 p 

Proof. 4. In A AEH, 4^=^^ = ^. (?) 

5. In A ABF, ^=^; whence, equation (1). (?) 

Ez. 68. Construct a fourth proportional to three lines whose lengtlis 
are 8, 9, and 12, respectively. 

Ex. 69. Construct a fourth proportional to 12, 8, and 6. 

Ez. 70. Construct a third proportional to lines whose lengths are 8 
and 6, respectively. 

Ez. 71. Construct a mean proportional to lines whose lengths are 9 
and 4. 

Ez. 72. Construct a line whose length is VE. 

Prop. XXXIII. Problem 

271. Upon a given side, homologous to a given side of a given 
polygon, to construct a polygon similar to the given polygon, 
D 

D' 



Oiven polygon ABODE, and line A'B'. • 

Eequired to construct upon side A'B\ homologous to AB, a 
polygon similar to ABODE, 

Constrnction. 1. Divide polygon ABODE into A by draw- 
ing diagonals EB and EO. 

2. Construct A A'B'E', ABE similar, with Z^' = Z^, 
and Z A'B'E' = Z ABE, (?) 

3. In like manner, construct A B'OE' similar to A BOE, 
and A CUE' similar to A ODE, 
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272. Def . A straight line is said to be divided by a given 
point in extreme and mean ratio when one of the segments 
(§ 231) is a mean proportional between the whole line and the 
other segment. 

D A C B 

\ J \ — I 

Thus, line AB is divided internally in extreme and mean 
ratio at if 

AC BG' 

and externally in extreme and mean ratio at D if 

AB^AD 
AD BD' 

Prop. XXXIV. Problem 

273. To divide a given straight line in extremne and m£an 
ratio (§ 272). 



■k 



£.' 



I 

/ 

y 



D A a B 

Oiven line AB. 



Beqnired to divide' it in extreme and mean ratio. 

Constmction. 1. With radius BE^^^AB, draw QBFG 
tangent to AB at B-, and line AE cutting circumference at 
FsLudG. 

2. On AB take AC = AF; on BA extended take AD^AG] 
then, AB is divided at C internally, and at D externally, in 
extreme and mean ratio. 

Proof. 3. By §261, ^ = ^;or^ = ^. (1) 
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4. Then, fl»^^ = ^^^^ (?), (2) 

6. By cons.. AB=2 BE =FG. 

6. Then, AG- AB = AG-FG = AF= AC. 

7. Substitute in (2), ^=|§; o^^=^(^ 220). (3) 

8. Againfrom(l),^^^ = ^l^^ (?). (4) 

9. But AO + AB=AD +AB =^BD] 

and AB-{-AG = FG-\-AF=^AD, (?) 

10. Substitute m (4), ^ = ^; o^ :b^ = 2^- 

274. Putting AB = m, AO = «, BC = m — a; in (3), 

2!!:=_£_; or a^=: m(m - «). (§ 216) 

*X Tift — X 

Then, a?^ = m* — mx ; or a?* + maj = wi*. 

Multiplying by 4, and adding m^ to both members, 

4 «^ -f 4 Tttx + m* = 4 m* 4- m* = 5 m*. 

Extracting the square root of both members, 

2 a? + m = ± m V5. 

Since x cannot be negative, we take the positive sign before 
the radical sign ; theu, 

'2a?=mV5--mj and x (or ^0) = ^(^"" ^) . 

2 
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AREAS OP POLYGONS 
Prop. I. Theorem 

275. Two rectangles having equal altitudes are to each other 
as their bases. 

The words "rectangle,'' ** parallelogram," "triangle," etc., in the 
propositions of Book IV, mean the amount of surface in the rectangle, 
parallelogram, triangle, etc. 

Case I. When the bases are commensurable. 

^1 ! ! I ■ | (7 F 



I 



E 



To Prove 



(1) 



Draw rectangles ABCD and EFGH having equal altitudes and the 
bases AD and EH commensurable. We then have : 

Given rectangles ABCD and EFQH^ with equal altitudes 
AB and EF, and commensurable bases AD and EH, 

ABCD ^ AD 
EFGH EH' 

Proof. 1. Let AKhQ contained 5 times in AD, and 3 times 
in EH 

2. Find ratio of AD to EH 

3. Through points of division of AD and EH draw J§ to 
these lines. 

4. Find ratio of ABCD to EFGH. (§ 111) 

5. Prove equation (1). (?) 

184 
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n. When the bases are incommensurable. 
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o 



D 




Draw rectangles in accordance with the statement. We then have : 

Given rectangles ABOD and EFQH, with equal altitudes 
AB and EF, and incommensurable bases AD and EH, 
ABCD^AD 
EH 



To Prove 



(2) 



EFGH 
Proof. 1. Divide AD into any number of equal parts. 

2. Let one of these parts be contained exactly in EK, with 
a remainder KH < one of the parts. 

3. Draw line KL ± EH, meeting FG at L. 

4. By Case I, ABOD ^ AD 

^ ' EFLK EK 

' 5. Let number of subdivisions of AD be indefinitely increased. 

6. Find limits 4^^ and ^. 

EFLK EK 

7. Prove equation (2) by Theorem of Limits. 

276. Since either side of a rectangle may be taken as the 
base, it follows that 

Two rectangles having equal bases are to each other as their 
altitudes. 

Prop. II. Theorem 

277. Ally two rectangles are- to each other as the products oj 
their bases by their altitudes. 



M 
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Draw any two rectangles M and N, We then have : 
Oiven M and N rectangles, with altitudes a and a\ and bases 
h and 6' respectively. 



To Prove f =44,. (1) 

N a'xb' 



M 



K 



R 



b b' b' 

Proof. 1. Let i? be a rect with altitude a and base b\ 

2. M and M have = altitudes ; and bases b and b', respec- 
tively ; find ratio 3f to i? by § 275. 

3. E and iV have = bases ; and altitudes a and a', respec- 
tively; find ratio i? to JVby § 276; 

4. Multiplying results of steps (2) and (3), gives (1). 

DEFINITIONS 

278. The area of a surface is its ratio to another surface, 
called the unit of surface, adopted arbitrarily as the unit of 
measure (§ 180). 

The usual unit of surface is a square whose side id some linear unit; 
for example, a square inch or a square foot. 

279. We call two surfaces equivalent (=o=) when their areas " 
are equal. 

The dimensions of a rectangle are its base and altitude. 

Prop. III. Theorem 

280. The area of a rectangle is equal to the product of its base 
and altitude. 

In all propositions relating to areas, the unit of surface (§ 278) is 
understood to be a square whose side is the linear unit. 




a 



Draw any rectangle M, and a square N whose side is 1. We then 
have : 

Given a the altitude and b the base, of rect. M; and N the 
vnit of surface, a square whose side is the linear unit. 



AREAS OF POLYGONS 187 

To Prove that, if N is the unit of surface, 

area Jtf'ssa x b. (1) 

Proof. 1. We have ^=^2<A, (§ 377) 

-^1x1 

M 

2. 2^ being unit of surface, -- is area of M] whence equa- 
tion (1). 

Vote. The statement of Prop. Ill is an abbreviation of the following : 
If the unit of surface is a square whose side is the linear unit, the 
number which expresses the area of a rectangle is equal to the product of 
the numbers which express the lengths of its sides. 

An interpretation of this form is always understood in every proposi- 
tion relating to areas. 

28L By § 280, the area of a square equals the square of its 
side. 

Ez. 1. Find the ratio of the area of a square to the product of its 
diagonals. 

Sac. 2. The area of a rectangle whose baae is 24 is 432. Find the 
diagonal of the rectangle. 

Bk. 3. How many shingles will it take to cover a roof B6 feet by 
18 feet (one side) with shingles that average 4 inches wide, 16 IncheB 
long, and are laid 6 inches to the weather ? 

Peop. IV. Theorem 

282. The area of a parallelogram is equal to the product of 
its base and altitude, 

Btbw CJ ABCD, AD (6) being the base; di-aw DF (a) the altitude 
meeting BC aX F, We then have : 

Oiven b the base, and a the altitude, of O ABCD. 

To Prove area ABCD ^axb, (1) 

Proof. 1. Draw line AE II DFy meeting CB prolonged at E. 

2. Then, rt. A ABE and DCF are equal. (§§ 61, 104) 

3. If from figure ADCE we take A ABE, there remains 
CJ AG*, if we take A DCF, there remains rect. AF. 

4. Then, SiveB, ABCD = su^ea, AEFD; whence equation (1). 
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283. It follows from § 282 that: 

1. Two parallelograms having equal bases and equal altitudes 
are equivalent (§ 279). 

2. Two parallelograms having equal altitudes are to each other 
as their bases, 

3. Two parallelograms having equal bases are to each other 
as their altitudes, 

4. Any two parallelograms are to each other as the products 
of their bases by their altitudes. 

Ex. 4. The area of a parallelogram is 288, the base is twice the alti- 
tude. Find the dimensions. Construct the parallelogram. Can more 
than one such parallelogram be drawn ? How many and what parts are 
necessary for a definite figure ? Why ? 

. Ex. 5. Find the ratio of the area of a rhombus to the product of its 
diagonals. 

Prop. V. Theorem 

284. The area of a triangle is equal to one-half the product of 
its base and altitude. 

Draw A ABC having base BC (6) ; draw AE±BC, meeting BG, or 
BC extended, at E, We then have : 

Oiven b the base, and a the altitude of A ABO, 

To Prove area ABC = ^axb. 

(Draw line AD II BC, and line CD 11 AB, By § 106 AC 
divides O ABCD into two equal A.) 

285. It follows from § 284 that : 

1. Two triangles having equal bases and equal altitudes are 
equivalent 

2. Two triangles having equal altitudes are to each other as 
their bases. 

3. Two triangles having equal bases are to each other as their 
altitudes, 

4. Any two triangles are to each other as the products of their 
ba^es by their altitudes. 
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5. The area of any triangle is one-half that of a parallelogram 
having the same base and altitude, 

Ex. 6. Draw a line dividing a given right triangle into two equivalent 
isosceles triangles. 

Ez. 7. Prove that each of its medians divides a triangle into two 
equivalent parts. 

Ez. 8. The base of a triangle is 37 feet, the altitude is 32 feet. How 
many square yards in its area ? 

Ez. 9. The area of a triangle is 216, the altitude is 12 ; find the base. 

Ex. 10. If E and Fare the middle points of sides ^ A E B 
AB and CD, respectively, of parallelogram ABCD, 
the lines AF, EF, and CE divide the parallelogram 
into four equal triangles. 

Ex. 11. If the middle point of any side of a "^ ^ ^ 
parallelogram be joined to the opposite vertices, the triangle included by 
these lines and the opposite side is equivalent to one-half the parallelo- 
gram. 

Ex. 12. If the middle point of a diagonal of any quadrilateral be 
joined to the opposite vertices, the quadrilateral is divided into two pairs 
of equivalent triangles, and into two equivalent parts. 

Prop. VI. Theorem 

286. The area of a trapezoid is equal to one-half the sum of 
its bases multiplied by its altitude. 

Draw trapezoid ABCD, AB (b) and 2X7 (6') being II sides. From D 
draw altitude DE (a) meeting AB at E, We then have : 

Oiven AB (b) and DC (b') the bases, and DE (a) the altitude, 
of trapezoid ABCD, 

To Prove area ABCD = a x ^ (6 + &')• 

(Draw diagonal BD. The trapezoid is composed of two 
A whose altitude is a, and bases b and b\ respectively.) 

287. Since the line joining the middle points of the non- 
parallel sides of a trapezoid is equal to one-half the sum of the 
bases (§ 132), it follows that 

The area of a trapezoid is equal to the product of its altitude by 
the line joining the middle points of its non-parallel sides. 
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Vote. The area of any polygon may be obtained by finding the sam 
of the areas of the triangles into which the polygon 
may be divided by drawing diagonals from any 
one of its vertices. 

But in practice it is better to draw the longest 
diagonal, and draw perpendiculars to it from the 
remaining vertices of the polygon. 

The polygon vdll then be divided into right tri- 
angles and trapezoids; and by measuring the 
lengths of the perpendiculars, and of the portions of the diagonal which 
they intercept, the areas of the figures may be found by §§ 284 and 286. 

Prop. VII. Theorem 

288. Two similar triangles are to each other as the squares 
of their homologous sides. 

Draw A ABC ; and construct A A'B'C sunilar to A ABC^ AB (c) and 
A'B' (c') being homologous sides. We then have : 

Oiven c and c' homologous sides of A ABO and AB^CPy 

respectively. 

To Prove ABC_^±^ (n 

A!&0 c'2 ^^ 

Proof. 1. Draw altitudes CDi^i) and OD\h*) ± AB and 
A'B^y respectively. 

2. Find ratio ABC to A'B^C^ in terms of h and c, and h^ 
and c\ (§ 285, 4) 

3. Express ratio ^ to ^' in terms of c and c'. (§ 245) 

4. Substituting in result of step 2, gives (1). 

289. Note. Two similar triangles are to each other as the 
squares of any two homologous lines. 

Ex. 13. A field has two sides parallel, the lengths of these sides being 
160 yards and S02 yards, respectively. The distance between the parallel 
sides is 48 rods. How many acres has tlie field ? Draw a diagram. 

Ex. 14. A field has two parallel sides whose lengths are 322 and 168 
yards, respectively. The area of the field is 12 acres. Find the distance 
between the parallel sides and make a diagram of the field. 

Bk. 15. A square field contains 8 acres 12 square rods. Find its 
perimeter in rods, correct to three decimal places. 
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Rs. 16. A square field contains one-half a square mile. Find its 
diagonal in rods, correct to three decimal places. 

Rs. 17. The base of a rectangle is 462 feet One diagonal is 504 feet ; 
find the area of the rectangle. 

Ex. 18. One-quarter of a government tree claim, containing 160 acres, 
is to be planted with trees 4 feet apart each way. How many trees will 
be required ? Will the same number of trees be required whether the 
part selected for planting be rectangular or s^iquare ? 

Bk. 19. The area of a trapezoid is 2774, the altitude is 38, the upper 
baf e is 29 ; find the lower base. 

Bz. 20. One of the equal sides of an isosceles trapezoid is 10 feet, the 
loyfQt base is 12 feet longer than the upper base ; find the altitude. 

Bz. 21. One side of a rhombus is 20, the longer diagonal is 82 ; find 

the other diagonal, the area, and the altitude. 

Ez. 22. If from any point within an equilateral triangle perpendicu- 
lars to the sides be drawn, the area of the triangle is equal to one-half 
the sum of the perpendiculars multiplied by one side of the triangle. 

Bz. 23. Find the area of a trapezoid whose parallel sides are a and &, 
and whose altitude is 2, divided by the sum of the parallel sides. If a and 
b vary, will the area vary ? Will the form of the trapezoid change ? 
Draw the trapezoid. 

Prop. VIII. Theorem 

290. Two triangles having an angle of one equal to an angle 
of the other, are to each other as the products of the sides indud- 
ing the equal angles, 

A 




Draw A AB'C and line BG meetmg AB' at B, and AC at C, We 
then have : 

(Hren Z A common to A ABC and AB'C, 
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AB'C AB'xAC ^^ 
Proof. 1. Draw line B'C ; A ABC and 
AB'O have same vertex C, and bases AB 
and AB' in same str. line. 

2. Express ratio ABC to AB'C in terms of AB and AB'. 

(§ 285, 2) 

3. A AB'C and AB'C have same vertex B', and bases -4C 
and AC in same str. line. 

4. Express ratio of ^J5'(7 to AB'C in terms of AC and ^C. 

5. Multiplying results of steps (2) and (4) gives equation (1). 

Ex. 24. If the equal angles of an equilateral triangle be bisected, the 
bisectors and the base form a triangle whose area is one-third that of the 
given triangle. 

Ex. 25. Any two altitudes of a triangle are inversely as the sides to 
which they are drawn. 

Ex. 26. The altitude of a triangle is 8, its area is 48, and the perpen- 
dicular to the base divides the base in the ratio of 2 to 1. Find the sides 
of the triangle. Construct the triangle. 

Ex. 27. Two triangles have equal areas and equal vertical angles: 
Prove that the products of the sides including the equal angles are equal. 

Prop. IX. Theorem 

291. Two similar polygons are to each other as the squares 
of their homologous sides. 




Draw polygon ABODE; construct polygon A'B'C'D'E' similar to 
ABODE, AB (a) and A'B' {a') being homologous sides. We then have; 
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Oiven a and a' homologous sides of similar polygons AC and 
A'C, whose areas are /f and K', respectively. 

To Prove f = |. (1) 

Proof. 1. Draw diagonals from E and E'. 

2. A ABE is similar to A A'B'E'. (§ 247) 

3. Express ratio ABE to A'B'E' in terms of a and a'. 

(§ 288) 

4 Also ^^^ = BC^^ a\ CPE ^ ClT ^a" 

' B'CE' bTG'^ a'^' C'D'E' c^^ a'^' 

(§234,2) 

5 Then ^^^ = ^^^ = ^^^ (?^ 

'A'B'E' B'CE' C'D'E'' ^' ^ 

6. Apply § 225 to above result. 

7. Substituting values of members in above result gives (1). 

Ex. 28. The area of a polygon having a side 6 feet is 112 square feet ; 
find the area of a similar polygon whose homologous side is 9 feet. 

ISz. 29. The ratio of the homologous sides of two similar polygons is 
2 to 3. What is the ratio of their areas ? Find a side of the first. If the 
area of the second is A, what is the area of the first ? 

Ex. 30. The area of a polygon is JJ the area of a similar polygon ; 
find the ratio of their homologous sides. 

Prop. X. Problem 

292. To find the area of a triangle in terms of its sides. 

Draw A ABC, a, .6, c, being the sides opposite A A, B, and (7, respec- 
tively, and Z C acute. We then have : 

Oiven sides a, 6, and c of A ABC. 

Bequired to find area ABC in terms of a, b, and c. 

Solution. 1. Draw altitude AD, 

2. Then, c" = a' + b' -2a x CD, (§255) 

3. Transposing, 2ax CD = a^ -hb^ — c^, 

2a 
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4. Then, ZO* = 'aG* -CS^ (§ 263) 

= (AC + CD)(AC - CD) 

^ (2a6 + g' + ^>' - c^(2ab -a^-b^ + c^ 

5. Now let a + 6 + c = 2 s. 

6. Then, 3g.^ 2.(2a-2c)(23 - 2;,)(2s - 2a) 

_ 16 g(8 — a)(g — 6)(8 — c) 
"" 4a2 

7. Then, ^^ ^2V^(8- a)(. - 6)(. - c), 

a 

8. Then, area ^BC = ^ a x ^i) (?) 

= Vs(s — a){s — b)(s — c). 

As an example of § 292, let it be required to find the area of a triangle 
whose sides are 13, 14, and 16. 

Let a = 13, 6 = 14, and c = 15 ; then 

s = i (13 + 14 + 15) = 21. 
Whence, 8 — <i = 8, « — 6 = 7, and s — c = 6. 

Then, the area of the triangle is 

V21 X 8 X 7 X 6 = V3 X 7 X 23 X 7 X 2 X 3 



= V24 X 3-2 X 72 = 22 X 3 X 7 = 84. 

Ex. 31. If a line be drawn from the middle point of each side of a 
quadrilateral to the middle point of the next side in order, the figure 
formed is a parallelogram whose area is one-half that of the quadrilateral 

Ex. 32. Prove that the lines coniiectini? the middle points of the 
sides of a triangle divide it into four equal triangles. 
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293. Note. Since the area of a square is equal to- the 
square of its side (§ 281), we may state Prop. XXII, Book III, 
as follows : 

In any right triangley the square described upon the hypotenuse 
is equivalent to the sum of the squares described upon the legs. 

The theorem in the above form may be proved as follows : 




Draw A ABC, right-angled at 0; on AB, AC, and BC describe 
squares ABEF, AC OH, and BCKL, respectively. We then have : 

Oiven squares AE, AG, and BK described upon the hypote- 
nuse and legs of A ABC, 

To Prove ABEF =o= ACGH + BCKL. (1) 

Proof. 1. Draw line CD ± AB, and prolong it to meet EF 
at M] also, lines BH and CR 

2. We have A ABH = A ACF; since AB = AF, AH = AC, 
and Z BAH = Z CAF, each being a rt. Z + Z BAC (?) 

3. Then ABH =c= ^ ACGH, having same base and altitude. 

(§ 285, 5) 

4. kg2im,ACFo^\ADMF. 

5. Then \ ACGH^ \ ADMF, or ACGH^ ADMF. 

6. Similarly, drawing lines from A to L and from O to Ey 
BCKL =0= BDME. 

7. Adding results of (5) and (6), gives equation (1). 
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Note. The theorem of § 293 is supposed to have been first given by 
Pythagoras, and is called after him the Pythagorean Theorem, 

Several other propositions of Book III may be put in the form of 
statements in regard to areas ; for example, Props. XXIII and XXIV. 

Ez. 33. In a triangle whose sides are a, 6, and c, the angle opposite 
side c is 90°' Find the area in terms of the sides. 

Ex. 34. The sides of a triangle are a -\- h^ h + c^ c -\- a \ find the alti- 
tude to side a •\-h, 

Ez. 35. The sum of the squares of the diagonals of a parallelogram 
is equal to the sum of the squares of the four sides of the parallelogram. 
[Project one line upon another.] 

Ex. 36. Given a trapezoid with bases h\ and 621 altitude h and area 
5, find the altitude a of an equivalent equilateral triangle whose area is 
^2* [^1 = '^2-] 

Ex. 37. If lines be drawn through the extremities of the diagonals 
of a rhombus parallel to the diagonals, they form with the diagonals four 
rectangles, each equivalent to one-half the rhombus. 

Ex. 38. The sides of a rectangle are 24 and 36. The altitude of a 
triangle of the same area is 33 ; find the base to which this altitude is 
drawn. Can more than one triangle be drawn which satisfies the con- 
ditions of the problem ? 

Ex. 39. AB, CD, EF, GH are parallel 
lines. EF is equidistant from AB and GH, 
State and prove all theorems suggested by 
the figure. 

Ex. 40. Given two chords AB and AG 
in a circle of 6-inch radius, such that central 
angle AOB = 60^, and OB is perpendicular to 
AC^ to find the distance of each chord from 
the centre O. 

Ex. 41. If 2) IS the intersection of the 
perpendiculars from the vertices of triangle ABC to the opposite sides, 
prove 




rTr^ 



AB' - AC'' = BD* - CU 

Ex. 42. Draw figure and give a geometrical proof of the algebraic 
theorem : The square of the sum of two numbers equals the square of the 
first, plus twice the product of the first by the second, plus the square of 
the second. 
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Ex. 43. Find the ratio of the areas of two triangles which have two 
sides of one equal to two sides of the other, and the angles formed by the 
equal sides supplementary. 

Ex. 44. The square of the altitude of an equilateral triangle is three- 
fourths the square of one side. 

Ex. 45. A person in a train observes that the direction in which the 
rain appears to fall makes an angle of 60° with the direction of the train's 
motion, which is at the rate of 46 miles an hour. The rain is really fall- 
ing vertically. What is its velocity ? 



CONSTRUCTIONS 

Prop. XI. Problem 

294. To construct a square equivalent to the sum of two given 
squares. 




□ 



C 



\. 



\ 




A B 

Oiven squares M and N, 

Beqnired to construct a square =o Jf + -^. 

Construction. Construct a rt. A with legs equal to the sides 
of M and N, and square P with its side equal to the hypote- 
nuse ; then, P=o= M-\- N, 

(Prove by § 293.) 

295. By an extension of § 293, a square may be constructed 
equivalent to the sum of any number of given squares. 

Thus, suppose we have given three squares whose I> 

sides are m, n, and j9, respectively. p^, 

Take line AB^m] draw line AC1.AB, and 
equal to n, and line B(7; draw line CD ± BC, and ^f\^ 
equal top, and line BD, ^'' 

Then, the square having its side equal to BD 
-will be =c= the sum of the given squares. 



A 



X' 
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Prop. XII. Problem 

296. To construct a square equivalent to the difference of two 
given squares. 




B 



\ 
-->- 



/ 



□ 



Given squares M and N, M > N. 
. Eequired to construct a square ^ M — N, 

Construction. Draw rt. Z BAD, with AB equal to a side of 
N', find point C in AD, its distance from B equal to a side of 
M\ then, a square with side equal to AC will be =0= Jf — .y. 

(Prove by §§ 253 and 281.) 

Prop. XIII. Problem 

297. To construct a square equivalent to a given parallelogram. 

K H 



A E 
Given O ABCD. 



^o 



a 



Eeqnired to construct a square =0= ABCD, 
Construction. A square having for its side FG a mean pro- 
portional between AB and DE (§ 268), the altitude of the O, 

will be :o= ABCD. (By § 217, W = AB X DE,) 



A square may be constructed equivalent to a given triangle 
by taking for its side a mean proportional between the base and 
one-half the altitude of the triangle. 

Ex. 46. To find a point within a parallelogram through which if any 
line be drawn, the parallelogram is divided into two equivalent parts. 
Are these parts parallelograms ? Trapezoids ? Triangles ? 
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Prop. XIV. Problem 

To construct a rectangle equivalent to a given square^ 
having the sum of its hose and altitude equal to a given line. 






\ ! 



N 



A E B 

Oiven square M^ and line AB, 

Required to construct a rectangle =c= 3f, having the sum of 
its base and altitude equal to AB, 

Constmction. 1. Construct semi-circumference with diame- 
ter AB ; and find point B in its arc by drawing II to AB at a 
distance from AB equal to a side of M, 

2. Draw line BE 1. AB\ then rectangle with dimensions 
AE and BE will be =c= M, 

(By § 250, 1, ^ = ^; and 5F = ^ x BE:) 



Prop. XV. Problem 

300. To construct a rectangle equivalent to a given square j 
having the differerice of its base and altitude equal to a given line, 

i\ 




Ar 



JV 



Given square 3f, and line AB, 

Beqnired to construct a rectangle =o= M, having the differ- 
ence of its base and altitude equal to AB. 

Constraction. 1. Describe O with diameter AB. 
2. Draw tangent AC equal to a side of M, 
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3. Through C and centre of O draw a secant, and construct 
a rectangle with dimensions equal to the secant and its exterior 
segment. 

(By § 259, CD xOE= CJ?-, also, AB= GE- CD.) 

Prop. XVI. Problem 

301. To construct a square having a given ratio to a given 
square, 

C 



H 





^' /'N 




m 


// \ \ \ 






,^....l....:::..j.\ 


y 


n 


- ti' i ^'^^i 






A rn"l) n "js 





Oiven square M, and lines m and n. 

Eeqnired to construct a square having to M the ratio — . 

m 

Construction. 1. Take AD = my BD = n; with AB as 
diameter describe a semi-circumference; find point C where 
JL at Z) meets arc. 

2. On CA take CE equal to a side of 3f ; at E draw II to 
AB meeting CB at F; square -^ with side equal to CF will be 
required square. 

Proof. 3. We have -^=^; then ^ = ^,. (1) 

CE AC C^ AC^ 

4. Inrt.A^a,^; = 4f^<45 = ^ = A (§250,2) 

' AC ABxAD AD m ^ ' ^ 

5. Substitute this in (1); and for CF^ and CjE^ areas N 
and M, 

Ex. 47. To inscribe a parallelogram in an equilateral triangle, one 
angle of the parallelogram being 120°. Can more than one such parallelo- - 
gram be drawn ? 

Ex. 48. To inscribe a rhombus in a given triangle, the rhonibus and 
triangle to have one angle in common. 
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Prop. XVII. Problem 
302. To construct a triangle equivalent to a given polygon. 




Oiven polygon ABODE, 

Bequired to construct a A :c= ABCDE. 

Construction. 1. Take three consecutive vertices, Ay B, C; 
draw diagonal AC, and line BF II AC," meeting DC prolonged 
at F, also line AF, 

2. A ACF =0= A ABC', then, polygon AFDE ^ ABCDE 
(having common part ACDE), and has a number of sides less 
byl. 

3. Draw diagonal AD, and line EG II AD, meeting CD pro- 
longed at G, also line AG; then, A AED =c= A AGD, whence 
A AFG =0= polygon AFDE, or to ABCDE, 

Proof. 4. A ACF and ABC have same base and altitude. 

(§96) 
6. Then area J.GF = area ^BC. (?) 

6. Similarly, area AED = area AGD. 

Note. By aid of §§ 302 and 298, a square may be constructed equiv- 
alent to a given polygon. 

ISz. 49. The bases of a trapezoid are 8 and 10, respectively, the alti- 
tude 6. Construct an equivalent equilateral triangle. 

[An equilateral triangle can be constructed when its altitude is 
known.] 

ISz. 50. The bases of a trapezoid are 6 and 8, respectively ; the area 
is 36. Constmct the trapezoid and an equivalent equilateral triangle. 
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Ex. 51. Given A ABC. Draw a line from A to BC wbicli shali 
divide the triangle into two triangles the ratio of whose areas is 1 to 2. 

Prop. XVIII. Problem 

303i To construct a polygon similar to a given polygon^ and 
having a given ratio to it, 
D 





A B 

Oiven polygon AC^ and lines m and n. 

Bequired to construct a polygon similar to AC, and having 

to it the ratio — . 
m 

Constmction. 1. Let AB^ be side of square having to the 
square described on AB the required ratio. (§ 301) 

2. Polygon AC\ similar to AC^ will have required ratio 
to it. 

(By §291, area^'^ ^^ ^^^^^ j^ n\ 

\ area AG aB^ ^ J 

Prop. XIX. Problem 

304. To construct a polygon similar to one of two given poly- 
gons, and equivalent to the other, 

A B A' B' 

Given polygons M and N, 

Eequired to construct a polygon similar to JIf, and =c= IS, 
Construction. 1. Find m and n sides of squares =o= M and K 

(Note, § 302) 
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2. Polygon P, similar to Jf, with A^B^ a fourth proportional 
to m, n, and ABj will be =0= N, 

Proof. 3. By§291,H5a^=^ = 5^,bycons. 
area P JaB^ ^ 

>! rrv^« area Jlf area M „^;, „„^„ » «««« xr 

4. Then = —, and area P = area JV. 

area P area N 

Ez. 52. To inscribe in a given triangle a parallelogram whose area is 
one-half the area of the triangle. Can a parallelogram be inscribed whose 
area is still greater ? 

Ex. 53. Through a given point P, either within or without a given 
angle, to draw a line which shall form with the sides of the angle a 
triangle of given area. 

Ez. 54. To construct a triangle whose angles shall be equal, respec- 
tively, to the angles of a given triangle, and whose area shall be four 
times the area of the given triangle. 
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REGULAR POLYGONS. -MEASUREMENT OP THE 
CIRCLE. -LOCI 

305. Def. A regular polygon is a polygon which is both 
equilateral and equiangular. 

Prop. I. Theorem 

306. A circle can he circumscribed about any regular polygon. 

D 




Given regular polygon ABODE, 

To Prove that a O can be circumscribed about it. 

Proof. 1. Draw circumference through Ay B, 0\ also, radii 
OA, OB, 00, and line OD, 

2. In A OAB, OOD, OB = 00, AB = OD. (?) 

3. ZOBA = Z.ABO-ZOBO,ZOOD=::ZBOD^ZOCB. 

4. Since ZABO=ZBOD (?), and Z OBO = Z OOB (?), 

Z OBA = Z OOD, 

5. Then A OAB = A OOD, and OA = OD. (?) 

6. Then circumference through A, B, C passes through D] 
and similarly through E. 
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307. Since AB, BCj CDy etc., are equal chords of the cir- 
cumscribed O, they are equally distant from 0. (§ 164) 

Then, a O drawn with as a centre, and a line OFl. to any 
side AB as a radius, will be inscribed in ABODE, 
Hence, a circle can he inscribed in any regular polygon, 

308. Defs. The centre of a regular polygon is the common 
centre of the circumscribed and inscribed circles. 

The angle at the centre is the angle between the radii drawn 
to the extremities of any side ; as AOB, 

The radius is the radius of the circumscribed circle, OA. 
The apothem is the radius of the inscribed circle, OF, 

309. From equal A OAB, OBO, etc., we have 

Z AOB = Z BOO = Z OOD, etc. (?) 

But the sum of these A is four rt. A (§ 19) 

Whence, the angle at the centre of a regular polygon is equal to 
four right angles divided by the number of sides. 

Prop. II. Theorem 

310. 'If a circumference be divided into equal arcs, their chords 
form a regular inscribed polygon. 

L A F 




H 

Given circumference AOD divided into five equal arcs, AB, 
BO, OD, etc., and chords AB, BO, etc. 

To Prove polygon ABODE regular. 

Proof. 1. Sides of polygon are equal by § 159. 

2, Each Z is measured by one-half the sum of three of the 
equal arcs. (§ 192) 
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311 Let Hnes LF, FG, etc., be tangent to O ACD at A, B, 
etc., respectively, forming polygon FGHKL, 

In A ABF, BOG, CDH, etc., AB = BC= CD, etc. (§ 159) 

Also, since arc AB = arc BC = arc CD, etc., we have 

ZBAF=^ZABF==ZCBG = Z.BCG, etc (§196) 

A F 




Whence, ABF, BCG, etc., are equal isosceles A. (§§ 49, 90) 

Then, Z -F = Z » = Z il, etc., 

and BF = BG=CG= CH, etc. (§ 48) 

Then, FG = G^^= RK, eta, 

and polygon FGHKL is regular. 

Then, (/" a circumference he divided into equal arcs, tangents at 
the points of division form a regular circumscribed polygon. 

312. It follows from §§ 310 and 311 that 

1. If from the middle point of each arc subtended by a side 
of a regular inscribed polygon lines be drawn to its extremities, * 
a regular inscribed polygon of double the number of sides is 
formed. 

2. If at the middle point of each arc included between two con- 
secutive points of contact of a regular circumscribed polygon tan- 
gents be drawn, a regular circumscribed polygon of double the 
number of sides is formed. 

3. An equilateral polygon inscribed in a circle is regular. 
Tor its sides subtend equal arcs. (?) 
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Prop. III. Theorem 

313. Tangents to a circle at the middle points of the arcs stib- 
tended by the sides of a regtUar inscribed polygon, form a regular 
circumscribed polygon. 




n 

Oiven ABODE a regular polygon inscribed in O AC, and 
polygon A'B'CD'E' with sides A^ff, B^C, etc., tangent to O AC 
at middle points F, G, etc., of arcs AB, BO, etc., respectively. 

To Prove A'B'CD'E^ a regular polygon. 

(Arc AF= arc BF= arc BQ = arc CQ, etc.; use § 311.) 

Prop. IV. Theorem 
314. Regular polygons of tJie same number of sides are similar. 





A B A' B' 

Given AC and A^O regular polygons of five sides. 
To Prove AC and A'O similar. (Use § 233.) 

Find the angle, and the angle at the centre, 

Ez. 1. Of a regular pentagon. 

Ex. 2. Of a regular dodecagon. 

Ex. 3. Of a regular polygon of 82 sides. 

Ex. 4. Of a regular polygon of 25 sides. 
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Prop. V. Theorem 

315. The perimeters of two similar regular polygons are to 
each other as their radii, or as their apothems. 





Given O, O' the centres, OA (E), O'A' (B') the radii, OF 
(r), O'F' (r') the apothems, and P, P* the perimeters, respec- 
tively, of similar regular polygons AC and A'O. 

ToProve ^ = % = r (^> 

Proof. 1. Draw lines OB, O'B' ; then Z.AOB = Z A'O'B'. 

(§ 309) 



2. Since ^^ = -^^, A OAB, O'A'B' are similar. 
It OB 



3. Then, 

4. Now 



AB 
A'B' 
AB 



P 



(§ 242) 
(§ 245) 
(§ 248) 



A'B F 

5. Substituting in result of (3) gives equation (1). 

316. If iT denote the area of polygon AC, and K' of A'C, 
K ^ A& 



(§ 291) 



But, 



AB _E _r ^, r.no K _J^ ^r" 
J^"'p^""7' wnence, —_—-. — . 



A'B' R' 



That is, the areas of two similar regular polygons are to each 
other as the squares of their radii, or as the squares of their 
apothems. 
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Prop. VI. Theorem 

317. Tlie area of a regular polygon is equal to one-half the 
product of its perimeter and apothem, 

Oiven P the perimeter, and r 
apothem, of regular polygon AC. 

To Prove area AC =^Px r. 

(A OAB, OBGy etc., have common 
altitude r.) a F B 

Ez. 5. One side of a regular hexagon is 2\/3. Find the radius of the 
inscribed circle. 

Ez. 6. The apothem of a regular polygon is 9, and the area 182. What 
is the perimeter ? 

Ex. 7. In an equilateral triangle find the area K in terms of the 
apothem r. 

Ez. 8. In a regular hexagon find the apothem in terms of JR ; find 
the area in terms of 72 ; find the area in terms of the apothem. 

Ex. 9. Find the ratio of the altitude and apothem of an equilateral 
triangle. 

Ez. 10. A triangle whose area is 120 is inscribed in a semicircle 
whose radius is 13. Construct the triangle. 

Prop. VII. Problem 

318. To inscribe a square in a given circle. 
Given O AC. 

Beqnired to inscribe a square in O AC, 
Construction. Draw ± diameters AC 

and BD, and lines AB, BCy CD, and 
DA ; ABCD is a square. 

(The proof is left to the pupil; see 
§ 310.) 

319. Denoting radius OA by R, 

Aff = ~0l 4- 05" = 2 i?^ (§ 252) ; whence, AB = i? V2. 
That is, the side of an inscribed sqxiare is equal to the radius 
of the circle multiplied by V2. 
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Prop. VIII. Pboblem 
320. To inscribe a regular hexagon in a given circle. 
^B^ JO 




F 

Given O AC, 

Beqtdred to inscribe a regular hexagon in O AG, 

Construction. 1. Find point B in circumference at a dis- 
tance from A equal to radius OA, 

2. Line AB is a side of a regular inscribed hexagon ; and 
to inscribe a regular hexagon in a O apply radius 6 times as a 
chord. 

Proof. 3. I^AOB is equiangular. (§ 51) 

4. Then Z AOB is ^ of 2 rt. 2^ (?), or ^ of 4 rt. A. 

321. It follows from § 320 that the side of a regular inscribed 
hexagon equals the radius of the circle, 

322. Note. If chords be drawn joining the alternate ver- 
tices of a regular inscribed hexagon, there is formed an in- 
scribed equilateral triangle. 

323. Let AB be a side of an equilateral 
A inscribed in O AD, whose radius is B. 

Drawing diameter AC, and chord BC, BC 
is a side of a regular inscribed hexagon, 
and therefore equal to E. (§§ 321, 322) 

Now ABC is a rt. A. (§ 194) 

Then by § 253, Aff = AC' - BC' = (2 i?)^ - ip = 3 -B«. 

Whence, AB = R V5. 




D 
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Then, the side of an inscribed equilateral triangle equals the 
radius of the circle multiplied by V3. 

Prop. IX. Problem 
324. To inscribe a regular decagon in a given circle. 




A 

Given 0^(7. 

Sequired to inscribe a regular decagon in O AC. 

Constmotion. 1. Divide radius OA internally in extreme 

and mean ratio (§ 273), making 

OA^OM ... 

OM AM ^ ^ 

2. OMiQ a side of a regular inscribed decagon. 

Proof. 3. Take chord AB=^ OM, and draw lines OB, BM\ 

in A OAB, ABM, A A = AA, 

4. Since 0M= AB, (1) becomes ^ = 4^- 
' ^ ^ AB AM 

6. A OAB, ABMsiTe similar (§ 242) ; then Z ABM=: Z 0. 

6. A ABM is isosceles, being similar to A OAB. 

7. By Ax. 1, AB = BM= OM; then Z OBM= Z 0. (?) 

8. Add results of (5) and (7), Z OB A ^2 Z.O. (2) 

9. Find sum of ^ of A OAB, 2 Z OBA + ^0 = 180^ (?) 
10. Substitute in this value of Z.OBA in (2), then 

5 Z = 180^ and Z is ^ of 4 rt. A 

325. Note. If chords be drawn joining the alternate vertices 
of a regular inscribed decagon, there is formed a regular in- 
scribed pentagon. 
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326. Denoting the radios of the O by R, we have 

AB = 0M= ^?(y|zLl}. (§ 274) 

This is an expression for the side of a regular inscribed 
decagon in terms of the radius of the circle. 

Ex. 11. The diameter of a circle is 20. Inscribe a regular hexagon 
and find its area. 

Ex. 12. The side of a regular hexagon is 6 ; find its area. If this 
hexagon be an inscribed one, what is the area of the r^ular hexagon cir- 
cumscribing the same circle ? 

Ex. 13. A regular polygon is inscribed in a circle. Give a general 
method for finding its area. 

Ex. 14. An equilateral triangle is inscribed in a circle. If its side is 
10, what is its area, and how does it compare with the area of the equi- 
lateral triangle circumscribing the same circle ? 

Ex. 15. If the altitude of the triangle in exercise 14 were 10, what 
would be its area and the area of the equilateral triangle circumscribing 
the circle ? 

Ex. 16. The centre of a regular hexagon bisects every line drawn 
through it which terminates in the sides of the hexagon. 

Ex. 17. The apothem of an inscribed equilateral triangle is one-half 
the radius of the circle. 

Prop. X. Problem 

327. To construct the aide of a regular pentedecagon inscribed 
in a given circle. 




M4 

Given arc MN. 

Eeqnired to construct the side of a regular inscribed polygon 
of fifteen sides. 

Constmction. If AB is a side of a regular inscribed hexagon 
(§ 321), and AC a side of a regular inscribed decagon (§ 326), 
««o B/7 is ^_ ^^ or -^^ of the circumference. 
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Ez. 18. An equilateral triangle is*inscribed in a circle. The distance 
from the intersection of the medians to the middle point of the base is 6. 
Find the radium of the circle. 

Ex. 19. If a circle be inscribed in an equilateral triangle, the altitude 
of the triangle passes through the centre of the circle, and is three times 
the radius ot the circle. 

Ex. 20. The area of the square which circumscribes a circle is twice 
that of the inscribed square. 

Ex. 21. The area of the equilateral triangle circumscribing a circle is 
four times the area of the inscribed one. 

MEASUREMENT OF THE CIRCLE 

Prop. XI. Theorem 

328. The circumference of a circle is shorter than the perim- 
eter of any circumscribed polygon. 




Given polygon ABCD circumscribed about a 0. 
To Prove circumference of O shorter than perimeter ABCD, 
Proof. 1. Of the perimeters of the O, and of all possible 
circumscribed polygons, there must be some perimeter such 
that all the others are of the same or greater length. 

2. But no circumscribed polygon can have this perimeter; 
for suppose polygon ABCD to have this perimeter, and draw 
line EF tangent to the O, meeting AB at E and AD at F, 

3. We know that EF is < (AE -f AF). (Ax. 6) 

4. Then, the perimeter of polygon BEFDC is < the perim- 
eter of polygon ABCD, 

5. Hence, the circumference of the O is < the perimeter of 
any circumscribed polygon. 
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Prop. Xlt. Theorem 

329. If a regular polygon he inscribed in, or circumscribed 
about, a circle, and the number of its sides be indejinitdy increased, 
I. Its perimeter approaches the circumference as a limit, 
II. Its area approaches the area of the circle as a limit. 



/ 



/ 
/ 



Given p, P perimeters, Tc, K axeas, of two regular polygons 
of same number of sides, respectively inscribed in, and circum- 
scribed about, a O, whose circumference is G, and area 8. 

To Prove that, if the number of sides of the polygons be 
indefinitely increased, P and p approach the limit C, and K 
and A; the limit 8, 

Proof. 1. Let APf be side of polygon whose perimeter is 
P\ draw radius OF to point of contact. 

2. If OA! and OjB' cut circumference at A and B, AB is side 
of polygon whose perimeter is p. (§ 309) 

3. Polygons are similar; then - = ^ . (§§ 314, 315) 

4. Then, ^ 

5. pis< circumference; OA' - OF ia< A'F. (Ax. 7, § 62) 

6. Then, P-p^^^A'F. (1) 

7. If number of sides of each polygon be indefinitely in- 
creased, the polygons continuing to have same number of sides, 
the length of each side will be indefinitely diminished, and 
A'F will approach the limit 0. 
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8. ~- being constant, P — p will approach limit 0. 

9. Now circumference is < P, and > p. (§ 328, Ax. 7) 

10. Then, P — Oand C — p will approach limit 0, and P and 
p will approach limit 0. 

11. Again, by § 316, ~ = — ; or -^ =_^_. 

(?) 

12. Then, Jg- - A; = =^ y Z^. (§253) 

op' 

13. If the number of sides of each polygon be indefinitely 
increased, the polygons continuing to have the same number 
of sides, A*F will approach limit 0. 

14. ziz— XA'I^ being < x Jjp^, will approach limit 0. 

OF OF^ 

16. Then, JT— k will approach limit ; and S being < K, 

and > k, iTand k will approach limit S. 

330. If a regular polygon be inscribed in a circle, and the num- 
ber of its sides be indefinitely increased, its apothem approaches 
the radius of the circle as a limit. 

For, it was shown in § 329 that OA' — OF approaches the 
limit 0, whence OF approaches the limit 0A\ 

OF is the apothem of a regular polygon inscribed in a circle whose 
radius is OA', 

Prop. XIII. Theorem 

331. T7ie circumferences of two circles are to each other as their 
radii. ^-*-w-^w 



Given C and O the circumferences of two © whose radii are 
B and P', respectively. 
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Proof. 1. Inscribe similar regular 
polygons whose perimeters are P and 
P\ in © whose radii are R and R^. 

2. Then ^ = ^ (§ 315); whence P x ii' = P X R, 

P . R 

3. If number of sides of polygons be indefinitely increased, 
Px R' approaches limit C X R', and P x i? the limit C x It 

(§ 329, 1) 

4. Equate these limits (§ 187), and use § 218. 

<9oo TtT..ii.:-.i— : i.1.^ j.^ £ i.1 4.:^ R i o i ^ 



• 


■^•■^"'^"rV*"© ""^ 





2R D 






C" 


'2E' D'' 


if D and D' denote the diameters of the © whose radii are R 


and R\ 


respectively. 






That 


is, ^^e circumferences of two circles are to each other as 


their diameters. 






333. 


n 

The proportion -^ = 


= jp (§ 332) may be written 






(7 

= 

D 


-~ (§220) 



That is, the ratio of the circumference of a circle to its diameter 
has the same value for every circle. 

This constant value is denoted by the symbol ir ; then, 

It is shown by methods of higher mathematics that the 
ratio w is incommensurable ^ its numerical value can only be 
obtained approximately. 

Its value to the nearest fourth decimal place is 3.1416. 

334. Equation (1) of § 333 gives 

C=7rD. 
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That is, the circumference of a cirde is equal to its diameter 
multiplied by w. 

We also have (7=2 wR, 

That is, the circumference of a circle is equal to its radius multi- 
plied by 2 w, 

335. Def . In circles of different radii, similar arcSy similar 
segments, and similar sectors are those which correspond to 
equal central angles. 

Prop. XIV. Theorem 

336. The area of a circle is equal to one-half the product of its 
circumference and radius. 



Oiven R the radius, C the circumference, and S the area 

of a O. 
To Prove S^^CxR, (1) 

Proof. 1. Circumscribe a regular polygon about the O; 

let P denote its perimeter, and K its area. 

2. We have ^=^Pxi?. . (§317) 

3. If number of sides of polygon be indefinitely increased, 
K approaches limit 5, and ^ P x i? the limit \ C x R. (§ 329) 

4. Equating limits (?) gives equation (1). 

337. We have (7= 2 tt^ ; then, S = irRxR = irR\ 

That is, the area of a circle is equal to the square of its radius 
multiplied by ir. 

Again, S^^w x 4i?2 = i7rX (2 Rf. 

If D denote the diameter of the O, S = \ trl^. 

That is, the area of a circle is equal to the square of its diame- 
ter multiplied by J tt. 
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338. Let S and S' denote the areas of two (D whose radii 
are M and i?', and diameters D and D', respectively. 



Then, 



S' wE'^ E"' 



That is, the areas of two circles are to each other as the squares 
of their radii, or as the squares of their diameters. 

339. Let s be the area, and c the arc, of a sector of a O, 
whose area is S, circumference (7, and radius E. 

Since a sector is the same part of the © that its arc is of the 
circumference, 

Then, by § 336, s = cy^E = icxE. 

Hence, the area of a sector eqimls one-half the product of its 
arc aud radius. 

Since similar sectors are like parts of the © to which they 
belong (§ 335), it follows that 

Similar sectors are to each other as the squares of their radii. 

Ex. 22. The area of a circle is 04 ir ; find the circumference. 

Ex. 23. Give geometric method for cutting the largest possible octagon 
from a board one foot square. 

Ex. 24. The area of a circle is 164, find its circumference and radius. 

Ex. 25. The area of a circle is 144 ir. Find the area of an inscribed 

equilateral triangle. 

Ex. 26. The radius of a circle is 14 ; find its area. If the radius were 
doubled, how would the area be affected ? 

Ex. 27. What is the area of the largest circle which can be cut from a 
triangular piece of cardboard whose edges are 6, 13, and 12 inches, 
respectively ? 

Ex. 28. The ratio of the areas of two circles is ^, one circumference 
is 37.6992 ; find the other circumference. Will more than one circum- 
ference satisfy the given conditions ? Why? (ir = 3.1416.) 
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Prop. XV. Problem 

340. Given p and P, the perimeters of a regular inscribed and 
of a regular circumscnhed polygon of the same number of sides, 
to find p' and P', the perimeters of a regular insa-ibed and of a 
regular circumscribed polygon having double the number of sides. 

A' M F N- B ' 
\ 






/ 



\ \ I 



I 
O 



/ 



Solntion. 1. Let ^J5 be side of polygon whose perimeter is p. 

2. Let radius OF bisect arc AB at F\ let radii OA and OB 
extended cut tangent at F at A and B\ respectively ; then 
AW is side of polygon whose perimeter is P. (§ 309) 

3. Draw chords AF, BF, and tangents AM^ BN, meeting 
AB' at Jtf'and N, respectively ; then AF and MN are sides of 
polygons whose perimeters are p' and P'. (§ 312) 

4. If n denotes number of sides of polygons whose perime- 
ters are p and P, and 2 n number of sides of polygons whose 
perimeters are p' and P, 

AB =^, A'B' =^, AF==:£L^ M]Sr=:^. (1) 

n n 2n 2n 

6. Line OJf bisects Z ^' OP; whence, :^=^' 

' 'MF OF' 

(§§ 175, 230) 

P (14* 

6. Again, J=W' ^^^^^^ 

7. Then, f =^, and ^P+^ = ^'^+ ^. (?) 

' p MF' p MF ^ ' 

8. Then,^P±£ = ^'^ = t^' = -^-^^ = ^. 

' 'Zp 2MF MN 2» 2n /* 
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9. Then, P' x (P-fi>) = 2PXi>, or 7^ = ?^^^^. (2) 

10. Again, since Z ABF= Z. AFMy A ABF, AFM are sim- 
ilar. (§§ 192, 196, 236) 

AF MF ^' ^ ^ ^ ^ ' 



11. Then ^=^, V^^T^^ 

AB AF' J^^—r^^B 



or 



/ 



AF' = ABxMF. (?) ^\ ^ 

12. Thenby(l),f:; = £xf = £f^. ^^^O 

13. Then, p"=px P', and p' = Vpxl^. (3) 

341. We will now show how to compute an approximate 
value of TT (§ 333). 

If the diameter of a O is 1, the side of an inscribed square 
is ^ V2 (§ 319) ; hence, its perimeter is 2 V2. 

Again, the side of a circumscribed square is equal to the 
diameter of the O ; hence, its perimeter is 4. 

We then put in equation (2), § 340, 

P= 4, andp = 2 V2 = 2.82843. 

Then, F' = ^^^P = 3.31371. 

P + P 

We then put in equation (3), § 340, 

p = 2.82843, and P = 3.31371. 



Then, p' = Vp x P = 3.06147. 

These are the perimeters of the regular circumscribed and 
inscribed octagons, respectively. 

Repeating the operation with these values, we put in (2), 
P = 3.31371, and p = 3.06147. 

Then, P* = ?-;^^ -? = 3.18260. 

P-hp 

We then put in (3), p = 3.06147 and P = 3.18260. 

Then, p' = VpxP' = 3.12145. 

These are, respectively, the perimeters of the regular cir- 
cumscribed and inscribed polygons of sixteen sides. 
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In this way, we form the following table : 
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No. OP 

SiDBS 


Pbbimbtbb op 
Ebg. Cibo. Polygon 


* Pbbimbtbb op 
Bbo. In80. Polygon 


4 


4. 


2.82843 


8 


8.31871 


8.06147 


16 


3.18260 


8.12146 


82 


3.16172 


3.13666 


04 


3.14412 


3.14033 


128 


3.14222 


3.14128 


266 


3.14176 


3.14161 


612 


3.14163 


3.14167 



The last result shows that the circumference of a O whose 
diameter is 1 is > 3.14157, and < 3.14163. 

Hence, an approximate value of tt is 3.1416, correct to the 
fourth decimal place. 

Note. The value of ir to fourteen decimal places is 3.14169266368979. 

Ex. 29. The radius of a circle is 12. What is the radius of a circle 
having twice the area ? 

Ez. 30. The area of the equilateral triangle inscribed in a circle is 
one-half the area of the regular hexagon inscribed in the same circle. 

Ez. 31. Two circumferences are in the ratio 3 to 4. What is the 
ratio of their radii ? their diameters ? their areas ? 

Ex. 32. The areas of two circles are in the ratio 1 to 2. What is 
the ratio of their radii ? of their diameters ? 

Ex. 33. The areas of two circles are 836 and 616, respectively. If the 
radius of the second is 257, what is the radius of the first ? 

Ex. 34. One side of an inscribed equilateral triangle is 10 ; find the 
radius of the circle. 

Ex. 35. What is the area of a sector of a circle whose radius is 12, if 
the angle of the sector is 45° ? 

Ex. 36. Find the ratio of the area of a circle to the area of its circum- 
scribed square. 

Ex. 37. Find the ratio of the area of a circle to the areiv of its circam- 
scribed equilateral triangle. 



172 



PLANE GEOMETRY — BOOK V 



Ez. 38. Find the ratio of the perimeters of the circumscribed and 
inscribed equilateral triangles. 



Ez. 39. A whe^l revolves 55 times in travelling 



1045 1 



ft. What is 



its diameter in inches ? 

If r represents the radius, a the apothem, » the side, and k the area, 
prove that 

Ez. 40. In a regular octagon, 



« = rV2- V2, a = i rV2 + V2, and A: = 2 »^ \^. 
Ex. 41. In a regular dodecagon, 



8 = r V2 - V3, a = irV2 + VS, and A; = 3f2. 
Ex. 42. In a regular octagon, 



« = 2 a(\/2 - 1), f = a V4 - 2 v^, and ^• = 8 a«(\^ ^ 1). 
Ex. 43. In a regular dodecagon, 

« = 2a(2- V3), r = 2aV2 - V8, and k = 12a«(2 - VS). 

Ex. 44. In a regular decagon, a = J r v 10 + 2 V5. 
(Find the apothem.) 

Ex. 45. Find the number of degrees in a radian, an arc whose length 
is equal to that of the radius of the circle. (ir = 3. 1416.) 

Ex. 46. A circular grass plot whose diameter is 52 feet is surrounded 
by a walk of uniform width whose area is 763.984. Find the width of the 
walk. (ir = 3.1416.) 



1 






1 1 





4 i 


1 1 


S Kximber of sides 64 



Ex. 47. Find the areas of regular inscribed polygons of 4, 8, 16, 32, 
64, 128 sides, and of the circumscribing circle (§ 341). Using area for ver- 
tical measurements and number of sides for horizontal measurements, 
make a graph of the data showing the approach of the area of the poly- 
gon to that of the circle as the number of sides increases. 
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LOCI 

342. Def. If a series of points, all of which satisfy a cer- 
tain condition, lie in a certain line, and every point in this 
line satisfies the given condition, the line is said to be the 
locus of the points. 

For example, all points which satisfy the condition of being 
equally distant from the extremities of a straight line, lie in 
the perpendicular erected at the middle point of the line (§ 56). 

Also, every point in the perpendicular erected at the middle 
point of a line satisfies the condition of being equally distant 
from the extremities of the line (§ 55). . 

Hence, the perpendicular erected at the middle point of a 
straight line is the Locas of points which are equally distant from 
the extremities of the line. 

Again, all points which satisfy the condition of being within 
an angle, and equally distant from its sides, lie in the bisector 
of the angle (§ 99). 

Also, every point in the bisector of an angle satisfies the 
condition of being equally distant from its sides (§ 98). 

Hence, the bisector of an angle is the locus of points which are 
withi7i the angle, and equally distant from its sides. 

Ez. 48. Find the locus of points in a plane three inches from a fixed 
point in the plane. Construct the locus. 

Ex. 49. What is the locus of points in a plane equally distant from all 
points in the circumference of a circle ? 

Eac. 50. Find the locus of the vertices of triangles having a fixed 
base and the same altitude. Construct the locus. 

Zix. 51. Two equal chords intersect ; find the locus of their inter- 
sections. 

Ex. 52. The length of the hypotenuse of a right triangle is fixed ; find 
the locus of the centres of the inscribed circles; of the circumscribed 
circles. 

Ex. 53. Find the locus of the middle points of chords drawn through 
a fixed point within a circle. 
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Ex. 54. Construct the locus of points equidistant from two given 
lines. How many cases are there ? 

Ez. 55. Draw the approximate locus of the middle x>oints of the 
hypotenuses of all right triangles having a hypotenuse of fixed length and 
the vertex of the right angle fixed. 

Ex. 56. Construct the locus of the centres of circles tangent to two 
lines which intersect at right angles. Is there more than one system of 
these circles ? 

Ex. 57. Find the locus of the centres of circumferences which pass 
through a fixed point. 
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LINES AND PLANES IN SPACE. DIBDRAL 
ANGLES. POLYBDRAL ANGLES 

343. Def. A plane is said to be d^t^fvtiin'ed by certain lines 
or points when one plane, and only one, can be drawn through 
these lines or points. 

Prop. I» Theorem 

344. A plane is determined by a ^Straight line and a point 
loithout the line. 



A 



Given point G without str. line AB, 

To Prore that a plane is determined by AB and (7. 

Proof. 1. If any plane MN be drawn through ABy it may 
be revolved about AB as an axis until it contains point C. 

2, Hence, a plane can be drawn through AB and (7; and it 
is evident that but one such plane oan be drawn. 

34S. A plane is determined by three points not in the same 
straight line. 

For if two of the points be joined by y ^ 

a straight line, one plane, and but one, y^ ^ 

can be drawn through this line and the 
remaining point (§ 344). 
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346. A plane is determined by two intersecting straight lines. 
For, by § 344, one plane, and but one, 

can be drawn through AB and (7; and 
this plane contains BC by § 6. 

347. A plane is determined by two parallel straight lines. 
By the definition of § 68, two Ha lie y 

in the same plane; and by § 344, but /^^ ^/ 

one plane can be drawn through A and /^ ^/ 

any point G of CD, 

Prop. II. Theorem 

348. The iiitersection of two planes is a straight line. 




Given line AB the intersection of planes MN d^wdi FQ, 

To Prove AB a str. line. 

Proof. 1. Draw a str. line between points A and B, 

2. By § 6, this str. line lies in plane JIOT, and also in 
plane PQ. 

3. Then it must be the intersection of planes JOT and PQ, 

4. Hence, the line of intersection AB is a str. line. 

Ex. 1 . Can a triangle be a warped surface, that is, must all parts of it lie 
.in the same plane ? Why ? Is this true of any other rectilinear figure ? 

Ex. 2. How many planes determine a line ? How many planes are 
sufficient to determine a point? A solid? Is the number of points 
necessary to determine these bounding planes the same as the number of 
planes ? 

Ex. 3. Fold a shSet of paper. Is the fold a curved line ? A broken 
line ? A straight line ? Why ? 
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349. Defs. If a straight line meets a plane, the point of 
intersection is called the foot of the line. 

A straight line is said to be perpendicular to a plane when 
it is perpendicular to every straight line drawn in the plane 
through its foot. 

A straight line is said to be parallel to a plane when it 
cannot meet the plane however far they may be extended. 

A straight line which is neither perpendicular nor parallel 
to a plane, is said to be oblique to it. 

Two planes are said to be parallel to each other when they 
cannot meet however far they may be extended. 

350. The following is given for reference : 

A perpendiadar to a plane is perpendicular to every straight 
line drawn in the plane through its foot. 

Prop. III. Theorem 

351. At a given point in a plane, hut one perpendicidar to the 
plane can he drawn. rp 




Given line PQ ± to plane MN at P. 

To Prove PQ the only ± which can be drawn to MN at P. 

Proof. 1. If possible, let PT be another ± to MN at P. 

2. Let the plane determined by PQ and PT intersect MN 
in line HK\ then, both PQ and PT are ± HK, 

[A ± to a plane is ± to every str. line drawn in the plane through its 
foot.] (§ 350) 

3. But this is impossible ; for, in plane HKT, only one ± 
can be drawn to HK at P. 

[At a given point in a str. line, but one J. to the line can be drawn.] 

(§ 15) 
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4. Then only one ± can be drawn to MN at P. 

Note. As a rigorous proof of the theorem that, at a given point in a 
plane, a perpendicnlar to the plane can be drawn, is too dififtoult for the 
average pupil, it is omitted. 

Prop, IV. Thkoreb( 

352. A straight line perpendicular to each of tux) ^raighi lines 
at their point of intersectitm is perpendicular to their plane. 




Given line AB ± lines AO and AD, and plane MN drawn 
through AC and AD, 

To Prove AB ± plane iHfJV. 

Proof. 1. Let AE be any other str. line drawn through A 
in JOT; draw line CD intersecting AC at C, AEai E, AD at D. 

2. Prolong BA to F, making AF = ABy and draw lines BC, 
BE, BD, FC, FE, and FD, 

3. In A BCD and CDF, CD :^ CD. 

4. Since AC and AD are ± to BF at its middle pointy 

BC=CFy2indBD==DF. 

[If a ± be erected at the middle point of a str. line, any point in the ± 
is equally distant from the extremities of the line.] C§ W, I) 

6. Then, A BCD = A CDF, 

[Two A are equal when the three sides Of one are equal respectively to 
the three sides of the other.] (§ 52) 

6. Now revolve A BCD about CD as an axis until it coin- 
cides with A CDF. 
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7. Then, point B will fall on point jP, and line BE will coin- 
cide with line EF\ that is, BE = EF. 

8. Hence, since points A and E are each equally distant 
from B and F, line AE is ± ^F. 

[Two points, each equally distant from thb extremities of a str. line, 
determine a ± at its middle point.] (§ 66) 

9. Since AE is any str. line, AB is ± to even/ str. line 
drawn through A in MN^ and is therefore ± to plane MN, 

[A str. line is said to be ± to a plane when it is ± to every str. line 
drawn in the plane through its foot.] (§ 849) 

Prop. V. Theorem 

353. All the perpendiculars to a straight line at a given point 
lie in a piane perpendicvZar to the line, 

B 




Given AC, AD, and AE any three Js to line AB at A. 
To Prove that they lie in a plane J. to AB, 
Proof. 1. Let MN be the plane determined by AG and 
AD ; then, plane MN is J- AB, 

[A str. line ± to each of two str. lines at their point of intersection is 
JL to their plane.] (§ 862) 

2. Let the plane determined by AB and AE intersect MN 
in line AE'-, then, AB ± AE\ 

[A J. to a plane is J, to every str. line drawn in the plane through its 
foot.] (§ 350) 

3. In plane ABE, only one ± can be drawn to AB at A. 
[At a given point in a str. line, but one ± to the line can be drawn.] 

(§16) 

4. Then, AE^ and AE coincide, and AE lies in plane MN, 

5. Then, all the Js to AB at A lie in a plane -L AB, 
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354. It follows from § 353 that 

Through a given point in a straight line, a plane can he drawn 
perpendicular to the line, and hut one. 

355. Through a give/i point without a straight line, a plane 
can he draivn perpendicular to the line, and hut one. 

If C is the given point without line 
AB, draw lin6 CB±AB, and BD any 
other ± to AB at B. 

Then, the plane drawn through BC 
and BD will be ± AB. 

[A 8tr. line ± to each of two str. lines at their point of intersection is 
X to their plane.] (§ 352) 

Again, every plane through (7X ^J5must intersect the plane 
determined by AB and BC in a line from C±AB. 

[A J, to a plane is ± to every str. line drawn in the plane through its 
foot.] (§ 350) 

But only one ± can be drawn from C to AB. 

[From a given point without a str. line, but one ± can be drawn to 
the line.] (§ 59) 

Then, every plane through C± AB must contain BO, and 
be ± to AB at J5. 

But only one plane can be drawn through B ± AB. 

[Through a given point in a str. line, but one plane can be drawn J_ to 
the line.] (§ 354) 

Hence, but one plane can be drawn through (7 J- AB. 

Ex. 4. If we have five points, four of which are in same plane, how 
many planes do they determine? If no four of the five were in the same 
plane, would the number of planes change ? 

Prop. VI. Theorem 

356. If from a point in a perpendicular to a plane, ohlique 
lines he drawn to the plane, 

1. Two ohlique lines cutting off equal distances from the foot 
of the perpendicular are equal. 
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II. Of two oblique lines cutting off unequal distances from the 
foot of the perpendicular, the more remote is the greater, 

A 



Given line AB ± plane MN at B ; AC and AD oblique lines 
meeting MN at equal distances from J5, and AE an oblique 
line meeting MN at a greater distance from B than AC. 

To Prove AC = AD, and AE > AC. 

Proof. 1. Draw lines BC, BD, and BE. 

2. In A ABC, ABD, AB = AB', and by hyp., JB(7= BD. 

3. Also, ZABC=:Z.ABD. 

[A ± to a plane is ± to every str. line drawn in the plane through its 
foot.] (§ 360) 

4. Then, A ABC = A ABD. 

[Two A are equal when two sides and the included Z of one are equal 
respectively to two sides and the included Z. of the other.] (§ 46) 

5. Then, AC=AD. 

[In equal figures, the homologous parts are equal.] (§ 48) 

6. Again, on BE take BF=BC, and draw line AF-, then, 
since JBF=-B(7, 

AF=^AC. 
[If from a point in a J_ to a plane, oblique lines be drawn to the plane, 
two oblique lines cutting off equal distances from the foot of the ± are 
equal.] (§366,1) 

7. But, AB1.be. 

[A ± to a plane is ± to every str. line drawn in the plane through its 
foot.] (§ 360) 

8. Then, AE > AF, or AC. 

[If oblique lines be drawn from a point to a str. line, of two oblique 
lines cutting off unequal distances from the foot of the ± from the point 
to the line, the more remote is the greater.] (§ 64, II) 
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Prop. VII. Theorem 

357. (Converse of Prop. VI.) Jf from a point in a perpen- 
dicular to a plane J oblique lines be drawn to the plane, 

I. Two equal oblique lines cut off equal distances from the foot 
of the perpendicular. 

II. Of t2vo unequcU oblique lines, the greater cuts off the greater 
distance from the foot of tfie perpendicular. 

Given line AB ± to plane MN at ^5 AC, AD, and AE 
oblique lines from A to MN, AC and AD being equal and 
AE > AC\ also, lines BC, BD, and BE. (Fig. of Prop. VI.) 

To Prove BC =:= BD, smd BE > BC, (The proof is left to the pupil.) 

Prop. VIII. Theorem 

358. If through the foot of a perpendicular to a plane a line be 
draum at right angles to any line in the plane, the line drawn from 
its intersection ivith this line to any point in the perpendicular will 
be perpendiaular to the line in the plane. 

B 




Given line AB JL to plane MN at A, line AE ± to any line 
CD in MN, and line BE from E to any point B in AB. 
To Prove BE ± CD. 

Proof. 1. On CD take EC = ED. 

2. Draw lines AC, AD, BC, and BD\ then, AC = AD. 

[If a JL be erected at the middle point of a str. line, any point in the JL 
is equally distant from the extremities of the line.] (§ 54, I) 

3. Then, BC = BD. 

[If from a point In a ± to a plane, oblique lines be drawn to the plane, 
two oblique lines cutting off equal distances from the foot of the JL are 
equal.] V (§356, i) 
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4 Then, since points B and E are equally distant from C 

and Dy BE ± CD, 

[Two points, eaoh equally distant from the extremities of a str. line, 
determine a ± at its middle point.] (§ 66) 

Prop. IX. Theorem 

359. From a given point without a plane, one perpendicular to 
the plane can be drawn^ and but one. 




Given point A without plane MN. 

To Prove that a 1. can be drawn from A to JOT, and but one. 
Proof. 1. Let DE be any line in MN; draw line AFX DE, 
line BF in plane M]Sr± DE, line AB J_ BF, and line BE. 

2. Now, EF is ± tg plane ABF. 

[A str. line ± to each of two str. lines at their point of intersection is 
JL to their plane.] (§352) 

3. Then, since BF is drawn through the foot of EF, ± to 
line AB in plane ABF, BE is ± AB, 

[If through the foot of a JL to a plane a line be drawn at rt, ^il to any 
line in the plane, the line drawn from its intersection with this line to 
any point in the ± will be ± to the line in the plane.] (§ 868) 

4. Then AB, being J, to BE and BF, is ± MN. 

[A str. line ± to each of two str. lines at their point of intersection is 
J. to their plane.] (§ 352) 

6. If possible, let AC be another ± from A to MN; then 
A ABO will have two rt. A, which is impossible. 

[A JL to a plane is ± to every str. line ditiwn in the plane through its 
foot.] (§350) 

6. Then, but one ± can be drawn from A to MN. 
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360. If AB is the ±, and AC any other line, from A to MN 
(Fig. of Prop. IX), and line BC be drawn, ABA^BC. 

[A ± to a plane is ± to every str. line drawn in the plane through its 
foot.] (§ 350) 

Then, AB<Aa 

[The ± is the shortest line that can be drawn from a point to a str. 
line.] (§ 95) 

Then, the perpendimdar is the shortest line that can be drawn 
from a point to a plane. 

Note. The distance of a point from a plane signifies the length of the 
perpendicular from the point to the plane. 

Prop. X. Theorem 

361. If two straight lines are parallel, a plane drawn through 
one of them, not coinciding ivith the plane of the parallels, is par- 
allel to the other. 



\M 



N 

Given line a II to line h, and plane MN drawn through h, not 
coinciding with the plane of the lis. 

To Prove a II MN. 

Proof. 1. Since a and h lie in a plane which intersects MN 
in h, if a meets MN, it must be somewhere in 6. 

2. But since a is II h, it cannot meet it (§ 68). 

3. Then, a and MN cannot meet, and are II (§ 349). 

Ex. 5. If the circumference of a circle be drawn in a plane and at its 
centre a perpendicular to the plane be erected, any point in this perpen- 
dicular is equidistant from the circumference. 

Ex. 6. The plane which bisects a straight line at right angles is the 
locus of all points equidistant from the extremities of the line, 
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Prop. XI. Theorem 

362. If a straight line is parallel to a plane, the intersection of 
the plane with any plane dravon through the line is parallel to the 
line. 



M 



^^-r±/ 



Oiven line a II to plane MN] and h the intersection of MN 
with any plane drawn through a. 

*To Prove a II h. 

\a and h lie in the same plane, and cannot meet.) 

363. If a line and plane are parallel, a parallel to the line 
through any point of the plane lies in the plane. 

Let line a be II to plane MN (Fig. of Prop. XI), and line h 
drawn II to a through any point A in MN, 

The plane drawn through a and A intersects MN in a II to a. 

[If a str. line is II to a plane, the intersection of the plane with any 
plane drawn through the line is II to the line.] (§ 362) 

But through A only one II can be drawn to a. 

[But one str. line can be drawn through a given point II to a given str. 



line.] 



Whence, h lies in MN 



(§69) 



Prop. XII. Theorem 
^364. If two parallel planes are cut by a third plane, the inter- 
sections are parallel. u 



^N 



Oiven II planes MN and PQ cut by plane AB in lines a and 
6, respectively. To Prove a II 6. 

(a and JHie in the same plane, and cannot meet.) 
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365. If c and d are ii lines included between II planes MN" 
and PQ (Fig. of Prop. XII), the figure bounded by a, c, 6, and 
d is a O, and c = d. 

[In any O, the opposite sides are equal.] (§ 104) 

Then, parallel lines included between parallel planes are equal. 

Prop. XIII. Theorem 

366. Through a given straight line, a plane can be drawn 
parallel to any other straight line. 



Given lines a and b. 

To Prove that a plane can be drawn through b II a. 

(Draw line c II a ; then use § 361.) 

Note. If a is II &, an indefinitely great number of planes can be 
drawn through 6 II a (§ 361) ; otherwise, but one such plane can be 
drawn, for every plane through 6 II a must contain c (§ 363), and but 
one plane can be drawn through 6 and c. 

Prop. XIV. Theorem 
367. Through a given point a plane can be drawn parallel to 
any two straight lines in space* 



Given point A and lines a and b. 

To Prove that a plane can be drawn through ^ II to a and 6. 

(The proof is left to the pupil ; see § 361.) 

Note. If a and b are II, an indefinitely great number of planes can be 
drawn through i4 II to a and b (§ 861) ; otherwise, but one such plane can 
be drawn. 
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Prop. XY. Theorem 
368. Two perpendiculars to the same plane are parallel, 

■it. " 






Given lines AB and CD ± to plane MN at B and D, respec- 
tively. 
To Prove AB II CD. 

Proof. 1. Let A be any point of AB, and draw line AD. 

2. Also, draw line BD, and line DF in plane MN 1. BD. 

3. Then, CD ± DR 

[A J. to a plane is ± to every str. line drawn in the plane through its 
foot.] (§ 850) 

4. Also, ADJLDF. 

[If through the foot of a ± to a plane a line be drawn at rt. A to any 
line in the plane, the line drawn from its intersection with this line to any 
point in the ± will be ± to the line in the plane.] (§ 358) 

5. Then, CD, AD, and J5i> lie in the same plane. 

[All the Js to a str. line at a given point lie in a plane _L to the 
line.] (§ 353) 

6. Since points A and B lie in the plane of the lines AD, 
BD, and CD, AB lies in this plane. 

[A plane is a surface such that the str. line joining any two of its points 
lies entirely in the surface.] (§ 6) 

7. That is, AB and CD lie in the same plane. 

8. Again, AB and CD are ± BD, 

[A ± to a plane is X to every str. line drawn in the plane through its 
foot.] (§ 350) 

9. Then, AB II CD. 

[Two -b to the same str. line are II.] (§ 70) 
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369. If one of two parallel lines is pmrpendicular to a planCy 
the other is also jye'TP^i^^^^^'^ ^^ ^^*^ 
plane. 

Let lines AB and CD be II, and AB ± 
to plane MN. 

Since two Js to the same plane are II 
(§ 368), a ± from C to JOT is II AB. 

But through (7, only one II can be drawn to line AB (§ 69), 
whence CD ± MN. 



370. If each of two straight lines is 
parallel to a third straight line, they are 
parallel to each other. 

Let lines a and b be II line c. 






Drawing plane MN ± c, it is ± to a 
and b (§ 369) j then, a II 6 (§ 368). 

Ez. 7. Find the locus of points three inches from a given plane. 




Prop. XVI. Theorem 

371. Two planes perpendicular to the same straight line are 
parallel 






Given planes MN and PQ ± to line a. 

To Prove MNWPQ, 

(Prove as in § 70; by § 355, but one plane can be drawn 
through a given point ± to a given str. line.) 
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Prop. XVII. TnEOkEM 

372. If each of two intersecting lines is parallel to a plane, 
their plane is parallel to the given plane. 




/ J^CfY 



Oiven lines AB and AC, in plane MN, II to plane PQ. 

To Prove MNWPQ. 

Proof. 1. Draw line ADA.PQ, line DEWAB, and line 
DFWAC) then, DE and DF lie in PQ. 

[If a line and a plane are II, a II to the line through any point of the 
plane lies in the plane.] (§ 363) 

2. Whence, ^2) is ± to D-E; and DF. 

[A ± to a plane is ± to every str. line drawn in the plane through its 
foot.] (§ 360) 

3. Therefore, ^Z>. is ± to u4B and ^(7. 

[A str. line ± to one of two 11$ is ± to the other.] (§ 72) 

4. Then, AD±MK 

[A str. line JL to each of two str. lines at their point of intersection is 
± to their plane.] (§ 362) 

5. Then, MNWPQ. 

[Two planes ± to the same str. line are II.] (§ 871) 

Ez. 8. Find locus of points equidistant from all points in the cir- 
cumference of a circle. 

Ez. 9. A set of points are always equidistant from the vertices of a 
triangle ; find their locus. 
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Prop. XVIII. Theorem 

373. A straight line perpendicular to one of two parallel planes 
is perpendicular to the other also. 



7 >rk:/ 



ZZBrZ 



Q 

Given planes JOTand F^ II, and line a ± FQ. 

To Prove a ± MK 

Proof. 1. Let two planes through a intersect MN in lines h 
and c, and FQ in lines d and e, respectively. 

2. Then, h II d, and c II e, 

[If two II planes are cut by a third plane, the intersections are II.] 

(§ 364) 

3. But a is ± to c? and e. 

[A ± to a plane is X to every str. line drawn in the plane through its 
foot.] (§ 350) 

4. Then, a is _L to 6 and c. 

[A str. line ± to one of two lU is ± to the other.] (§ 72) 

5. Then, a A^ MN, 

[A str. line ± to each of two str. lines at their point of intersection is 
J. to their plane.] (§ 352) 

374. Two parallel planes are everywhere equally distant, 
(Note, p. 184) 

If planes ilO^and PQ (Fig. of Prop. XVIII) are II, all lines 
from points in MNJl to PQ are II. 

[Two Js to the same plane are II.] . (§ 368) 

Therefore, these lines are all equal. 

[ II lines included between II planes are equal.] (§ 366) 



/ 
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375. Through a given 2)oint a plane can be drawn parallel to a 
given plane, and but one. 

Let A be any point without plane PQ ; 
draw line ABA.PQ, and through A draw 
plane MN± AB-, then MNW PQ. 

[Two planes ± to the same str. line are II.] 

(§ 371) 

If another plane could be drawn through A II PQ, it would 
have to be ± AB, 

[A str. line JL to one of two II planes is ± to the other also.] (§ 373) 

It would then coincide with MN, 

[Through a given point in a str. line, but one plane can be drawn JL to 
the line.] (§ 354) 

Then but one plane can be drawn through A II PQ. 

Prop. XIX. Theorem 

376. If two angles not in the same plane have their sides paral- 
lel and extending in the same direction, they are equal, and their 

planes are parallel. 



K 



\ Kr 



t-^ 



Z^^ 



Oiven A BAC^\x^ B'A'C in planes JOT and PQ, respectively, 
with AB and AC W, respectively, to A'B' and A'C, and extend- 
ing in the same direction. 

To Prove Z BAG = Z B'A'C, and MN II PQ. 

Proof. 1. Lay off AB = A'B' and AC = A'C ; draw lines 
AA', BB', Ca, BO, and B'C. 
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2. Since AB is equal and II to A'B', ABB' A' is a O. 

[If two sides of a quadrilateral are equal jr 
and II, the figure is a O.l (§ 107) X -^^^-^ r X 

3. Whence, AA' is equal and II to BB\ „ \ \ \ 

[The opposite sides of a O are equal.] ^ J^ ^j^^^- ' (^\ 

(§104) ^ ^ 

4. Similarly, ACCA! is a O, and ^4-4' is equal and II 

to ca, 

5. Then, BB' is equal and II to C(J, 

[If each of two str. lines is II to a third str. line, they are II to each 
other.] (§ 370) 

6. Whence, BB'OG is a O, and J?C = 5'C 

7. Then, AulBC= A^'J5'(7'. 

[Two A are equal when the three sides of one are equal respectively to 
the three sides pf the other.] (§ 62) 

8. Then, ABAC ^ AB'A!a, 

[In equal figures, the homologous parts are equal.] (§ 48) 

9. Again, lines AB and AG are II to plane PQ. 

[If two str. lines are II, a plane drawn through one of them, not coin- 
ciding with the plane of the lU, is II to the other.] (§ 361) 

10. Then, MNWPQ. 

[If each of two intersecting lines is II to a plane, theii* plane is II to the 
given plane.] (§ 372) 

Ex. 10. Are two straight lines which 
are perpendicular to the same straight line 
always parallel ? Prove your conclusion. 

Ex. 11. If a straight line be perpendicular 
to each of two parallel planes and through its 
middle point Xa plane be drawn intersecting 
the two parallel planes, then any line drawn 
in this plane through Xand terminating in 
the parallel planes is bisected at X. 
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Prop. XX. Theorem 

377. If two straight lines are cut by three parallel planes, the 
corresponding segments are proportional. 



/^-' r/ 




Given II planes MN, PQ, and RS intersecting lines AC and 
A'C in points A, B, C, and A', B', C, respectively. 

To Prove :dE==-^. 

BG B'C 

Proof. 1. Draw line Ad; let plane throngh AC and AC 

intersect PQ in line BD, and RS in line CO ; then BD II CC 

[If two II planes axe cut by a third plane, the intersections are II.] 

(§364) 

2. Then, 4M = 4R. (1) 

' BC DC ^ ^ 

[A II to one side of a A divides the other two sides proportionally.] 

(§ 227) 

3. In like manner, |§ = ff • (2) 

4. From (1) and (2), |f = |f- 

[Things which are equal to the same thing are equal to each other.] 

(Ax. 1) 

Ez. 12. If two lines which have their extremi- . . y 

ties in two parallel planes be cut by a third plane x V" " ? / 
parallel to these planes, then one of these lines is / \ / 

to each part cut off as the other line is to the cor- y r~-\.—i 7 
responding part. /' \ ] 

Ex. 13. If two planes are parallel to the same x ~~'"~~~V / 
plane, they are parallel to each other. 
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Ex. 14. Three parallel planes are so placed that the ratio of the dis- 
tance from the first plane to the second to the distance from the second 
to the third is |. A line makes an angle of 45^ with one of these planes, 
and the distance between the first and second plane is 20 ; find the seg- 
ments of the line made by these planes. 

Ex. 15. A line parallel to each of two intersecting planes is parallel to 
their intersection. 

DIEDRAL ANGLES 

Definitions 

378. If two planes meet in a Straight line, 
the figure formed is called a diedral angle. 

The line of intersection of the planes is 
called the edge of the diedral angle, and the 
planes the /aces. 

Thus, in the diedral angle formed by planes 

BD, BFy BE is the edge, and BD, BF the faces. 

A diedral angle may be designated by two letters on its 
edge; or, if several diedral angles have a common eAge, by 
four letters, one in each face and two on the edge, the letters 
on the edge being named between the other two. 

Thus, we may read the above diedral angle 

BE, or ABEF. 
We call two diedral angles adjacent when 

they have the same edge, and a common face 
between them ; as, ABEC and CBED. 

We call two diedral angles vertical when 
the faces of one are the extensions of the faces 
of the other. 

379. A plane angle of a diedral angle is the 
angle between two straight lines drawn one in 
each face, perpendicular to the edge at the same 
point. 

Thus, if lines AB and AC he drawn in faces 
DE and DF, respectively, of diedral angle 
D6r, perpendicular to DO at A, Z BAC is a 
'^I'^ne angle of the diedral angle. 
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380. If BAC and B'A'C (Fig. of § 379) are plane A of 
diedral Z DG, AB II A'B' and AC II AV. (§ 70) 

Then, Z 5^0 = Z J5'^'(7'. (§ 376) 

That is, all plane angles of a diedral angle are equal. 

381. Since a plane perpendicular to the edge of a diedral 
angle intersects the faces in lines perpendicular to the edge 
(§ 350), a plane perpendicular to the edge of a diedal angle inter- 
sects the faces in lines which form the plane angle of the diedral 
angle (§ 379). 

382. Two diedral angles are equal when their faces may be 
made to coincide. 

Prop. XXI. Theorem 

383. Two diedral angles are equal if their plane angles are 
equal, 

^A' 

C 




^E 



E' 



Given ABC and A'B'C^ pl^ne A of diedral A BD and B'0\ 
respectively, and Z ABC = Z A'B'C 

To Prove diedral ZBD = diedral Z B'D', 

Proof. 1. Place diedrals so that A'B^ shall coincide with 
AB, and B'C with BC. 

2. Then, BD ± plane ABC, B'D' ± plane A'B'C', (§ 352) 

3. Then, B'D' and BD coincide (§ 351) ; whence faces of 
diedrals coincide, and diedrals are equal. (§ 346) 

384. It follows from § 383 that 

If two planes intersect, their vertical diedral angles are equal. 

For their plane A are equal. (S 44) 
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Prop. XXII. Theorem 

385. If two diedral angles are equal, their plane angles are 
equal. (Converse of Prop. XXI.) 

Given ABC and AB'C^ plane A of diedral A BD and B'D\ 
respectively, and BD = B'D'. (Fig. of Prop. XXI.) 

To Prove Z ABC = Z A'B'ff. 

(Apply B'D' to BD so that face A'D' shall coincide with 
ADy and CD' with CD, point J5' falling at J5.) 

386. Defs. If a plane meets another in such a way as to 
make the adjacent diedral angles equal, each is called a right 
diedral angle, and the planes are said to 
be perpendicular. 

Thus, if plane FQ meets plane MN 
in such a way as to make diedral A 
PRQM and PRQN equal, each of these 
is a right diedral Z, and MN J- PQ. q jv 

It may be shown as in § 15 that through a given line in a plane, a 
plane can be drawn perpendicular to the given plane, and but one. 

Prop. XXIII. Theorem 

387. If two planes are perpendicidar to each other, a straight 
line drawn in one of them perpendicular to their intersection is 
perpendicular to the other. 



M. 





Given planes PQ and MN ±, intersecting in line QB, and 
line A Bin plane PQ _L QR, 

To Prove AB ± MN. 

Proof. 1. Draw line OBC in i)lane MNl. QR, ABC and 
ABC are plane A of diedral ^4 formed by planes. (§ 379) 
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2. Then, diedral AFRQNaiid PRQMsive equal. (§ 386) 

3. Then, Z ABC = Z ABC, or Z ABC is a rt. Z. (§ 385) 

4. Then, AB ± MN, being L to BC and BQ. (§ 352) 

388. 7/* two planes are perpendicular , a perpendicular to one 
of them ai any point of their intersection lies in the other. 

Let planes PQ and MN (Fig. of Prop. XXIII) be ±, and 
intersect in line QR, and line AB be drawii from any point 
BoiQR±MK 

A line drawn in PQ from B±QRis± MK (§ 387) 

From B but one ± can be drawn to MN (§ 351) ; whence AB 
lies in PQ, 

389. If two planes are perpendicular, a perpendicular to one 
of them from any point, of the other lies in the other, 

(The proof is left to the pupil ; use figure of Prop. XXIII.) 

Prop. XXIV. Theorem 

390. If a straight line is perpendicular to a plane, every plane 
drawn through the line is perpendicular to the plane. 




Oiven line AB -L plane MN, and PQ any plane drawn 
through AB, intersecting MN in QR, 
To Prove PQ JL MN 

Proof. 1. Draw line CBC in MN A^ QR. 

2. Since AB±BQ (§ 350), ABC and ABO are plane A of 
diedral A PQRN a.nd PRQM, respectively. 

3. Then, A ABC and ABO are equal, being rt. A, (§ 350) 

4. Then, diedral A PRQN, PRQM are equal (§ 383), or 
PQ ± MN 
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Prop. XXV. Theorem 

391. A plane perperidicular to each of ttvo intei'secting planes 
is perpendicular to their intersection. 




Oiven planes PQ, RS ± MN, intersecting in line AB. 

To Prove AB1.MK 

(By § 388, a ± to MN at B lies in both PQ and R8.) ' 

Prop. XXVI. Theorem 

392. Every point in the bisecting plane of a diedral angle is 

equally distant from its faces. 

/E 




Oiven P any point in bisecting plane BE of diedral Z ABDC, 
and lines PJIf and P-VJL to AD and CD, respectively. 

To Prove PM=PK 

Proof. 1. Let the plane of PM aud PN intersect planes AD, 
BE, and CD in lines FM, FP, and FN, respectively. 

2. We have plane PFMNJlAD and CD, or JLJ5Z). 

(§§ 390, 391) 

3. Then, Z.PFM— Z.PFN; being plane A of diedral 
AABDE and CBDE, respectively. (§§ 381, 385) 

4. Also, APMF and PNF are rt. A, (§ 350) 

5. By § 60, rt. A PJfP, PiVP are equal {PF= PF), and 

PM=PN, 
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Prop. XXVII. Theorem 

393. (Converse of Prop. XXVI.) Any point lohich is within 
a diedral angle, and equally distant from its faces, lies in the 
bisecting plane of the diedral angle, 

Oiven point P within diedral Z ABDC, equally distant from 
AD and CD, and plane BE determined by BD and P. (Fig. 
of Prop. XXVI.) 

To Prove that BE bisects diedral Z ABDO. 

(Prove A PFM = A PFJ!^, and Z PFM = Z PFiV^j then use 
§383.) 

394. It follows from §§ 392 and 393 that 

The locus of points in space equally distant from the faces of a 
diedral angle is the plane bisecting the diedral angle. 

Prop. XXVIII. Theorem 

395. Through a given straight line without a plane, a plane 
can be drawn perpendicular to the given plane, and but one, unless 
the line is perpendicular to the plane. 



Oiven line AB without plane MN, not ± MN. 

To Prove that a plane can be drawn through AB ± MN, and 
but one. 

Proof. 1. Draw Ad-MN-, then ACDBl^MNhj § 390. 
2. If more than one plane could be drawn, their common 
intersection, AB, would be ± MN (§ 391), which is impossible. 

[If AB is ± MX^ an indefinitely great number of planes can be di-awn 
through AB±MX, by § 390.] 
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396. Def s. The projection of a point on a plane is the foot 
of the perpendicular drawn from the point to the plane. 

The projection of a line on a plane is the line which contains 
the projections of all its points. 

397. The projection of a straight line on a plane is a straight 
line. 

Let line CD (Fig. of Prop. XXVIII) be the projection of str. 
line AB on plane MN\ draw a plane -through AB JL MN. 

By § 389, the Js to MN from all points of AB will lie in this 
plane ; whence, CD is a str. line. (§ 348) 

Ex. 16. Two parallel planes are cut by a third plane. Prove that the 
corresponding diedral angles are equal. 

Prop. XXIX. Theorem 

398. The angle between a straight line and its projection on a 
plane is the least angle which it makes tcith any line drawn in the 
plane through its foot. 



ZS^ 



Oiven line BC the projection of line AB on plane MN, and 
BD any other line drawn through B in MN, 

To Prove Z ABC < ZABD, 

Proof. 1. Take BD = BC] draw lines AC, AD, 

2, In A ABC, ABD, AB = AB, and BC = BD, 

3. We have AC < AD (§ 360) ; the result follows by § 101 
We call Z ABC the angle between line AB and plane MN, 

Prop. XXX. Theorem 

399. Two straight lines, not in the same plane, have one com- 
mon 2^erpendicular, and hut one; and this line is the shortest line 
that can be drawn between them. 
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Oiven lines AB and CD, not in the same plane. 

To Prove that one common ± to AB and CD can be drawn, 
and but one ; and that this linfi is the shortest line that can be 
drawn between AB and CD, 

Proof. 1. Draw plane MN through CD II AB. (§ 366) 

2. Draw plane AH through ABA^MN (§ 395); let their 
intersection meet CD at G, and draw AG in plane AHl. GH. 

3. We have AGl. MN (§ 387) ; then, AG ± CD, (?) 

4. Now AB 11(7^ (§362); t\iexi, AG 1. AB, (?) 

5. If possible, let EK be another ± to A^ and CD\ draw 
^i?' II A5, and KL in plane ^41f ± GH-, then -EJJ^ lies in MN. 

(§ 363) 

6. Then EKA. ED and J^Ji^^ (§ 72) ; and ^A^X JffJV; (?) 

7. Since KL±MN (§ 387), we have two Js from Kto MN, 
which is impossible ; then only one common JL can be drawn. 

8. Again, EK> KL, or > AG (U 360, 9«); this proves last 
statement of theorem. 

"Ex. 17. Two parallel lines make equal 
angles with a plane, and their projections on 
the plane have the same ratio as the lines. 

Ex. 18. Two parallel lines, AB and CD, 
are projected ou a plane QB. The ratio of 
the projections is J. The projection of CD 
is 9. AB is 14. Find CD, 

Ex. 19. A line AB makes an angle of 
30° with the plane QB. The distances from 
A and B to QB are 16 and 8, respectively. 
CD is parallel to AB, and its projection on 
QB is 14. Find AB and CD. 
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"Ex. 20. fAn equilateral A ABC, whose 
area is 25 VS, has its side BC parallel to a 
plane QB. The plane of A ABC makes an 
angle of 46° with plane QB. Find the 
area of the projection of A ABC on plane 
BQ, ' 



Ex. 21. The length of a rectangle 
ABCD is 10, and its width 8. Side 10 is 
parallel to plane QB. Side 8 males an 
angle of 30° with .QB. Find area of the 
projection of O ABCD on plane QB, cor- 
rect to three decimal places. • 




Prop. XXXI. Theorem 
400. Two diedral angles are to each other as their plane angles. 
Case I. When the plane angles are commensurable. 







J) 



Given ABC and A'B'C, plane A of diedral A ABDC and 
A'B'D'O^, respectively, and commensurable. 
ABDO Z.ABG 



To Prove 



(1) 



A'B'D'C ZA'B'C 
4Pirt)0^ 1. Let Z.ABE be contained 4 times in AABC^ 
3 ftmes' in Z A!B^C^ ; find ratio Z^BC to Z A^B'C\ 

2. Pass planes through edges ofViiedrals, and division lines 
of plane A ; subdivisions of diedrals are all equal. (§ 383) 

3. Pij"^' --itio diedral ABDC \.o diedral A'B'UC. 

4. PfS^^*' ^ults (1) and (3), we have equation (1). 
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Case n. When the plane angles are inmmmensurahcf. 



>^. 
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Given ABO and A'B'O' pl^e A of diedral AABDG and 
A'B'D'C, respectively, and incommensurable. 
To Prove ^ABDC_^^ZABC_^ ^2) 

Proof. 1. Divide Z ABC into any number of equal parts. 
" 2. Let one of the parts be contained exactly in /.AB^E, 
with a remainder Z OB'E < one of the parts. 

3. Pass plane through B'D' and B'E. 

4. By Case I, ABDC _^ ZABO ^ 

^ ' AB'D'E ZA'B'E 

5. If number of subdivisions of Z ABO be indefinitely in- 
creased, find limits -4^^ and 4^^^» * 

' A'B'D'E ZAB'E' 

6. We have equation (2) by equating the Imits. (§ 187) 

By § 400, the plane angle may be taken as the measure o^the (iiedral 
angle. 

POLYBDRAL ANGLES ' 

DEFINITIONS 

401. A polyedral angle is a figure consisting of three or more 
triangles, called facesj having for their bases 
the sides of a polygon, and for their common 
vertex a point without its plgjie ; as 0-ABCD. 

We call the vertex of tje polyedral, and 
polygon ABOD the base; we call AAOB, 
BOO, etc., the face angles, and their sides AO, 
OB, etc., the edges. 
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The polyedral angle is not regarded as limited by the base ; thus, the 
face A OB means the plane between OA and OB extended indefinitely. 

A triedral angle is a polyedral angle of three faces. 
Two polyedral angles are called vertical when the edges of 
one are the prolongations of the edges of the other. 

402. A polyedral angle is called convex when its base is a 
convex polygon (§ 118). 

403. Two polyedral angles are equal when they can be 
applied to each other so that^ their faces shall coincide. 

404. Two polyedral angles are said to be symmetrical when 
the face and diedral angles of 
one are equal respectively to 
the homologous face and die- 
dral angles of the other, if the 
equal parts occur in the reverse 
order. 

Thus, if face A AOB, BOO, 
and CO A are equal respectively to face A A'O'B^, B'O'C, and 
CO' A', and diedral A OA, OB, and 00 to diedral A O'A', 
O'B', and O'O', triedral A 0-ABO and O'^-A'B'O' are sym- 
metrical. 

Prop. XXXII. Theorem 

405. Two vertical polyedral angles are symmetncal. 

B' 





Given P-ABO and 0-AB'O' (Fig. 1) vertical triedral A 
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To Prove 0-ABC and O-A'B'O symmetrical. 
Proof. 1. The face A of the vertical triedrals are equal. 

(§44) 

2. Diedrals OA and OA' are vertical (§ 378) ; for faces 
AOB and A' OB' are in one plane, as also are faces AOC and 
A'OC 

3. Then diedrals OA, OA' are equal. (§ 384) 

4. Similarly, diedrals OB and 0B\ as also 00 and OC are 
equal. 

5. Since equal parts are in reverse order, triedrals are sym- 
metrical. (§ 404) 

That the equal parts of the triedrals occur in reverse order may be 
seen by moving O-A'B'C \\ to itself to the right, and then revolving it, 
as shown in Fig. 2, about an axis passing through O, until face OA'C 
comes into the same plane as before; edge OB' being on this side of, 
instead of beyond, plane OA'CK 

In like manner, the theorem may be proved for two polyedral zi, hav- 
ing any number of faces. 

Prop. XXXIII. Theorem 

406. The sum of any two fo/ce angles of a triedral angle is 
greater than the third. 

The theorem requires proof only in the case where the third face angle 
is greater than either of the others. 

O 



B 



Given in triedral Z 0-ABC, 

face Z AOC > face A AOB ot face Z BOC. 
To Prove Z. AOB Jt Z BOC > Z AOC (1) 
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Proof. 1. In the face AOO take line OD=OB, making 
Z.AOD=^Z.AOB\ pass plane through By D cutting faces in 
AB, BO, CA. 

2. We have A AOB = A ^0Z> (§ 49) ; whence AB = AD. 

3. By Ax. 7, AB -\- BC> AD + DC. 

4. From results (2) and (3), BC > DO. 

5. From results (2), (4), and 0J5= OD, 

ZBOO>ZOOD. (§101) 

6. Adding ZAOB to first member of this, 
and equal Z ADD to second member, and putting 
Z AOO for Z AOD + Z OODy gives inequality (1). 

Prop. XXXIV. Theorem 

407. The sum of the face angles of any convex polyedral angle 
is less than four right angles, 







Oiven O-ABODE a convex polyedral Z. 

To Prove Z AOB + Z BOO + etc. < 4 rt. A 

Proof. 1. Draw lines from any point 0\ in base of polye- 
dral, to vertices A, By etc. 
^ 2. We have /. OAE -^^ Z OAB > Z 0' AE -{^ Z 0' AB, 

(§ 406) 

3. Similarly Z OBA + Z OBO > Z O'BA + Z O'BO, etc. 

4 Adding inequalities, sum of base A of A OABy OBOy etc., 
is > sum of base A of A OAB, O'BO, etc. 

5. Since sum of all A of A OAB, OBO, etc., equals sum of 
allAoiA O^ABy O'BO, etc. (§ 84), sum of ^ at is < sum of 
A at 0', which proves theorem. 
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Prop. XXXV. Theorem 

408. If two triedral angles have the face angles of one equal 
respectively to the face angles of the other, their homologous die- 
dral angles are equal 

0' 




Given, in triedral A 0-ABC and O'-A'B'C, 

Z AOB = AA^O^B,' Z BOC= Z J5'0'(?, 
and Z COA = Z CO'A*. 
To Prove diedral ZOA = diedral Z O'A', 
Proof. 1. Lay off OA, OB, 00, O'A', O'B', O'O all equal; 
di-aw lines AB, BO, CA, A'B', BC, OA\ 

2. We have A 0^B = A 0'^'B'(§ 46); then .4J5=^'B'. (?) 

3. In like manner, BO = B^O, CA = C^A'. 

4 Then A ^^0= A ^'JB'(7(§ 52); andZjE;.4i^=Z^'^'i?'. 

5. Take AD = A'D'', and draw DE in face OAB ±0A, 
meeting AB at E (it will meet, since A OAB is isosceles, and, 
Z OAB acute). 

6. Draw DF in face OAC ± OA, meeting AC at F; and 
D'E' and D'F' in faces O'A'B', O'A'C, ± O'A', meeting A'B 
at E', and A'O at i^; and draw lines EF, E'F. / 

7. In rt. AADE, A'D'E', AD = A'D'', and from equa^' 



A OAB, O'A'B', Z DAE = Z D'A'E'. 



(/) 



8. Then A ADE = A A'D'E' (§ 89) ; whence, AE = ^'/:', 
and DE = D'JK'. 

9. In like manner, AF = A'F, DF = D'F. 
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Q Q' o' 




10. From results (4), (8) and (9), AAEF=AA'E'F', and 
EF^E'F', 

11. From results (8), (9) and (10), A Z>^i^= A i>'^'i^. (§52) 

12. Then, ZEDF^ZE'D'F' (?) ; these are plane A of 
diedrals OA and -4 (§ 379), whence the diedrals are equal 
by § 383. 

The above proof holds for Fig. 3 as well as for Fig. 2 ; in Figs. 1 and 
2, the equal parts occur in the same order, and in Figs. 1 and 3 in the 
reverse order. 

409. It follows from § 408 that if two triedral angles have 
the face angles of one equal respectively to the face angles of the 
other, 

1. They are equal if the equal parts occur. in the same order. 
For if triedral Z O'-A'B'C (Fig. 2) be applied to 0-ABO 

so that diedral A O'A' and OA coincide, point 0' falling at O, 
then since Z A'O'O = Z AGO, and Z A'O'B' = Z AOB, O'B 
will coincide with OB, and O'O with 00. 

2. They are symmetrical if the equal parts occur in the reverse 
order. 



Ex. 22. What is the locus of points jjZUzz 
equidistant from two intersecting lines, ^^ 

and also equidistant from two given 
points ? Q' 
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POLYBDRONS 
DEFINITIONS 

410. A polyedron is a solid bounded by polygons. 

We call the bounding polygons the fojces of the polyedron, 
their sides the edges, and their vertices the vertices; a diagonal 
is a straight line joining two vertices not in the same face. 

The least number of polygons which can bound a polyedron 
is four. 

A polyedron of four faces is called a tetraedron ; of six faces, 
2i, hexaedron ; of eight faces, an octaedron; of twelve faces, a 
dodecaedron ; of twenty faces, an icosaedron, 

411. A polyedron is called convex when the section made 
by any plane is a convex polygon (§ 118). 

All polyedrons considered hereafter will be understood to be convex. 

412. Any two solids are called equivalent when they have 
the same volume. 

PRISMS AND PARALLELOPIPEDS 

413. A prism is a polyedron, two of whose faces are equal 
polygons lying in parallel planes, having their 
homologous sides parallel, the other faces be- 
ing parallelograms (§ 107). 

We call the equal and parallel faces the 
bases of the prism, and the others the lateral 
faces; we call the edges which are not sides 
of the bases the lateral edges, and the sum of the areas of the 
lateral faces the lateral area, j 

209 
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The altitude is the j^erpendicular distance between the planes 
of the bases. 

414. The following is given for reference : 
TJie bases of a prism are equal, 

415. It follows from § 413 that the lateral edges of a prism 
are equal and parallel. (§ 104) 

416. A prism is called triangular, quadrangular, etc., accord- 
ing as its base is a triangle, quadrilateral, etc. 

417. A right prism is a prism whose lateral 
edges are perpendicular to its bases. 

The lateral faces are rectangles (§ 350). 
An oblique prism is a prism whose lateral edges 
are not perpendicular to its bases. 

418. A regular prism is a right prism whose base is a regu- 
lar polygon. 

419. A truncated prism is a portion of a prism 
included between the base, and a plane, not par- 
allel to the base, cutting all the lateral edges. 

The base of the prism and the section made by 
the plane are called the bases of the truncated 
prism. ^ 

420. A right section of a prism is a section made by a plane 
cutting all the lateral edges, and perpendicular to them. 

421. A parallelopiped is a prism whose 
bases are parallelograms; that is, all the 
faces are parallelograms. 

A right parallelopiped is a parallelopiped 
whose lateral edges are perpendicular to its 
bases. 

A rectangular parallelopiped is a right 
parallelopiped whose bases are rectangles; 
that is, all the faces are rectangles. 





\ cube is a rectangular parallelopiped 



whae six faces are all squares. 
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Prop. I. Theorem 

422. The sections of a prism made by 
two parallel planes which cut all the lat- 
eral edges, are equal polygons. 

Given II planes CF and OF' cutting 
all the lateral edges of prism AB, 

To Prove 

section CDEFG = CD'E'FG', 

Proof. 1. The homologous sides (7i>,C"i>', etc., are II. (§364) 

2. Then, the homologous sides and A are equal (§§ 105, 1 ; 
376); then use §123. 

Prop. II. Theorem 

423. Tioo prisms are equal when the faces indvding a triedral 
angle of one are equal respectively to the faces including a triedral 
angle of the other, and similarly placed, 

K ^.£1 




A B A' B' ^ 

Given, in prisms ^JTand A' IT, faces ABCDE, AG, and AL 

equal respectively to faces A'B'CD'E', A'G\ and AV -, the 

equal parts being similarly placed. 

To Prove prism ^^= prism A' IF, 

Proof. 1. Since Z EAB = Z E'A'B\ Z EAF= /LEA'r, 

Z FAB = Z FA'B' (§ 48) triedral A A-BEF, A'-B'E'F' are 

equal. (§ 409, 1) 

2. Apply prisms so that A'B'CfD'E', A'G\ and A'V shall 
coincide with ABODE y AG, and AL, respectively. 

3. Then edges C'H', D'K' fall on CH, DK, and vertices 
U\ IV on H, K. (§§ 69, 415) 

4. Then faces B'lV, OK', D'V, WV coincide with BH, 
CK, DL, HL (§§ 346, 347); and prisms are equal. 
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424. Two right prisms are equal when they have equal hoses 
and equal altitudes ; for by inverting one of the prisms if neces- 
sary, the equal faces will be similarly placed. 

425. Note. Theproof in §423 holds for two ^rwnca^edj^nsm^. 

Prop. III. I'heorem 

426. An oblique prism is equivalent to a right prism, having 
for its base a right section of the oblique prism, and for its altitude 
a lateral edge of the oblique prism. 




Given FK' a right prism, having for its base FK a right sec- 
tion of oblique prism AD', and its altitude FF equal to AA*, 
a lateral edge of AD\ 

To Prove AD'^FK', 

Proof. 1. In truncated prisms AK, A'K' faces AD, A'D* 
are equal (?); then, AB = A'B'. 

2. By § 422, FK, F'lV are equal; then, FG = FG\ 

3. Since FF' = AA', AF=A'F', similarly, BG = B'G\ 

4. Also homologous A of AG, A'G' are equal. (§§ 413, 76) 

5. Then AG = A'G' (§ 123) ; similarly, BH=B'ir. 

6. Then AK= A'K'. (§§423,425) 

7. Taking AK from solid AK', we get FK', and taking 
A'K', we get AD' ; then AD' =o FK'. 
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Prop. IV. Theorem 

427. The opposite lateral faces of a parallelopiped are eqmil 
and parallel, , 

Given AG and A^C the bases y\ ^^ 

of parallelopiped AO, ^^ \ y ^ \ 

To Prove AB' and BO, also ^\ Xd~\ ' \ 

Ajy and BO, equal and II. \ / -V--— --^(7 

Proof. 1. Since AB is equal \/' \x 

and II to DO, and AA' to DD\ ^ B 

Z A'AB = Z /J'DC, and AB' II Z)(7. (§ 376) 

2. Then AB' = D(7 (§ 110) ; similarly for AD\ BO. 

Prop. V. Theorem 

428. The plane passed through two diagonally opposite edges 
of a parallelopiped divides it into two equivalent triangular 
prisms. jj, 




A B 

Oiven plane AO passing through edges AA! and CO of 
parallelopiped A!C. 

To Prove prism ABC-A =o= prism AGD-A!. (1) 

Proof. 1. Let rt. section EFGH intersect plane AO in EG. 

2. races AB\ DO are II, and EF II GH. (§§ 427, 364) 

3. Also, EH II FG ; EFGH is a O, and A EFG = A EGH. 

(?) 

4. By § 426, ABC-A' is =0= a rt. prism of base EFG and 
altitude AA\ and ACD-A' to a rt. prism of base EGH and 
altitude A^'; also, the rt. prisms are equal, having equal 
bases and altitudes (§ 424), which proves (1). 
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Pbop. VI. Theorem 
429. The lateral area of a prism is equal to the perimeter of a 
right section multiplied by a lateral edge. 




B O 

Given DEFQH a rt. section of prism AC. 
To Prove lat. area AC = {DE + EF -\- etc.) x AA\ 
Proof. 1. Wehavei)^±.4^', ^i^"±^5', etc. (§350) 

2. By §§282, 415, 
area AB' + area BC + etc. = DE x AA' + EF x AA', etc. 

= (DE r^EF-{- etc.) x AA'. 

430. It follows from § 429 that the lateral area of a rigJU 
prism is equal to the perimeter of the base multipled by the 
altitude. 

Prop. VII. Theorem 

431. Two rectangular parallelopipeds having equal bases are 
to each other as their altitudes. 

The phrase " rectangular parallelepiped " in the above statement signi- 
fies the volume of the rectangular parallelopiped. 

Case I. When the altitudes are commensurable. 




Oiven P and Q rect. parallelopipeds, with equal 
commensurable altitudes, AA' and BB'. 



1, and 
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To Prove 



(1) 



Q BB'' 

Proof. 1. Let AC be contained 4 times in AA', 3 times in 
BB' ; find ratio AA' to BB', 

2. Pass planes through points of division of AA', BB', ± to 
AA', BB' ; subdivisions of P and Q are all equal. (§ 424) 

3. Find ratio P to Q. 

4. From results (1) and (3), we have equation (1). 

Case n. When the altitudes are incommensurable. 



..4171 




BjCa 



r? 




Given P and Q rect. parallelopipeds, with equal bases, and 
incommensurable altitudes, AA' and BB', 

To Prove ^ = 4€r (2) 

Q BB' ^ ^ 

Proof- 1. Divide A A' into any number of equal parts ; let 
one of the parts be contained a certain number of times in BB'^ 
with a remainder CB' < one of the parts. 

2. Pass plane CD ± BB', forming rect. parallelopiped BD. 

P ^AA' 
BD BC' 



3. By Case I, 



4. If number of subdivisions of AA' be indefinitely increased, 

find limits of -^ and ^. 
BD BC 

5. We have equation (2) by equating limits. (§ 187) 

Ez. 1. The base of a right prism is a square whose side is 6 ; if the 
lateral edge of this prism is 10, what is the lateral area ? If the diagonal 
of the base is 6, what is the lateral area ? 
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432. Note. The dimensions of a rectangular parallelopiped 
are the three edges meeting at any vertex. 

Then, the theorem of § 431 may be expressed : 

If two rectangular parallelopipeds have two dimensions of one 
equal respectively to two dimensions of the other, they are to each 
other as their third dimensions, 

Ez. 2. If the base of a right prism is an equilateral triangle whose 
side is 4, and the lateral edge of the prism is 10, what is the lateral area 
and total area ? If the altitude of the base is 4, what are the above 
areas? 

Prop. VIII. Theorem 

433. Two rectangular parallelopipeds having equal altitudes 
are to each other as their bases. 



p 

A, 

1 


7 




A 

1 


/ 




J 

A 


7 


/ 


A 


C 




V 


c 




"A 



Given P and Q rectangular parallelopipeds, with altitude c, 
and dimensions of the bases a, 6, and a\ h\ respectively. 
P^ a X 6 



To Prove 



b (§ 280). 



(1) 



a' X 6' 

Proof. 1. If i? is a rectangular parallelopiped with altitude 
c, and base dimensions a\ &, P and P have each the dimensions 
6, c, and are as their third dimensions (§ 432). 

2. Then ^ = -^- 

P a' 

3. Since P and Q have dimensions a\ c, 

Q b'' 

4. ^Multiplying (2) and (3), and cancelling P, gives (1). 



(2) 



(3) 
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434. Note. The theorem of § 433 may be expressed : 

Two rectangular paralldopipeds having a dimension of one 

equal to a dimension of the other ^ are to each other as the products 

of their other two dimensions. 



Prop. IX. Theorem 

43& Any two rectangular paralJelopipeds are to each other as 
the products of their three dimensions. 





B 



) 



Given P and Q rect. parallelepipeds with the dimensions 
a, 6, c, and a', 6', c\ respectively. 



To Prove 



Q a^ y.V y^c* 



(If i? is a rect. parallelepiped with dimensions a\ h\ c, find 
values of :^ and ^ by §§ 434, 432.) 

Bac. 3. Find the lateral area of a right prism whose base is a regular 
hexagon, if one of the lateral faces has the base 10, and altitude 8. 

Bac. 4. The edges of two rectangular parallelopipeds are 9, 12, 15, and 
16, 12, 18, respectively. Find the ratio of their volumes. 

436. Def. The volume of a solid is its ratio to another solid, 
called the unit of volume^ adopted arbitrarily as the unit of 
measure (§ 180). 

The usual unit of volume is a cube (§ 421) whose edge is some linear 
unit ; for example, a cu&ic inch or a cubic foot. 
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Prop. X. Theorem 

437. If the unit of volume is the cube whose edge is the linear 
unit, the volume of a rectangular* paraUelopiped is equal to the 
product of its three dimensions. 



/HA 




Given a, 6, and c the dimensions of reet. paraUelopiped P, 
and Q the unit of volume ; that is, a cube whose edge is 1. 
To Prove vol. P = a x 6 x c 

(§ 436) 



Proof. 1. 



P 

We have -- : 



2. Since Q is unit of volume, — is volume P. 



438. Note. In all succeeding theorems relating to volumes, 
it is understood that the unit of volume is the cube whose edge 
is the linear unit, and the unit of surface the square whose side 
is the linear unit. 

The following are direct consequences of § 437 : 

439. The volume of a cube equals the cube of its edge, 

440. The volume of a rectangxdar paraUelopiped equals the 
product of its base and altitude, 

Ez. 5. The volume of a cube is 64 cubic inches. Using proportion, 
find the edge of a cube having eight times the volume. 

Ez. 6. A cubical tank holds 30 gallons of water ; find an edge of the 
tank in feet. 

Ez. 7. Find the ratio of a diagonal of a cube to an edge. Is this ratio 
commensurable ? 

Ex. 8. The volume of a cube is 16V3. Find the diagonal. 
Ex. 9. The diagonal of a cube is i)>/8. Find the volume. 




PLATE VIII 
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Prop. XI. Theorem 

441. Tlie volume of any parallelopiped is equal to the product 
of its base and altitude. 




Given AE the altitude of parallelopiped AC. 

To Prove vol. AC = area ABCD x AE. 

Proof. 1. On AB prolonged take FO = AB; draw planes 
FK', GH' ± FO, meeting A'B\ UC, DO prolonged, forming 
rt. parallelopiped FH' ^ AC. (§ 426) 

2. On HG prolonged, take NM^HG\ draw planes NP\ 
MVA-NM, meeting H^G\ K'F\ KF prolonged, forming rt. 
parallelopiped LN" =0= FH* (§ 426), and hence =0= AC. 

3. Since FG is ± GH\ planes LH, MH' are ±. (§ 390) 

4. Since MM' is ± MN, it is _L plane LH. (§ 387) 

5. Then LMM' is a rt. Z, and LM' a rectangle (§§ 350, 77); 
whence LN' is a rect. parallelopiped. 

6. Then vol. LN' (or ^C")= area LMNP x MM', (§ 440) 

7. Now rect. LN= rect. ii^^, having equal bases MN, GH, 
and same altitude (§ 111); also, rect. FH=c=LJACy having 
equal bases FG, AB, and same altitude (§ 283) ; then, LIS'^ AC 

8. Substitute in result of (6) area ABCD for area LMNP, 
and put MM' = AE (§ 374). 

Ex. 10. If the edge of a cube equals a, find the diagonal of a face, also 
the diagonal of the cube. 

Ex. 11. The diagonal of a cube is 12. Find its edge. 
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Ex. 12. The diagonal of a cube is d. Find its volume. 

Ex. 13. The area of the surface of a cube is 1 square foot. Find its 
edge and the edge of a cube the area of whose surface is 2 square feet. 

Ex. 14. A bin in the form of a rectangular parallelopiped must con- 
tain 328J bushels and is 6 feet in height. Find number of square feet 
of material necessary for construction. Will a change in the form of the 
base make any change in the amount of material used ? 

Ex. 15. The diagonal of a cubical box is 18V3 inches. How many 
bushels of grain will it contain ? 

Ex. 16. Pine lumber, green, weighs about 830 Kg. per cubic meter, 
kiln dried, 460 Kg. per cubic meter. Find the weight of a pile of 16-foot 
kiln-dried lumber 8 ft. wide and 12 ft. high, allowing one-tenth of the 
volume for air spaces. 

Ex. 17. If the diagonals of a rectangular parallelopiped meet in a 
point, any line through this point terminating in the surface of the paral- 
lelopiped is bisected by this point. Is this true of any parallelopiped ? 



Prop. XII. Theorem 

442. The volume of a triangular prism is equal to the pi*oduct 
of its hose and altitude, 

7)[_ jy 




Given AE the altitude of triangular prism ABC-C. 

To Prove vol. ABC-C = area ABC x AE, 

Proof. If edges of parallelopiped ABCD-D' be II AB, BC, 
BB\ respectively, by § 428, ABC-C =c= ^ ABCD-D', by § 441, 
"ol. ABC-C = h area ABCD X AE = area ABC X AE. (?) 
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Prop. XIII. Theorem 
443. The volume of any prism is equal to the product of its 
base and altitude. —*-■■„ 



Given any prism. ^<I^--~^l/^ 

To Prove its volume equal to the product of its base and 
altitude. 

Proof. 1. Divide the prism into triangular prisms by planes 
through a lateral edge and the diagonals of the base. 

2. Since volume of each triangular prism equals product of 
its base and altitude (§ 442), the sum of the volumes of the 
triangular prisms equals the sum of their bases times their 
common altitude, which proves the theorem. 

444. It follows from § 443 that 

1. Prisms having equivalent bases and equal altitudes are 
equivalent. 

2. Two prisms having equal altitudes are to ea/:h other as their 
bases, 

3. Two prisms having equivalent bases are to each other as 
their altitudes. 

4. Any two prisms are to each other as the products of their 
bases by their altitudes. • 

Ez. 18. The volume of a right prism whose base is a regular hexagon 
is 600, One side of the base is 10 ; find the altitude. 

Ez. 19. The base of a right prism is an isosceles right triangle whose 
hypotenuse is c. The volume of the prism is v ; find the lateral area. 

Ex. 20. The sides of a right section of an oblique triangular prism 
are 4, 5, and 7. The lateral edge is 14. Find the volume. 

Ex. 21. The lateral edges of a prism whose base is a regular hexagon 
make an angle of 60° with the base. A perpendicular from the centre of 
the upper base meets the lower base at a point 10 feet from its centre. If 
a side of the lower base is 6, find the volume of the prism. 
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Ez. 22. A ditch is a right prism in form ; its length is 100 feet Its 
ends are isosceles trapezoids whose bases are 10 feet and 3 feet, respec- 
tively. Its depth is 4 feet. Find its volume. 

Bac. 23. The volume of a triangular prism is 288. The base is an 
equilateral triangle whose side is 8. Find the altitude of the prism. 




PYRAMIDS 

Definitions 

445. A pyramid is a polyedron bounded by a polygon, 
called the base, and a series of triangles hav- 
ing a common vertex. 

The common vertex of the triangular faces 
is called the vei^tex of the pyramid. 

The triangular faces are called the lateral 
faces, the edges terminating at the vertex the 
lateral edges, and the sum of the areas of the 
lateral faces the lateral area. 

The altitude is the perpendicular distance from the vertex to 
the plane of the base. 

446. A pyramid is called triangular, quad- 
rangular, etc., according as its base is a tri- 
angle, quadrilateral, etc. 

A regular pyramid is a pyramid whose base 
is a regular polygon, and whose vertex lies in 
the perpendicular to the base, at its centre. 

447. A truncated pyramid is a portion of a pyramid included 
between the base and a plane cutting all the lateral edges. 

The base of the pyramid and the section made by the plane 
are called the bases of the truncated pyramid. 

448. A frustum of a pyram id is a truncated 
pyramid whose bases are parallel. 

The altitude is the perpendicular distance 
between the planes of the bases. 
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Prop. XIV. Theorem 

449. In a regular pyramid, the lateral edges are equal, and 
the lateral faces are equal isosceles triangles. 

Given regular pyramid 0-ABCDEF. 
To Prove OA = OB, etc., and A OAB = 
A OBC, etc. 

(Prove by §§ 356, I, and 52.) 

450. Def. The slant height of a regular 
pyramid is the altitude of any lateral face. 

Or, it is the line drawn from the vertex j_ i 
of the pyramid to the middle point of any 
side of the base. (§ 91) 




Prop. XV. Theorem 

451. ITie lateral faces of a frustum of a regular pyramid are 
equal trapezoids. 

O 




Given AC a frustum of regular pyramid 0-ABODE, 

To Prove faces AB^, BO, etc., equal trapezoids. 

Proof. 1. Since AOAB = AOBC (§ 449), we may apply 
A OAB to A OBC so that OB, OA, AB shall coincide with OB, 
00, BC, respectively ; also A'B' II AB, B'C I! BC. (?) 

2. Then A'B', B'C coincide (§ 69) ; this proves theorem. 

452. It follows from § 451 that the lateral edges of a frustum 
of a regular pyramid are equal 
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Prop. XVI. Theorem 

453. The lateral area of a regular pyramid is equal to tlie 
perimeter of its base multiplied by one-half Us slant height 




Given slant height OH of regular pyramid 0-ABCDE. 
To Prove 

lat. area O-ABCDE = {AB + 5(7+ etc.) x \ OH. 
(By § 450, OH is the altitude of each lateral face.) 



Prop. XVII. Theorem 

454. The lateral area of a Jnistum of a regular pyramid is 
equal to one-half the sum of the perimeters of its bases, multiplied 
by its slant height, 

f<7^ 




Oiven slant height HH[ of the frustum of a regular pyramid 
AD\ 

To Prove 

lat. area^D'=:|(^lB + ^'5' + 5(7+5'(7' + etc.) xiT//', 
(HW is the altitude of each lateral face.) 



POLYEDRONS 225 



Prop. XVIII. Theorem 

455. If a pyramid he cut by a plane parallel to the base, the 
lateral edges and altitude are divided pi^oportionallyy and the sec- 
tion is similar to the base, . 




Given plane A^C II to base of pyramid 0-ABCD, cutting 
faces OAB, OBC, OCD, and ODA in lines A'B', B'Cy CD', 
and D'A'y respectively, and altitude OP at P*. 

OA OB 00' OP' ^^ 

and A'B'CD' similar to ABCD. 

Proof. 1. To prove (1), pass plane MN through II ABCD, 
and use § 377. 

2. Again, since A'B' II AB, B'C II BC, etc. (?), homologous 
A of A'B'C'D' and ABCD are equal. (§ 376) 

04' 4'Ti' 

3. Also, A OAB', OAB are similar (§ 238), and -^ = 4^- 

. Ai OB' B'C . , , ,.. A'B' B'C . 

4. Also, ^ = ^, etc.; whence by (1), -^ = ^, eix3. 

5. From results (2) and (4), A'B'C'D', ABCD are similar. 

(§ 233) 

Bac. 24. All the fac6s of a pyramid are equal equilateral triangles. 
The altitude of the pyramid is \/(). Find the edge. 
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456. Since A'B'O'D' and ABOD are similar, 
area A'B'C'D' A^ 



area ABCD jjf 



(§291) 



But from § 455, 



AB OA OP ' 



s.TeB.A'B'aD' ^OP'\ 
area ABCD Qp^ ' 



Hence, the area of a section of a pyramid, parallel to the base, 
is to the area of the base as the square of its distance from the 
vertex is to the square of the altitude of the pyramid. 

457. If two pyramids have equal altitudes and equivalevt 
bases, sections parallel to tJie 
bases equally distant from the 
vertices are equivalent. 

Let pyramids 0-ABO, 
O'-A'B'C have =c= bases, and 
same altitude -ff; let DEF, 
D'E'F' be sections U to bases, 
at distance h from 0, 0\ 

^ « .K« areaD^F h^ , area D'J^J'i^' W 
^y^^^^^ area ^^C ^^--^^^ area AlB^a ^R^' 




Then, 



area DEF area D'E'F" 



area ABC area AB'O 
Since ABG^ A'B'C, area DEF = area D'E'F", 



(?) 



Eac. 25. The base of a triangular pyramid is an equilateral triangle,, 
whose side is 16. Each lateral edge of the pyramid makes an angle of 
60° with the base ; find the altitude of the pyramid. 

Ex. 26. The locus of all points equidistant from the faces of a tri- 
edral angle is the intersection of the planes which bisect its diedrals. 

Eac. 27. Prove that the lateral area of a regular pyramid is greater 
than the area of its base. 

Ex. 28. The base of a regular pymmid is *a square whose side is 8. 
The slant height makes an angle 45° with the base ; find the lateral area. 
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Prop. XIX. Theorem 

Two triangular pyramids having equal altitudes and 
equivalent bases are equivalent. 





Given o-ahc and o'-a'b'c^ triangular pyramids with equal alti- 
tudes and =0= bases. 

To Prove vol. o-^c = vol. o'-aVc', 

Proof. 1. Place pyramids with bases in same plane ; let FQ 
be common altitude, and divide it into three equal parts. 

2. Through points of division pass planes II to base, cutting 
o-abc in def, ghk, and o'-a'b'c' in d'e'f, g'h'k' ; then 

def=o= d'e'f, ghJc =o= g'h'k'. (§ 457) 

3. With abc, def, ghk as low^r bases, construct prisms X, Y, 
Z, with lateral edges = and II to ad ; with d'e'f, g'h'k' as upper 
bases, construct prisms T', Z\ with lateral edges = and II to 
a'd'; then prism r=o= Y\ also Z^ Z\ (§ 442) 

4. Then, sura of prisms circumscribed about o-abc exceeds 
sum of prisms inscribed in o*-aVc' by vol. X. 

5. o-abc is < sum of X, Y", Z; and > sum of prisms =o= Y', 
Z\ with def, ghk as upper bases, and lateral edges = and II to ad, 

6. o^-aVe' is > (F' -f Z^) ; and < sum of prisms =0= X, F, 
Z, with a%^c\ d^e^f, g'h'k' as loxoer bases, and lateral edges = 
and II to a'd\ 

7. Then volumes of pyramids differ by < the difference of 
the volumes of the two systems of prisms ; or by < vol. X, by 
result (4). 
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8. By increasing number of divisions of PQ, vol. X can be 
made < any assigned volume, however small. 

9. Then, volumes of pyramids cannot differ ; or 

vol. o-abc = vol. o*-a'b'c\ 

459. Since vol. o'-a'b'c' is > (vol. Y' + vol. Z*), which = 
(vol. F+ vol. Z), and < (vol. XH- vol. F4- vol. Z), vol. o'- 
a'b'c* must be < vol. X; and hence approaches the limit 
when the number of subdivisions is indefinitely increased. 

Prop. XX. Theorem 

460. A triangular pyramid is equivalent to one-third of a tri- 
angular prism Jiaving the same base and altitude. 

d^ ^/ 




Oiven triangular pyramid E-ABC, and prism ABC-DEF 
with same base and altitude. 

To Prove vol. E-ABC = \ vol. ABC-DEF, 

Proof. 1. Passing plane through C, Z>, E, prism is divided 
into triangular pyramids E-ABC, C-DEF, E-ACD, 

2. Since E-ABC, C-DEF have base ABC = DEF^^ same 
altitude (§§ 414, 374), volumes are equal (§ 458). 

3. Since C-DEF (or E-DCF), and E-ACD, have base 
DCF= ACD (§ 105), and same altitude, volumes are equal. 

(•) 

4. Since volumes of pyramids are equal, 

vol. E-ABC = ,V vol. ABC-DEF 
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461. By § 460, the volume of a triangular pyramid is equal 
to one-third the product of its base and altitude, (§ 442) 

Pbop. XXI. Theorem 

462. Tlie volume of any pyramid is equal to one-third the 
product of its base and altitude. 




Given any pyramid. 
To Prove its volume equal to one-third the product of its 
base and altitude. 
(Prove as in § 443.) 
463. It follows from § 462 that 

1. Pyramids having equivalent bases and equal altitudes are 
equivalent, 

2. Two pyramids having equal altitudes are to each other as 
their bases, 

3. Two pyramids having equivaleyit bases are to each other as 
their altitudes. 

4. Any two pyramids are to each other as the products of their 
bases by their altitudes, 

Ex. 29. The altitude of a pyramid is a, the base is &. A plane, par- 
allel to the base, bisects one edge of the pyramid ; find the volume of the 
pyramid cut off by the plane. 

Eac. 30. The base of a pyramid is an equilateral triangle. The line 
from the vertex to the intersection of the altitudes of the triangular base 
makes an angle of 60° with the base of the pyra- 
mid, and the projection of the vertex of the 
pyramid on the base meets this plane at a point 
16 from the intersection of the altitudes of the ^^^__^//-.^_j_ 

base. The altitude of the base is 8 V3 ; find the 
volume of the pyramid. 




230 SOLID GEOMETRY — BOOK VII 

Prop. XXIL Theorem 

464. Two tetraedrons having a triedrat angle of one equal to 
a triedral angle of the other, are to ea^h other as the prodticts of 
the edges including the equal triedral angles. 




Oiven V and F' the volumes of tetraedrons 0-ABC and 
0-A'B'C, respectively, having common triedral Z 0. 

To Prove V_^ 0A>, OB x 00 ^ 

r OA' X OB' X oa 

Proof. 1. Draw lines OP, C'P' ± face OA'B', let their 
plane intersect OA'B' in line OPP', 

2. Since OAB, OA'B' are the bases, and OP, CP the alti- 
tudes, of pyramids 0-0 AB, O'-OA'B*, 

V area OAB x OP .^ .no a\ area OAB ^ OP ,^n 



r area OA'B' x O'P" ' ' area OA'B' OF 

area OAB ^ OA X OB 
area OA'B' OA' X OB'' 



3 ^ ^^^^ ^-^^ = 0^ X Q^ . (§ 290) 



4. In similar rt. A OCP, OCP (§ § 352, 237), :^ = ^- (?) 

5. Substitute results (3) and (4) in (1). 

Eac. 31. The diagonals and edges of a cube 
determine triangles, which form the faces of six 
equal quadrangular pyramids. 

Eac. 32. The volume of a right triangular 
prism is equal to the product of the area of a face, 
ABCDy and one-half the altitude, EF, of the base. ^ 
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465. The volume of a frustum of a pyramid is equal to the sum 
of its bases and the mean proportional between its bases, multiplied 
by one-third its altitude. 

o 




(1) 



Oiyen area of lower base B, area of upper base &, and altitude 
H, of AC, a frustrum of any pyramid 0-AC. 
To Prove vol. ACr = {B+b + V5^<T) X i JT (§ 217). 
Proof. 1. Let altitude OP cut A'C at Q. 
2. Since AC is difference of pyramids 0-AC, 0-A'C, 

Yol. AC = Bxi(H+OQ)-bx iOQ (§462) 

= Bx^I£+BxiOQ-bxiOQ 
= Bx^ir+iB-b)x^OQ. 

4. Clear of fractions, 

OQ V5 = H\^ + OQ Vb, or OQ (VB - V6) = HVb. 

5. Multiply both sides by V5 + V6, 

OQ(B -b) = HVB~xJ+ Hxb. 

6. Substitute this in (1). 

Ez. 33. The altitude of a pyramid whose base is a square is 9 ; the 
area of the base is 400: 

(a) find the lateral area ; 

(6) the volume ; 

(c) the distance from the vertex to the section parallel to the base and 
having an area 100. 
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Pbop. XXIV. Theorem 

466. The volume of a truncated triangular prism is equal to 
the product of a right section by one-third the sum of the lateral 
edges. 




Oiven GHC and DKL rt. sections of truncated triangular 
prism ABC-DEF, 

To Prove 

vol. ABC-DEF^ area GHC x ^ (AD + BE + CF). (1) 

Proof. 1. In rt. section DKL, draw DM±KL', truncated 
prism ABC-DEF consists of rt. triangular prism GHC-DKL, 
and pyramids D-EKLF, C-ABHG. 

2. Since lateral edges of a prism are equal (?), 

vol. GHC-DKL = area GHC X GD (?) 

= area GHC x \ {GD + HK ^ CL). 

3. Since DM is altitude of pyramid D-EKLF (§ 387), 

vol. D-EKLF = area EKLF x \ DM. (?) 

4. Since KL is altitude of trapezoid EKLF (§ 350), 

vol. D-EKLF = ^ {KE + LF) x KL x ^ DM (?) 

= (l-KL X DM) x\{KE + LF) 
= area DKL x i (KE ^LF), 
or area GHC X \ {KE + LF). (?) 

5. Similarly, vol. C-ABHG = area G^iJC X ^ (^G^ -{-BH). 
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6. Adding r esults (2), (4 ), (5), vol. A^BC D EF equal s 
area GHC x \{AG + GD + BH-\-HK+ KE + OZ + LF). 

467. By § 466, the volume of a truncated right triangular 
prism is equal to the product of its base by one4hird the sum of 
the lateral edges, 

Eac. 3*4. Given any tetraedron and the medians of the faces which 
form a triedral, and planes passed through these medians in pairs, then 
these planes and the base form a second tetraedron which is equivalent to 
one-fourth the given tetraedron. 

Ez. 35. A side of the lower base of a frustum of a pyramid whose 
base is a square is 12 feet, a side of the upper base is 8 feet ; the altitude 
of the frustum is 18 feet ; find its volume. 

Bak. 36. A pyramid has a. triangular base whose area is 144 square 
feet ; its altitude is 14 feet. At what distance from the vertex must a 
plane be passed parallel to the base that the area of the section made by 
the plane may be 96 square feet ? 

Ex. 37. A frustum of a pyramid is cut by a plane, parallel to and 
halfway between the bases ; find the ratio of the perimeter of this 
section of the frustum to the sum of the perimeters of the bases. Do 
the areas of the bases and the section have the same ratio as their 
perimeters ? 

E±. 38. A concrete sUck is in the form of a frustum ^of a rectangular 
pyramid. The lower base is 10 feet long and 9 feet wide, the upper base 
6 feet long and 4 feet wide, the height, 60 feet — all outside measure- 
ments. The thickness of the wall is one foot. How much Portland 
cement was needed for construction, if the mixture is one part cement to 
nine parts sand and gravel ? 

Eac. 39. The altitude of a triangular pyramid is 14. The sides of 
the base are 6, 8, and 10 ; find the volume of the frustum formed by 
passing a plane through the pyramid parallel to the base and 7 from the 
vertex. 

Ez. 40. The face angles at the vertex of a regular triangular pyramid 
are right angles. Find an expression for the volume in terms of an 
edge. 
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SIMILAR POLYEDRONS 

468. Def . Two polyedrons are said to be similar when they 
have the same number of faces similar each to each and simi- 
larly placed, and have their homologous polyedral angles equal. 

Prop. XXV. Theorem 

469. The ratio of any two homologous edges of tioo similar 
polyedrons is equal to the ratio of any otJier two homologous edges. 





Given, in similar polyedrons AF and A'F^ edge AB homolo- 
gous to edge A'B', and edge EF to edge E'F ; and faces AO 
and DF similar to faces A'C and D'F', respectively. 

To Prove 45, = S;- 

A'B' E'F' 



(By §234, 2,^ = ^,) 



470. It follows from § 469 that any two homologous faces of 
two similar polyedrons are to each other as the squares of any two 
homologous edges. 

For by § 291, ^^^^ ^,^,^,^^ = -- = =,. 

471. By § 470, the entire surfaces of two similar polyedrons 
are to each other as the squares of any two homologous edges, 

Por bv § 2^4 _5£??L^^^^ _+_^^'^'l Q^FF^etc^ ^ EF^ 
^ ' area A'B' CD' + area CD'E'F, etc. eT'^ 
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Prop. XXVI. Theorem 

472. Two tetraedrons are similar when the faces including a 
triedral angle of one are similar, respectively, to the faces inclvding 
a triedral angle of the other, and similarly placed. 





Given, in tetraedrons ABCD, A'B'C'D', face ABO similar 
to A'B'Cr, ACD to A^CU, and ADB to A!D'B\ 
To Prove ABCD, AB'OD similar. 

BC AG CD AD BD 



Proof. 1. We have 



(?) 



B^O A'C CD' AD B'D' 

2. Then BCD, B'CD are similar; and A BAC, CAD, DAB 
equal, respectively, to A B'A'C, CA'D\ DA'B'. (?) 

3. Then triedral ^ ^-B(7i>, ^'-^'CD' are equal. (§409,1) 

4. Similarly, any two homologous triedrals are equal ; and 
ABCD, A!BCD' similar. (?) 

Prop. XXVII. Theorem 

473. Two tetraedrons are similar when a diedral angle of one 
is equal to a diedral angle of the other, and the faces including the 
equal diedral angles similar each to each, and similarly placed. 
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Given, in tetraedrons ABCD, A'B'O'D', diedral Z AB equal 
to diedral Z A'B', face ABC similar j^a 

to A'B'C, and face ABD similar to 
A'B'D'. 

To Prove ABCD, A'B'C'D' similar. ^^^^^4^^ BI^^^d^ 

Proof. 1. Apply A'B'C'D' to ABCD so that diedral A'B' 
shall coincide with diedral AB, and point A' with ^. 

2. Since Z 5'^'(7' = Z BAC and Z J3'.4'Z>' = Z 5^2>, ^'C 
will coincide with AC, and .4'Z>' with AD, and 

Z (7'^'Z>' = Z C^Z>. 

A'C* 4'Ti' A'Jl' 

3. Since ^ = 44 = ^TT ( ' )' ^ O'A'D', CAD are similar. 

^^ "^^ ^^ (§242) 

4 Then ABCD, A'B'C'D' are similar by § 472. 

Prop. XXVIII. Theorem 

474. Two similar polyedrons may he decomposed into the same 
number of tetraedrons, similar each to each, and similarly pla^d. 





Given AF and A'F^ similar polyedrons, vertices A and A* 
being homologous. 

To Prove that they may be decomposed into the same number 
of tetraedyons, similar each to each, and similarly placed. 

Proof. 1. Divide all faces of AF, except the ones having • 
^ as a vertex, into A, by drawing diagonals from one vertex. 

2. Divide all faces of A'F', except those having A' as a ver- 
tex, into A similar to those in AF, and similarly placed. (§ 247) 

3. Passing planes through A and A' and the sides of the A, 
AFBjxd AF" are decomposed into same number of tetraedrons, 
similarly placed. 
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4. If ABCFy A'B'CF' are homologous tetraedrons, A ABO 
is similar to A'B'C, and BCF to B'C'F'. (§ 247) 

5. Since AFimd A'F are similar, diedrals BO and B'C are 
equal (?) ; then ABOF, A'B'CF are similar. (§ 473) 

6. Similarly, we may prove any two homologous tetraedrons 
similar. 

Prop. XXIX. Theorem 

475. Two similar tetraedrons are to each other as the cubes of 
their homologous edges. 



C G' 

Given V, V the volumes of similar tetraedrons ABOD, 
A'B'CD'f vertices A, A' being homologous. 

To Prove Z. = A^ 

V A'B'' 

Proof. 1. Since triedrals at A, A' are equal (?), 

V^ AB X AO X AD (.AaA^^AB_AO^AD^ ... 

V A'B X A'O X A'D' ^ ^ A^B' A'C' A'D' ^ ^ 

2. Express ^ and ^^^ in terms of AB, A'B\ (§ 469) 

3. Substitute this in (1). 

476. Any two similar polyedrons are to each other as the cubes 
of their homologous edges. 

For any two similar polyedrons may be decomposed into the 
same number of tetraedrons, similar each to each (§ 474) ; and 
any two homologous tetraedrons are to each other as the cubes 
of their homologous edges. (§ 475) 
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REGULAR POLYEDRONS 

477. Defv A regular polyedrmi is a polyedron whose faces 
are equal regular polygons, and whose polyedral angles are all 
equal. 

Prop. XXX. Theorem 

478. It is not possible to construct more than Jive regular 
convex polyedrons. 

Proof. 1. A convex polyedral Z must have at least three 
faces, and the sum of its face A < 360°. (§ 407) 

2. Since the Z of an equilateral A is 60°, we can form con- 
vex polyedral A by combining 3, 4, or 5 equilateral A, but not 
more than 5 ; then not more than 3 regular convex polyedrons 
can be bounded by equilateral A. 

3. Since the Z of a square is 90°, we can form a convex 
polyedral Z by combining 3 squares, but not more than 3; 
then not more than one regular convex polyedron can be 
bounded by squares. 

4. Since the Z of a regular pentagon is 108°, we can form a 
convex polyedral Z by combining 3 regular pentagons, but not 
more than 3 ; then not more than one regular convex polyedron 
can be bounded by regular pentagons. 

5. Since the Z of a regular hexagon is 120°, and of a regular 
polygon of more than 6 sides > 120°, no convex polyedral Z 
can be formed by combining regular hexagons, or regular poly- 
gons of more than 6 sides. 

479. Wote. The regular polyedrons are the regular tetror 
edron, octaedron, and icosaedron, bounded respectively by four, 
eight, and twenty equilateral triangles ; the regular hexaedron, 
or cube, bounded by six squares ; and the regular dodecaedron, 
bounded by twelve regular pentagons. 

To construct them, draw the following figures on cardboard ; 
cut them out entire, and on the interior lines cut the cardboard 
half through; the edges may then be brought together to form 
the respective solids. 
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Tetraedron 



Hexaedron 



Octaedron 





Dodecaedron 



Icosaedron 



Bz. 41. One edge of a regular tetraedron is a ; find the volume. 

Ez. 42.' In any regular tetraedron planes passed through the bisec- 
tors, in pairs, of the face angles of any triedral angle, enclose, with the 
base, a tetraedron whose volume is J that of the given tetraedron. 

Ex. 43. One edge of a regular tetraedron is 6 : find the area of the 
entire surface and the volume. 

Ez. 44. Find the volume of a regular tetraedron whose edge is one 
foot. Compare this volume with that of a cube having the same edge. 

Ez. 45. In each face of a regular tetraedron draw lines joining the 
middle points of the edges. Do the triangles thus formed form the faces 
of a regular tetraedron ? 
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THE CYLINDER AND CONE 



DEFINITIONS 




480. A cylindrical surface is a surface generated by a mov- 
ing straight line, which constantly intersects a given plane 
curve, and in all its positions is 
parallel to a given straight line, not 
in the plane of the curve. 

Thus, if line AB moves so as con- 
stantly to intersect plane curve AD, 
and is constantly II line MN, not in 
the plane of the curve, it generates a 
cylindrical surface. 

We call the curve the directrix, the moving line the genera- 
trix, and any position of it, EF, an element of the surface. 

A cylinder is a solid bounded by a cylindrical surface, 
called the lateral surface, and two parallel planes called the 
hoses. 

The altitvde of a cylinder is the perpendicu- 
lar distance between the planes of its bases. 

A right cylinder is a cylinder the elements of 
whose lateral surface are perpendicular to its 



A circular cylinder is a cylinder whose base 
is a circle. 

240 
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A right circular cylinder is called a cylinder of revolution 
because it may be generated by the revolution of a rectangle 
about one of its sides as an axis (§ 371). 

Similar cylinders of revolution are cylinders by the revolution 
of similar rectangles about homologous sides as axes. 

481. It follows from the definitions of §480 that the 
elements of the lateral surface of a cylinder are equal and 
parallel (§365) 

Prop. I. Theorem 

482. A section of a cylinder made by a plane passing through 
an element of the lateral surfa/ce is a parallelogram. 




Given ABCD a section of cylinder AFy made by a plane 
passing through AB, an element of the lateral surface. 

To Prove section ABCD a O. 

Proof. 1. We have AD, BC II str. lines. (§§ 348, 364) 

2. If a str. line be drawn from C in plane ACWABy it is 
an element. (§§ 481, 71) 

3. Then, it must be the intersection of plane AO and the 
cylindrical surface and coincide with CD ; and CD II AB, 

483. It follows from § 482 that a section of a right cylinder 
made by a plane perpendicular to its base is a rectangle. 



v 



242 SOLID GEOMETRY — BOOK VIH 

Pbop. II. Theorem 
484. The hoses of a cylinder are equaL 



Oiyen cylinder AB\ 

To Prove base A^B = base AB. 

Proof. 1. Take E\ F\ G' any three points in perimeter 
A'B' ; draw elements E'E, F'F, &0, and lines EF, FG, GE, 
E'F, F'G', G'E', 

2. We have EE', FP equal and II (?) ; whence EE'FF is 
aO. (?) 

3. Then E'F = EF. (?) 
Similarly E'G' = EG, 

FG' = FG. 

4. Then AE'FG' = AEFG (?); and base A'B' may be 
applied to AB so that E' shall fall at E, F at F, G' at G. 

5. Then, all points in perimeter A'B' will fall in perimeter 
ABy and bases are equal. 

The following are consequences of § 484. 



5. The sections of a cylinder made by two parallel planes 
cutting all the elements are equal. 

For they are the bases of a cylinder. 

486. Hie section of a cylinder made by a plane parallel to the 
base is equal to the base. 
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MEASUREMENT OF CYLINDERS 
Definitions 

487. The lateral area of a cylinder is the area of its lateral 
surface. 

A right section of a cylinder is a section made by a plane 
perpendicular to the elements of its lateral surface. 

A prism is said to be inscribed in a cylit\der when its lateral 
edges are elements of the cylindrical surface, and its bases 
inscribed in the bases of the cylinder. 

A plane is said to be tangent to a cylinder when it contains 
one, and only one, element of the lateral surface. 

A prism is said to be circumscribed about a cylinder when its 
lateral faces a|^e tangent to the cylinder, and its bases circum- 
scribed about the bases of the cylinder. 



If a prism whose base is a regular 
polygon be inscribed in, or circumscribed ^--<<7^^^^ 

about, a circular cylinder (§ 480), and the //s/ / /u^ 
number of sides of its base be indefinitely I I //^^^f/// 
increased, } j /// / 

1. TJie laieral area of the prism ap- / j Li /// / 
proaches the lateral area of the cylinder L-^^i/j^'^^^^yU 
as a limit, ^4--/ lJ^ 

2. The volumes of the prism, approaches \p^ 
the volume of the cylinder as a limit, 

3. Tlie perimeter of a right section of the prism approaches the 
perimeter of a right section of the cylinder as a limit* 

ISz. 1. Find area of the section made by a plane drawn through an 
element of the lateral surface of a cylinder of revolution, whose altitude 
is 12, and radius of base 6, if the distance from the centre of the base to 
the cutting plane is 3. 

* Rigorous proofs of these statements are beyond the scope of the 
present treatise. 
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Pbop. III. Theorem 

489. Tfie lateral area of a circular cylinder is eqtial to the 
perimeter of a right section rmiltiplied by an element of the lateral 
surface. 

Given S the lateral area, P the perime- 
ter of a rt. section, E an element of the 
lateral surface, of a circular cylinder. 

To Prove S = PxE, (1) 

Proof. 1. Inscribe in the cylinder a 
prism whose base is a regular polygon; 
let S' denote its lateral area, and JP' the 
perimeter of a rt. section. 

2. We have xS" = P* x E. (§ 429) 

3. If number of sides of base be indefinitely increased, find 
limits of /S" and JP' X ^. t (§ 488) 

4. We have (1) by Theorem of Limits. (§ 187) 

490. By § 489, the lateral area of a cylinder of revolution is 
equal to the circumference of its base multiplied by its altitude, 

492- If S denotes the lateral area, T the total area, H the 
altitude, R the radius of the base, of a cylinder of revolution, 
S = 2irRH, (§334) 

And, T=^2'rrBH-\-2irie{%d^l)=2wB{H^R). 

Prop. IV. Theorem 

492. The volume of a circ^dar cylinder is equxxl to the product 
of its base and altitude. 

Given V the volume, B the area of the 
base, and H the altitude, of a circular 
cylinder. 

To Prove V=BxH. (1) 

Proof. 1. Inscribe in cylinder a prism 
whose base is a regular polygon; let P 
denote its volume, B' the area of its base. 
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2. We have F' = 5' x H. (§ 443) 

3. If number of sides of base of prism be indefinitely in- 
creased, find limits F' and B x H. (§§ 488, 329) 

4. Apply Theorem of Limits. 



493. If F denotes the volume, H the altitude, and B the 
radius of the base, of a circular cylinder, 

r=irlPH. (?) 



ISz. 2. The radius of the base of a right circular cylinder is 9. The 
altitude is 8. Find the lateral area. If this cylinder were oblique, 
would a right section be a circle ? 

Ez. 3. The lateral area of a cylinder of revolution is 120 ir. The 
area of the base is 36 ir. Find the altitude. 

Ez. 4. A point in space moves so that it is always at a constant dis^ 
tance from a fixed straight line ; find its locus. 

Ez. 5. The radius of the base of a cylinder of revolution is 12. The 
altitude is 18. Find the volume. 

Ez. 6. The radius of the base of an oblique circular cylinder is 6. 
The distance between the planes of the bases is 10 ; find 
the volume. 

Ez. 7. The radius of the base of a circular cylinder 
is 8. The elements of the lateral surface make ^ 
an angle of 30° with the plane of the base. The 
length of an element is 25. Find volume of 
cylinder. 

Ez. 8. The line which joins any two op- 
I)osite points in the diagonally opposite edges 
of a parallelepiped is bisected by the plane 
passed through the other two edges. 

Ez. 9. If from any two points in the 
diagonally opposite base edges of a parallelo- 
piped perpendiculars be drawn to the plane 
passed through the other two edges, these 
perpendiculars are equal. 
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Pbop. V. Theorem 



494; The lateral or total areas of tioo similar cylinders of 
revolution (§ 480) are to each other as the squQres of their alU- 
tudeSy or as the squares of the radii of their bases; and their 
volumes are to each other as the cubes of their aUUudeSy or as the 
cubes of the radii of their bases. 





Given 8 and s the lateral areas^ T and t the total areas, V 
and V the volumes, H and h the altitudes, and R and r the 
radii of the bases, of two similar cylinders of revolution. 

To Prove - = -=- = -,, and -- = _ = -. 

TT ja JT A- R 

Proof. 1. Since rectangles are similar, — 



h 



By §491,^=^ 

s 2wrh 



r r 



and 



3. By §493, 



T_ 2irR{H+R) _ 



r 
IP 



t 
V 



2irr{h + r) 
irR'H 



r r IT 



Trr'h 



V r r* A» 



h + r 

'W' 
IP 

v 

IP 



(?) 



Ex. 10. Water weighs 1000 Kg. per cubic meter. The average weight 
of the same amount of milk is 1083 Kg. A cylindrical milk-can contains 
8 J gallons of milk. How many pounds of milk will it contain ? If the 
diameter of its base is 10 inches, what is its altitude ? 

Ex. 11. An oil tank is a cylinder of revolution, whose length is 30 
feet, and radius of base 3.5 feet. The average weight of petroleum is 
796 Kg. per cubic meter. What weight of oil will the tank contain? 
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THE CONE 

Definitions 

495. A cmiical surface is a surface generated by a moving 
straight line, which constantly intersects a given plane curve, 
and passes through a given point not in the plane of the 
curve. 

Thus, if line OA moves so as con- 
stantly to intersect plane curve ABC, and 
constantly passes through point 0, not in 
the plane of the curve, it generates a coni- 
cal surface. 

We call the moving line the generatrix, 
the curve the directrix, the given point the 
vertex, and any position of the generatrix, 
OB, an element of the surface. 

If the generatrix be supposed indefinite in length, it will 
generate two conical surfaces of indefinite extent, 0-A'B'C\ 
0-ABC, called the upper and lower nappes, respectively. 

A cone is a solid bounded by a conical surface, 
and a plane cutting all its elements. 

We call the plane the ba^e of the cone, and 
the conical surface the lateral surface ; the alti- 
tude is the perpendicular distance from the vertex 
to the plane of the base. 

A circular cone is a cone whose base is a circle. 

The axis of a circular cone is a straight line drawn from the 
vertex to the centre of the base. 

A rigM circular cone is a circular cone whose axis is perpen- 
dicular to its base. 

A right circular cone is called a cone of revolution because it 
may be generated by the revolution of a right triangle about 
one of its legs as an axis. 




248 SOLID GEOMETRY— BOOK VIH 

Similar cones of revolution are generated by the revolution 
of similar right triangles about homologous legs as axes. 

A frustum of a cone is a portion of a cone 
included between the base and a plane parallel 
to the base. 




The base of the cone is called the lower hase, 
and the section made by the plane the upper 
hasCj of the frustum. 

The altitude is the perpendicular distance between the planes 
of the bases. 

A plane is said to be tangent to a cone, or frustum of a 
cone, when it contains one, and only one, element of the lateral 
surface. 

Prop. VI. Theorem 

496. A section of a cone made by a plane passing through the 
vertex is a triangle. 




Given OCD a section of cone GAB made by a plane passing 
through vertex 0. 

To Prove section OCD a A. 

Proof. 1. We have CD a str. line. (?) 

2. Str. lines "OC, OD, drawn in plane OCD^ are ele- 
ments (§ 495), and hence the intersections of the piano with 
the conical surface ; then section OCD is bounded by str. 
lines. 
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Prop. VII. Theorem 

497. A section of a circular cone made by a plane parallel to 
the base is a circle, 

8 . 




Given AB^CP a section of circular cone 8-ABC, made by a 
plane II to the base. 

To Prove A'B'C 2, 0. 

Proof. 1. Take A^ JB' any two points in perimeter A!B^(J, 

2. Let planes determined by A!^ B\ and axis OS intersect 
base in radii OA^ OB, the section in O^A, 0*B', and the lateral 
surface in str. lines SA'A, SB'B, (§ 496) 

3. Then O'A II OA and O'B' II OB (?), and A SO A, SOB 
are similar to A SOA\ SO'B', respectively. (?) 

4. Then, ^ = ^^n^^ = ^. (?) 

' OA SO OB SO ^ ^ 

Then, ?r4' = ?;#'• (?) 

' OA OB ^ ^ 

5. Since OA = OB (?) O'A' = O'B' ; A, B' being any two 
points in perimeter, section AB'O is a O. 

Ez. 12. Two circular cylinders have equal altitudes, but the radius of 
the base of the one is double the radius of the base of the other. Com- 
pare (a) their lateral areas ; (6) their volumes. 

Ez. 13. Two circular cylinders have equal altitudes, but the radius of 
the base of the first is J the radius of the base of the second. Compare 
(a) their lateral areas ; (6) their volumes. 
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MEASUREMENT OP CONES 
Definitions 

498. The lateral area of a cone, or frustum of a cone, is the 
area of its lateral surface. 

The slant height of a cone of revolution is the straight line 
from the vertex to any point in the circumference of the base. 

The slant heigJU of a frustum of a cone of revolution is that 
portion of the slant height of the cone included between the 
bases of the frustum. 

499. A pyramid is said to be inscribed in a cone when its 
vertex coincides with the vertex of the cone, and its base is 
inscribed in the base of the cone. 

A pyramid is said to be circumscribed about a cone when its 
vertex coincides with the vertex of the cone, and its base is 
circumscribed about the base of the cone. 

A frustum of a pyramid is said to be inscribed in a frustum 
of a cone when its bases are inscribed in the bases of the frus- 
tum of the cone. 

A frustum of a pyramid is said to be circumscribed about a 
frustum of a cone when its bases are circumscribed about the 
bases of the frustum of the cone. 

500. If a pyramid whose base is a regular polygon be inscribed 
in, or circumscribed about, a circular cone 

(§ 495), and the number of sides of its base be j 

indefinitely increased, yw^ 

1. The lateral area of the pyramid ap- y^/ A 
proaches the lateral area of the cone as a /J^^-^:. 
limit, w / / 

2. The volume of the pyramid approaches x^jt^^J^^'^''''^ 
the volume of the cone as a limit.* 

* Rigorous proofs of these statements are beyond the scope of the 
present treatise. 
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501. If a frustum of a pyramid whose base is a regular polygon 
he inscribed in, or circumscribed about, a frustum of a circular 
cone, and the number of sides of its base be indefinitely increased, 

1. Tlie lateral area of the frustum of the pyramid approaches 
the lateral area of the frustum of the cone as a limit. 

2. The volume of the frustum of the pyramid approaches the 
volume of the frustum of the cone as a limit* 

Prop. VIII. Theorem 

502. The lateral area of a cone of revolution is equal to the 
circumference of its base, multiplied by one-half its slant height 

jQlven S the lateral area, C the circum- 
ference of the base, and L the slant height, 
of a cone of revolution. 

To Prove >S=(7x^X. 

Proof. 1. Circumscribe about the cone a 
regular pyramid; let S^ denote its lateral 
area, and O the perimeter of its base. 

2. Since sides of base of pyramid are bisected at points of 
contact with base of cone (§ 174), the slant heights of pyramid 
and cone are equal, and S^ = C x\L. (§§ 450, 453) 

3. If number of sides of base of pyramid be indefinitely- 
increased, find limits /S' and O X^L, (§§ 500, 329) 

4. Apply Theorem of Limits. 

503. If S denotes lateral area, T total area, L the slant 
height, and It the radius of the base, of a cone of revolution, 

And, T = irRL + irB^ (?) = irR(L + R). 

Ez. 14. The diameter of the base of a right circular cone is equal to 
the altitude. Find the lateral and total areas. 

Ez. 15. The edge of a regular tetraedron is 8 : find area of the lateral 
surface of the circumscribed cone. 

* Rigorous proofs of these statements are beyond the scope of the 
present treatise. 
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Prop. IX. Theorem 

504. The volume of a cirailar cone is equal to the area of Us 
base, multiplied by one-third its altitude. 

Given V the volume, B tlie area of the 
base, and H the altitude, of a circular cone. 

To Prove F=J5xi^. 

(Inscribe a pyramid whose base is a regu- 
lar polygon.) 




505i If V denotes the volume, H the alti- 
tude, and jK the radius of the base, of a circular cone, 



(?) 



Prop. X. Theorem 

506. The lateral or total areas of two similar cones of revolts 
tion are to each other as the squares of their slant heights, or as 
the squares of their altitudes, or as the squares of the radii of 
their bases ; and their volumes are to ea^h other as the cubes of 
their slant heights, or as the cubes of their altitudes, or as the cubes 
of the radii of their bases. 





Given S and s the lateral areas, T and t the total areas, Fand 
V the volumes, L and I the slant heights, H and h the altitudes, 
and R and r the radii of the bases, of two similar cones of 
revolution (§ 495). 

To Prove ^ = ^=^ = ?' = ^, ^ni^=^ = ^ = ^. 
''The proof is left to the pupil ; compare § 494.) 
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Pbop. XI. Theorem 

507. The lateral area of a frustum of a cone of revolution is 
equal to the sum of the circumferences of its bases, multiplied by 
one-half its slant height. 

Given S the lateral area, O, c the circumferences of the 
bases, L the slant height, of a frustum of a cone of revolution. 

To Prove S = (0 -h c) x ^ L. 

Proof. 1. Circumscribe about the frus- 
tum of the cone a frustum of a regular 
pyramid; let S' denote its lateral area. 
C", c' the perimeters of its bases. 

2. As in § 602, the slant heights of the 
frustums are equal. 

3. Then, /S' = (C + O X i A (§454) 

4. If number of sides of bases of frustum of pyramid be in- 
definitely increased, find limits S' and (C -f- c') X ^L, 

(§§ 501, 329) 

5. Apply Theorem of Limits. 

508b If S denotes the lateral area, L the slant height, R, r 
the radii of the bases, of a frustum of a cone of revolution, 
S=:(27rR + 2 7rr) X iL{?) =ir{R-\-r)L. 

609. We may write the first result of § 508 

S = 2irX\{R'\-r)xL. 
But, 2 TT X ^ (jB 4- r) is the circumference of a section equally 
distant from the bases. (§ 132) 

Whence, the lateral area of a frustum of a cone of revolution 
is equal to the circumference of a section equally distant from its 
bases, multiplied by its slant height, 

Ez. 16. In two similar cones of revolution, the slant height of the 
first is 16 and its lateral area is 128 tt. The lateral area of the second is 
60 IT : find the radius of the base of the second. 

Ez. 17. The area of the entire surface of a cylinder of revolution is 
96 IT. Its altitude and diameter are equal. Find radius of base. 
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Prop. XII. Theorem 

510. The volume of a frustum of a circular cone is equcU to 
the sum of itB bases a/nd a m^an proportional betu)een its bases, 
multiplied by one-third its altitude. 




Oiyen Fthe volume, B, b the areas of the bases, H the alti- 
tude, of a frustum of a circular cone. 



To Prove F=(B + 6+ V-B x b)xiH. 

(Inscribe a frustum of a pyramid whose base is a regular 
polygon; then apply § 465.) 

511. If F denotes the volume, JS'the altitude, and li and r 
the radii of the bases, of a frustum of a circular cone, 

JB = ^i?, 6=7rr«, and VFx6 = V?5^ = ^i^r. (?) 

Then, V^(TlP + v7^+irItr)X^H^iir{IP + r^ + Br)H. 

Tix. 18. The radius of the base of a circular cylinder is a feet. The 
distance between the bases is equal to the distance from the centre of the 
lower baae to the projection of the centre of the upper base upon the 
plane of the lower base : find the volume. Is there more than one suoh 
cylinder ? 

Ez. 19. The radius of the base of a cone is 8. A line joining the 
vertex and the centre of the base makes an angle of 80° with the base. 
The distance from the centre of the base to the projection of the vertex 
on the plane of the base is 12. Find volume of cone. 

Ex. 20. In Ex. 19, if a plane be passed through the middle point of 
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the altitude and parallel to the hase of the cone, find the volume of the 
frustum formed. 

Ez. 21. The lateral area of a right circular cone is 16 Vblr. The 
altitude of the cone and the diameter of its base are equal. Find the 
area of the entire surface. , 

Ez. 22. The volumes of two similar polyedrons are 27 and 512 cubic 
feet, respectively. Compare their homologous edges. If the area of the 
surface of the first is 36 square feet, find the area of the surface of the 
second. 

Ez 23. If four straight lines not in the same plane enclose a warped 
surface, the lines which join the middle points of these lines in order 
endoee a parallelogram. 

Bz. 24. A portion of the Chicago Drainage Canal Is in the form of a 
right prism, whose base is an isosceles trapezoid. Width at water4Ine 
162 feet Width at bottom 160 feet. Depth of water 99 feet In one 
minute 300|000 oubio feet of water paie a given point. Find the rate per 
hour of the current, 

Ez. 25. Three metal pipes are each 30 inches long. The first two 
are in the form of a right prism, with a square and a regular hexagon, 
respectively, as baeee ; the third in the form of a cylinder of revolution, 
the radius of whose base is 10. The bases of the three pipes have equal 
perimeters. Find their volumes. 

Ez. 26. A silo is in the form of a cylinder of revolution ^jC^ 
18 feet in altitude surmounted by a roof in the form of a coni- 
cal surface whose elements are inclined 46*' to the upper base 
of the cylinder. The diameter of the base of the cylinder la 
10 feet. Find the number of square feet of tin necessary to roof 
the silo, also the volume of ensilage the cylindrical part will 
contain. 

Ez. 27. A cistern made of concrete is in the form of a cylinder of 
revolution with the frustums of two cones of revolution. Diameter of 
base of cylinder 12 feet ; altitude of cylinder 8 feet ; alti- 
tude of lower fnistum 2 feet j diameter of bottom of cistern /T^ 
10 feet; altitude of upper frustum 6 feet; diameter of X'^^^^K 
opening 6 feet — all outside measurements. Inside diam- ^n.^^__^^ 

eter of base of cylinder, 8 feet. Inside diameter of upper ^^ ^^ 

base of lower frustum 8 feet, of bottom 6 feet. Inside V:'""""^ J 
diameter of lower base of upper frustum 8 feet, of upper \:n:^^ 
base 3 feet. Using one part cement to nine parts sand 
and gravel, find amount of cement necessary for construction. 
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THE SPHERE ' 
DEFINITIONS 

512. A sphere is a solid bounded by a surface, all points 
of which are equally distant from a point within called the 
centre. 

A radius of a sphere is a straight line drawn from the 
centre to the surface; a diameter is a straight line drawn 
through the centre, having its extremities in the surface. 

513. By the definition of § 512, all radii of a sphere are equal. 
Also, all diameters are equal, since each is the sum of two 

radii. 

514. Two spheres are equal when their radii are equal. 

For they can be applied one to the other so that their sur- 
faces shall coincide throughout. 

Conversely, the radii of equal spheres are equal. 

515. A line (or plane) is said to be tangent to a sphere when 
it has one, and only one, point in common with the surface ; 
the common point is called the point of contact. 

A polyedron is said to be inscribed in a sphere when all its 
vertices lie in the surface of the sphere ; in this case the sphere 
is said to be circumscribed about the polyedron. 

A polyedron is said to be circumscribed about a sphere when 
all its faces are tangent to the sphere ; in this case the sphere 
is said to be inscribed in the polyedron. 

516. A sphere may be generated by the revolution of a seini- 
circle about its diameter as an axis. 

266 
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For all points of such a surface are equally distant from the 
centre of the O. (?) 

Pbop. I. Theobem 
517. A section of a sphere made by a plane is a ch*cle, 

P 




Oiven ABO a section of sphere APC made by a plane. 

To Prove ABC a O. 

Proof. 1. If O is centre of sphere, draw 00' ± plane ABO, 

2. Take A, B any two points in perimeter ABO; draw lines 
OA, OB, OA, O'B. 

3. Since OA = OB (?), O'A = O'B. (§ 357) 

4. Since A^ B are any two points in perimeter, ABO is a O. 

518. Defs. A great' circle of a sphere is a section made by 
a plane passing through the centre; as 
ABO. 

A small drde is a section made by a 
plane which does not pass through the 
centre. 

The diameter perpendicular to a circle of 
a sphere is called the axis of the circle ; its 
extremities are called the poles. 

The following are immediate consequences of §§ 517, 518. 

519. The axis of a circle of a sphere passes through the centre 
of the circle. 

520. All great circles of a sphere are equal. 
For their radii are radii of the sphere. 




268 SOLID GEOMETRY-^ BOOK IX 

SXL Every great circle binds the ephere and its turface. 

For if the portions of the sphere formed by the plane of the 
great O be separated, and placed so that their plane surfaces 
coincide^ the spherical surfaces falling on the same side of 
this plane, the two spherical surfaces will coincide throughout ; 
for all points of either surface are equally distant from the 
centre. 

522. Any two great circles bisect each other. 

For the intersection of their planes is a diameter of the 
sphere, and therefore a diameter of each O. (§ 153) 

523. Between any two points on the surface of a sphere, not 
the extremities of a diameter, an arc of a great circle, less than a 
semi-circumference, can be dravm, ayid but one. 

For the two points, with the centre of the sphere, determine 
a plane which intersects the surface of the sphere in the 
required arc. 

If the points are the extremities of % diameter, an indefinitely great 
number of arcs of great 9 can be drawn between them ; for an indefi- 
nitely great number of planes can be drawn through the diameter. 

524. Def . The distance between two points on the surface 
of a sphere, Yiot at the extremities of a diameter, is the arc of 
a great circle, less than a 8emi-oircumferenc6| 
drawn between them. 

Thus, the distance between points C and D 
is arc CED, and not arc GAFBD. 

525. An arc of a circle may be drawn through 
any three points on the surface of a sphere. 

For the three points determine a plane which 
intersects the surface of the sphere in the required arc. 

Ex. 1. The radius of a sphere is 18 inches. Find area of circle made 
by a plane passing through the sphere two inches from the centre. 

Ex. 2. Find the locus of points in space three inches from a fixed 
point. 
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Prop. II. Theorem 

526. All points in the circumference of a circle of a splwre are 
equally distant from each of its poles. 




Given P, P the poles of O ABO of sphere APC) A, B any 
two points in circumference ABC, and great O arcs FA, FB, 

To Prove arc FA = arc FB (§ 624).' 

Proof. 1. Let axis FF intersect plane ABC at 0; draw 
lines OA, OB, and chords FA, FB, 

2. Since is centre of O ABC (§ 519), OA = OB. (?) 

3. Then chord P^=chordPJ3(?), and arc P^=arcP5. (?) 
4 In like manner, all points in circumference ABC may be 

proved equally distant from P'. 

527. Def. The polar distance of a circle of a sphere is the 
distance (§ 524) from the nearer of its poles, or from either 
pole if they are equally near, to the circumference. 

Thus, in above figure, polar distance of O ABC is arc FA. 

528. If, in the figure of Prop. II, ABC is a great O, and 
the centre of the sphere, arc FA is a quadrant. (§ 190) 

Hence, the polar distance of a great circle is a quadrant. 

An arc of a circle may be drawn on the surface of a sphere by placing 
one foot of the compasses at the nearer pole of the circle, the distance be- 
tween the feet being equal to the chord of the polar distance. 

Ex. 3. Find the locus of points on the surface of a sphere equidistant 
from the circumferences of two great circles of the sphere. 

Bz. 4. If three great circles on a sphere intersect, how many points 
have their circumferences in common ? Is number of points the same if 
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circles are equal small circle? ? Find greatest possible number of inter- 
section points common to the circumferences of three unequal smsdl circles. 

Ex. 5. Mount Rainier is 14,400 feet in height. Considering the earth 
a sphere whose radius is 4000 miles, at what distance can the peak of this 
mountain be seen ? 

Prop. III. Theorem 

529. If a point on tJie surface of a sphere lies at a qtuidranfs 
distance from each of two points in the arc of a great drcle, it is 
a pole of that arc. 

The term quadrant^ in Spherical Geometry, usually signifies a quad- 
rant of a great circle. 

P 




Oiven point P on surface of sphere APC, AB an arc of great 
O ABC, and PA and PB quadrants. 
To Prove P a pole of arc AB. 
(PO is ± to OA and OB; then use § 352.) 

Ex. 6. The circumference of a small circle, whose radius is 16, bisects 
the arcs of great circles drawn from a given great circle to one of its poles. 
Find the diameter of the sphere. 

Ex. 7. A cylinder of revolution is inscribed in a sphere whose radius 
is 18. Lines are drawn from the centre of the 
sphere to all points in the intersections of the 
cylinder and the surface of the sphere. If a plane 
be passed through the axis of the conical surface 
thus formed, the elements of the two nappes lying 
in this plane make an apgle of 90^ Find volume 
of solid included between the conical surface of 
two nappes and the surface of the cylinder. 

Ex. 8. In Ex. 7 find the volume of the cylinder, if the radius of the 
sphere is 12 and the elements make an angle of 60"^. Does this statement 
admit of more than one solution ? 
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Pbop. IV. Theorem 
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530. The intersection of two spheres is a drdey whose centre 
is in the straight line joining the centres of the spheres, and whose 
plane is perpendicular to that line. 




Oiven two intersecting spheres. 

To Prove their intersection a O, whose centre is in line join- 
ing centres of spheres, and whose plane is ± to this line. 

Proof. 1. Let O, O' be centres of two © ; draw line 00', 
intersecting common chord AB at (7; 00' bisects AB at 
rt. A (?) 

2. If entire figure be revolved about 00', the © generate 
spheres whose centres are 0, 0' (§ 516), and AC a O ± 00', 

(?) 

Prop. V. Theorem 

531. A plane perpendimilar to a radius of a sphere at its ex- 
tremity is tangent to the sphere. 




Oiven plane MNJL to radius OA of sphere AO at A, 
To Prove MNtsmgent to sphere. 

(Prove as in § 169.) 
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Prop. VI. Thbokeh 

532. A plane tangent to a sphere id perpendicular to the radius 
drawn to tJie point of contact. (Converse of Prop. V.) 

Oiven plane JOT tangent to sphere AO at A (Fig. of Prop. V) 
and radius OA. 

To Prove MK± OA 

(Prove as in § 170.) 

Ex. 9. llie radii of two spheres are 9 and 12, respectively. The dis- 
tances between their centres is 15. Find the area of their circle of inter- 
section. 

Ex. 10. If two spheres are tangent to the same plane at the same 
point, the line joining their centres passes through the point of contact. 

Prop. VII. Thborbm 

533. A sphere can be circumscribed dboiU any tetraedron. 

A 




Oiven tetraedron ABCD, c 

To Prove that a sphere can be circumscribed about it. 

Proof. 1. Draw lines KE, KF in faces ACD, BCD, bisect- 
ing CD at rt. A, and let E be centre of circumscribed O of 
ACD, and F of BCD, (§ 206) 

2. We have plane EKF ± CD (?), and to faces ACD, BCD. 

'(§ 390) 

3. Draw EG ± ACD, FH ± BCD, EG, FH lie in EKF. 

(§388) 

4. EG, FH must meet at 0, unless II, which cannot be unless 
ACD, BCD are in same plane (§ 368) ; which is contrary to hyp. 
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5. Of being in SG, is equally distant from A^ C^ D\ and 
being in FH, equally distant from B, C, D, (§ 356, 1) 

6. Then, a spherical surface with as centre, and OA as 
radius, will pass through -4, By C, D. 

Ex. 11. Qiven two planes the plane angle of whose diedral is 60^. 
Describe a sphere of radius a to which eaoh of these planes shall be tan- 
gent. Is there more than one such sphere ? 

Ex. 12. Through a point at a distance 12 from the centre of a sphere 
of radius 6 draw a plane tangent to the sphere. 

Ex. 13. What is the locus of the centres of spheres which are tangent 
to each of two paraUel planes ? 

Bx. 14. Three lines not in the same plane intersect at a point. Find 
the locus of the centres of spheres tangent to the three lines. 

Ex. 15. What is the locus of the centres of spheres which have a given 
radius and whose surfaces pass through a fixed point ? 



Prop. VIII. Theorem 
534. A sphere can be inscribed in any tetraedron. 

A 




Given tetraedron ABCD, 

To Prove that a sphere can be inscribed in it. 

Proof. If bisecting planes of diedral A BC, BD, OD meet at 
point 0, this point is equally distant from faces of tetraedron. 

(§ 892) 
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Ex. 16. A light C is equally distant from all points in the circum- 
ference of an opaque circle whose radius is 
AB, The ray of light, line CBDy makes an 
angle of 60° with the plane §i?, parallel to 
circle A. AB is 8, and the area of shadow on 
QB is 576 IT. Find volume of frustum of 
cone whose bases are circle A and the 
shadow. 

Ex. 17. A system of spheres is tangent to the faces of a triedral. Each 
face angle of the triedral is 90°. Find locus of the centres of the spheres. 

535. Def s. The angle formed by two intersecting curves is the 
angle formed by tangents to the curves at their point of inter- 
section. 

A spherical angle is the angle formed by two intersecting arcs 
of great circles. 

Prop. IX. Theorem 

536. A spherical angle is measured by an arc of a great circle 
having its vertex as a pole* included between its sides produced if 




Oiven AB, AB* arcs of great © on sphere AO-, AD, AlV 
tangent to AB, AB\ respectively, and BB^ an arc of great O 
with A as pole, included between AB, AB'. 

To Prove Z DAD' measured by arc BB'. 

Proof. 1. Draw radii OA, OB, OB'; since arcs AB, AB? 
are quadrants (§ 528), A AOB, AOB' are rt. A, (?) 

2. Then OB II AD, OB' II AD' (?) ; and Z DAD' = Z BOB, 

(§ 376) 

3. Z BOB is measured by arc BB' (?) ; then Z DAD' is. 



THE SPHERE 



265 



537. Since plane BOB' (Fig. of Prop. IX) is J- O^ (§ 352), 
planes AOB and BOB' are ±. (§ 390) 

Now a tangent to arc AB at J5 is ± BOB\ (§ 388) 

Then it is ± to a tangent to arc BB' at B. (§ 350) 

Then, spherical Z ABB' is a rt. Z. (§ 535) 

That is, an arc of a great circle drawn from the pole of a great 
circle is perpendicular to its circumference. 

538. By § 536, the angle foi-med by two arcs of gredU circles is 
the plane angle of the diedral angle between their planes, (§ 379) 

SPHERICAL POLYGONS AND SPHERICAL PYRAMIDS 




Definitions 

539. A spherical polygon is a portion of 
the surface of a sphere bounded by three or 
more arcs of great circles ; as ABCD. 

The bounding arcs are called the sides of 
the spherical polygon, and are usually meas- 
ured in degrees. 

The angles of the spherical polygon are 
the spherical angles (§ 535) formed by the 
adjacent sides, and their vertices are called the vertices of the 
spherical polygon. 

A diagonal of a spherical polygon is an arc of a great circle 
joining any two vertices which are not consecutive. 

A spherical triangle is a spherical polygon of three sides. 

A spherical triangle is called isosceles when it has two sides 
equal ; equilateral when all its sides are equal ; and right when 
it has a right angle. 



540. The planes of the sides of a spherical polygon form a 
polyedral angle, whose vertex is the centre of the sphere, and 
whose face angles are measured by the sides of the spherical 
polygon (§ 191). 
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Thus, in figure f 539, the planes of the sides of the spherical 
polygon form a polyedral angle, O^ABCD, whose face ^ AOBf 
BOC, etc., are measured by arcs AB, BO^ etc., respectively. 

A spherical polygon is called convex when the polyedral 
angle formed by the planes of its sides is convex (§ 402). 

54L A spherical pyramid is a solid bounded by a spherical 
polygon and the planes of its sides ; as O-ABCD, figure § 539. 

The centre of the sphere is called the vertex of the spherical 
pyramid, and the spherical polygon the bc^H, 

542. Thoo spherical pyramids are equal when their bases are 
equal. 

For they can be applied one to the other so as to coincide 
throughout. 

543. If circumferences of great circles be drawn with the 
vertices of a spherical triangle as poles, they divide the sur- 
face of the sphere into eight spherical triangles. 

Thus, if circumference B'CB" be drawn 
with vertex A of spherical A ABO as 
pole, circumference A'P'A" with B as 
pole, and circumference A'B"A"B' with b'\ 
O as pole, the surface of the sphere is 
divided into eight spherical A ; A'B'Cf 
A'B"C^, A"B'0', and A^B'^C on the ^ 

hemisphere represented in the figure, the others on the oppo- 
site hemisphere. 

Of these eight spherical A, one is called the polar triangle 
of ABC, and is determined as follows : 

Of the intersections. A' and A", of circumferences drawn 
with B and C as poles, that which is less than a quadrant's 
distance from A, i.e. A', is a vertex of the polar triangle; 
and similarly for the other intersections. 

Thus, A'B'C is the polar A of ABO. 
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644. Two spherical polygons, on the same or equal spheres, 
are said to be symmetrical when the sides and angles of one 
are equal, respectively, to the sides and angles of the other, if 
the equal parts occur in the reverse order. 

Thus, if spherical A ABC and 
AB^Oy on the same or equal spheres, 
have sides -4J5, BG^ CA equal, re- 
spectively, to sides AB'y E'C, CA', 
and A A, B,0 to A A', B', (7, and the equal parts occur in the 
reverse order, the A are symmetrical. 

It is evident that, in general, two symmetrical spherical 
polygons cannot be placed so as to coincide throughout. 

P»oK X. Theorem 

545. J(f one spherical triangle is the polar triangle of another^ 
the second spherical triangle is the polar triangle of the first. 






Given AB^C the polar A of spherical A ABO-, A, B, 
being the poles of arcs B'C, OA', A'B', respectively. 
To Prove ABO the polar A of spherical A A'B'C 
Proof. 1. Since B is the pole of A'C, and O of A'B', A is 
a quadrant's distance from B and (7. (§ 528) 

2. Then ^' is pole of arc i5a (§529) 

3. Similarly, B is pole of CA, and C" of AB. 

4. Then, ABO is polar A of AB'O' } for of the two inter- 
fections of circumferences with B\ O as poles, -4 is < a quad- 
rant from A ; and similarly for other vertices. (8 543) 

Two spherioal triangles, each of which is the polar triangle ot the 
other, are called polar triangles. 
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Prop. XI. Theorem 

S46. In two polar triangles^ each angle of one is measured by 
the supplement of thai side of the other of which it is the pole. 




Oiven A, B, C, A', B\ and O the Ay in degrees, of polar 
A ABGy A'B'C 

Let A be the pole of B'C, B of CA', C of A'B', A' of BC, 
B' of CA, and (? of AB. 

Let BC expressed in degrees be denoted by a, CA by b, AB 
by c, B'C by a', CA' by 6', A'B' by c'. 

To Prove 

^ = 180° - a', i5 = ISO'' - V, C = 180^ - c', 

ud' = 180° - a, B' = 180° - 6, C = 180° - c. 

Proof. 1. Extend arcs AB, AC to meet B'C at i> and E. 

2. Arcs J5'^, CD are quadrants. (§ 528) 

3. Then B'E + (7i) = 180°, or DE + J^'C = 180°. 

4. Since ^ is pole of B'C, arc DJS; measures Z A, (§ 536) 

5. Then result (3) becomes A + a' = 180°, or^ = 180° — a'. 

6. Similarly we prove theorem for any Z. of either A. 

547. Def. Two spherical polygons on the same or equal 
spheres are said to be mutually equilateral, or mutually equiangu- 
lar, when the sides or angles of one are equal, respectively, to 
the homologous sides or angles of the other, whether taken in 
the same or in the reverse order, 

548. It follows from § 546 that if two spherical triangles on 
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the same or equal spheres are mutually equiangulary their polar 
triangles are mutually equilateral. 

For any two homologous sides of the polar A are supple- 
ments of equal A, and therefore equal. 

Prop. XII. Theorem 

549. Any side of a sphencal triangle is less than the sum of the 
other two sides. 




Oiven AB any side of spherical A ABO. 
To Prove AB < AC + BC. 

(By § 406, Z AOB < Z AOC + Z BOG', these A are meas- 
ured by ABj AC, BC, respectively.) 



Prop. XIII. Theorem 

550. The sum of the sides of a convex spherical polygon is less 

than 360^ 

B 




Oiven convex spherical polygon ABCD, 

To Prove AB-j- BC + CD-^-DAk 360^ 

(By § 407, sum of A AOB, BOO, COD, and DOA is < 360^.) 
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Prop. XIV. Theorem 

551. The sum of tJie angles of a spherical triangle is greater 
than two, and less than six, right angles. 




a' 

Oiven spherical A ABC. 

To Prove A + B^ C> 180^ and < 540^ 

Proof. 1. Let A'B'C be polar A of ABC\ a\ h\ c' being 
sides having A, B, C, respectively, as poles. 

2. By §646, ^ = 180^-a', 

i5 = 180°-6', 
C = 180''-c'. 

3. Adding, ^ + J5+C=540*'- (a'-h ft' + c^j (1) 
therefore, A-{'B-\-C< 540**. 

4. Since a' -h 6' + c' is < 360° (§ 550), by (1), 

^ + J5-hC>180^ 

552. By § 551, a spherical A may have one, two, or three 
rt. A, or one, two, or three obtuse A. 

553. Def. We call a spherical triangle having two right 
angles a bi-rectam/ular triangle, and one having three right 
angles a tri-rectangidar triangle, 

Ez. 18 Each side of a spherical triangle^ is dO^. Find angles and 
sides of its polar triangle. 

Ex. 19. The angles of a spherical triangle are 93°, 128^, and 117°, 
respectively. Find number of degrees in each side of its. polar triangle. 
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Pbop. XV. Theobem 

564. If two spherical triangles on the same or equal spheres 
hxive two sides and the included angle of one equal, respectively, 
to two sides and the included angle of the other, 

I. They are equal if the equal parts occur in the same order. 

II. TJiey are symmetrical if the equal parts occur in the reverse 
order. 






1. Oiyen ABO, DEF spherical A on the same or equal 
spheres, having 

AB = DE, AO=DF,SLndZA = ZD', 

the equal parts occurring in the same order. 

To Prove A ABC = A DEF. 

Proof. Superpose A ABC upon A DEF so that AB shall 
fall on DE, and AO on DF, BO falls on EF by § 523. 

II. Given ABC, D'E'F' spherical A on the same or equal 
spheres, having 

AB = D'E', AC = D'r, 8iudZA = Z D'-, 

the equal parts occurring in the reverse order. 

To Prove ABC and D'E'F' symmetrical. 

Proof. 1. Make A DEF, on the same or an equal sphere 
symmetrical to D'E'F', having 

DE = i)'£", DF = D'F", and Z Z) = Z Z)'; 

the equal parts occurring in the reverse order. 

2. Then AB = DE, AC = DF, and Z ^ = Z Z) (?) ; whence 
A ABC — A DEF (§ 554, I) and is symmetrical to D'E^F. 
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Prop. XVI. Theorem 

555. If two spherical triangles on the same or equal spJieres 
have a side and two adjacent angles of one eqiuU, respectively, to 
a side and two adjacent angles of the other, 

I. They are equal if the equal parts occur in the same order, 
II. They are symmetrical if the equal parts occur in the re- 
verse order, 

(The proof is left to the pupil ; use Fig. of Prop. XV.) 

Prop. XVII. Theorem 

556. If two spherical triayigles on the same or equal spheres 
are mutually equilateral, 

I. They are equal if the equal parts occur in the sam^ order. 
II. They are symmetrical if the equal parts occur in the re- 
verse order. 







-.iQ J^Z. llQ 



Oiven ABC, DEF mutually equilateral spherical A on equal 
spheres with side BO equal to EF. 

To Prove ABO and DEF equal or symmetrical according as 
the equal parts occur in the same or in the reverse order. 

Proof. 1. Draw radii of spheres OA, OB, 00, O'D, O'E, 
CF 

2. Since triedrals 0-ABO, O^-DEF have homologous face 
A equal (?), diedrals OA, O'D are equal. (§ 408) 

3. Then plane A of OA, O'D 4re equal. (§ 386) 

4. Then, Z BAC=:iA EDF (§ 538) ; and theorem is proved 
by § 554. 

The theorem may be proved in a similar maimer when given q>herical 
i^ are on same sphere. 
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Prop. XVIII. Theorbm 

557. If two spherical triangles on the same or equal spheres 
are mutually equiangulary 

I. They are equal if the equal parts occur in the same m'der, 

II. They are symm^etricai if the equal parts occur in the re- 
verse order. 

A' D' 



/ 
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Oiven ABCj DEF mutually equiangular spherical A on the 
same or equal spheres. 

To Prove ABC and DEF equal or symmetrical according as 
the equal parts occur in the same or in the reverse order. 
Proof. 1. Let A'B'C, UE^r be polar A of ABCy DEF. 

2. A AB^C, D^E'F are mutually equilateral (§ 548) ; then, 
homologous A of A^B'C, D'E'F are equal (§ 556). 

3. Since ABC is polar A of A'B'C, and DEF of D'E'F (?), 
ABCf DEF are mutually equilateral (§ 548) ; and theorem fol- 
lows by § 556. 

558. If three diameters of a sphere be 
so drawn that ea^ch is perpendicular to the 
other twOf the planes determined by them 
divide the surface of the sphere into eight 
equal tri-rectangular triangles. 

For by § 537, each Z of each spherical A 
is a rt. Z, and the A are equal by § 557. 

559. By § 55Sy the surface of a sphere is eigJU times the sur- 
face of one of its tri-rectangular tnangles. 
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Prop. XIX. Theorem 

560. In an isosceles spherical triangle the angles opposite the 
equal sides are equal, 

Oiven, in spherical A ABC, AB = AC, ^^ 

To Prove AB^/.C, 

Proof. 1. Draw AD an arc of a great O, 
bisecting BC 2X D, 

2. By § 556, II, A ABD, ACD are sym- ^^ 
metrical ; and Z B = Z C XT^-^O 

561. An isosceles spherical triangle is equal to the spherical 
triangle which is symmetrical to it. 

For the equal parts occur in the same order. 

Prop. XX. Theorem 

562. If two angles of a spherical triangle are equal, the sides 
opposite are equal. (Converse of Prop. XIX.) 

Given in spherical A ABC, Z B = Z C, 
To Prove AB = AC 

Proof. 1. Let A'B'O be polar A of ABC, 
B being pole of A'C, and C of A^B', 

2, Since A^C is sup. of Z B, and A'B' of ^( 

AC' == AB' (?), and ZB'=-ZO, 

3. Since AB is sup. of Z O, and ^(7 of Z B' (§ 545), 

AB = AC. 




(§560) 



Prop. XXI. Theorem 
563. If two angles of a spherical triangle are unequal, the 
sides opposite are unequal, and the greater 
side lies opposite the greater angle. 

Given, in spherical A ABC, Z ABC >ZC, 
To Prove AC>AB. 

(Compare § 95. Draw BD an arc of a ^ ' 
great O meeting AC at D, and making Z CBD equal to Z G.) 
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Prop. XXII. Theorem 

564. If two sides of a spherical triangle are nnequal, the 
angles opposite are unequal, and the greater angle lies opposite 
the greater side. (Converse of Prop. XXI.) 

(Prove by Reductio ad absurdum.) 

Prop. XXIII. Theorem 

56Si The shortest line on the surface of a sphere between two 
gioen points is the arc of a great circle, not greater than a semi- 
circumference, which joins the points, 

Oiven points A and B on the sur- 
face of a sphere, and AB an arc of a 
great O, not > a semi-circumference. 

To Prove AB the shortest line on 
the surface of the sphere between A 
andJB. 

Proof. 1. Let C be any point on arc AB ; and DCF, ECO 
arcs of small © with A, B as poles, and AC, BC as polar 
distances. 

2. Arcs DCF, ECG have only point (7 common; for if i^is 
any other point in DCF, and AF, BF arcs of great ®, 

AF=AC (§526) 

3. By §549, AF -^^ BF > AC -{• BC ; 

subtracting AF from first member^ and AC from second, we 
have BF > BC (or BO), and F is without O ECO. 

4. To prove shortest line on surface passes through C, let 
any other line on surface, ADEB, not passing through C, cut 
arc DCF at D, and arc ECO at E. 

5. Whatever the nature of AD, an equal line can be drawn 
from ^ to (7; and a line equal to BE from B to C 

6. Then a line can be drawn from ^ to .B through C, equal 
to AD + BE, and hence < ADEB by line DE. 

7. Then no line which does not not pass through C can be 
the shortest line from AUy B\ and C being any point in AB, 
the shortest line passes through every point of AB. 
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Ez. 20. A right cone is divided into two equivalent parts by a plane 
which is. drawn parallel to its base. In what ratio is the altitude of the 
cone divided by the plane ? 

MEASUREMENT OP SPHERICAL POLYGONS 

566. Defs. A lune is a portion of the sur- 
face of a sphere bounded by two semi-cir- 
cumferences of great circles ; as ACBD, 

The angle of the lune is the angle formed 
by its bounding arcs. 

A spherical wedge is a solid bounded by 
a lune and the planes of its bounding arcs. 

The lune is called the base of the spherical wedge. 

567. It is evident that two lunes on the same sphere, or equal 
spheres, are equal when their angles are equal. 

Also, two spherical wedges in the same sphere, or equal spheres, 
are equal when the angles of the lunes which form their bases are 
equal. 

Prop. XXIY. Theorem 

668. The spherical triangles corresponding to a pair of vertical 
triedral angles are symmetrical. 





Given ADA', BOS, COO diameters of sphere A0\ also, 
planes determined by them, intersecting the surface in arcs 
AB, EC, CA, A'B', B'C, CA', 

To Prove spherical A ABC, A'B'O symmetrical. 

Proof. 1. Since Z AOB = Z A' OB' (?), AB = A'B\ (?) 

2. Similarly, BC = B'C, CA = OA' j now use § 556, 2. 
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Pbop. XXV. Theorem 

569. Two spherical tnangles corresponding to a pair of vertical 
triedral angles are equivalent 




Given AOA\ BOB\ COC diameters of sphere AB-^ also, 
planes determined by them, intersecting the surface in arcs 
AB, BC, CA, A'B', B'C, C'A'. 

To Prove area ABC = area A'B^O. 

Proof 1. Let P be pole of small O passing through 
AyB, C; draw diameter of sphere PP', and arcs of great (D PA, 
PB, PC, PA', PB\ PC ; then PA = PB = PC. (§ 526) 

2. A PAB, P'A'B' are symmetrical (§ 568) ; whence 

A PAB = A PA'B'. (§ 561) 

3. Similarly, A PBC = A PB'C, A PCA = A PC A', 

4. A PAB, PBC, PCA compose A ABC, and A PA'B', 
P'B'O, P'C'A' compose A A'B'C ; which proves theorem. 

If P and P fall without spherical ii ABC and A'B'C, we should take 
the sum of two isosceles spherical A, diminished by the third. 

570. Two symmetrical spherical triangles are equivalent, 

571. Since spherical pyramids 0-APB, O-BPC, 0-CPA 

equal, respectively, spherical pyramids 0-A'PB', 0-B'PC, 
0-CPA' (§ 542), vol. 0-ABC = vol. 0-A'B'C. 

Whence, the sphencal pyramids corresponding to a pair ofver^ 
tical triedral angles are equivalent 
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Pbop. XXVI. Theorem 
572. Two lunes on the same sphere, or equal spheres, are to 
eaxih other as their angles. 

The word *' lune,'*^ in the above statement, signifies the area of the lune. 
Case L When the angles are commensurable. 




Given ACBD, ACBE lunes on sphere AB, having their 
A CAD, CAE commensurable. 

To Prove A^BD^^^AD^ ^^^ 

ACBE Z CAE ^ ^ 

Proof. 1. Let Z CAa be contained 5 times in Z CAD and 
3 times in Z CAE ; find ratio Z CAD to Z CAE, 

2. Extend arcs of division of Z CAD to B ; subdivisions 
of ACBD, ACBE are all equal. ^ (§ 567) 

3. Find ratio ^CBZ> to ^(75^. 

4. From results (1) and (3), we have equation (1). 

The theorem may be proved in a similar manner when the given lunes 
are on equal spheres. 

Case n. Wlie^i the angles are incommensurable. 

A 




Given ACBD, ACBE lunes on sphere AB, having A GAD, 
CAE iucommensurable. 
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To Prove ACBD^ZCAD^ 

AOBE Z. CAE 

(Prove as in §§ 188 or 227. Let Z CAD be divided into any 
number of equal parts, and apply one of these parts to Z CAE 
as a unit of measure.) 

573. The surface of a lune is to the surface of the sphere as 
the angle of the lune is to four right angles. 

For the surface of a sphere may be regarded as a lune whose 
Z is equal to 4 rt. A 

574. If the unit of measure for angles is the right angle, the 
area of a lune is equal to twice its angle, multiplied by the area of 
a tri-rectangular triangle. 

Let L be area of lune, A the numerical measure of its Z 
referred to a rt. Z as unit of measure, T the area of a tri- 
rectangular triangle ; since area surface of sphere is 8 T (§ 559), 

A = |(§572);andZ = |x8r=2^x2l 

Let it be required, for example, to find the area of a lune whose Z is 
60°, on a sphere the area of whose surface is 72. 

The Z of the lune referred to a rt. Z as the unit of measure is J ; and 
T is J of 72, or 9. Then the area of the lune is 2 x { x 9, or 10. 

575. Def . A tri-rectangular pyramid is a spherical pyramid 
whose base is a tri-rectangular triangle. 

576. It may be proved, as in § 572, that 

Two spherical wedges in the same sphere, or equal spheres, are 
to each other as the angles of the lunes which foi-m their bases, 

577. It may be proved that if the unit of measure for angles 
is the right angle, the volume of a spherical wedge is equal to twice 
the angle of the lune which forms its base, multiplied by the vol- 
ume of a tri-rectangular pyramid, 

578. Def. The spherical excess of a spherical triangle is the 
excess of the sum of its angles above 180** (§ 551). 

Thus, if the ^ of a spherical A are 65^ 80**, and 95^ its 
spherical excess is 65** + 80° + 95** - 180°, or 60°. 
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Pbop. XXVII. Theorem 

579. If the unit of measure for angles is the right angle, the 
area of a spherical triangle is equal to its spherical excess, multi- 
plied by the area of a trirectangular triangle. 




Oiyen A, By C the numerical measures of the A of spherical 
A ABC, referred to a rt. Z as the unit, and T the area of a tri- 
rectangular A. 

To Prove area ABC^ (-4 + ^ + (7- 2) x T. (1) 

Proof. 1. Draw diameters AA', BB\ CO, and circumfer- 
ences ABA'B', ACAC, BCB'C ; ABA'B' is a lune whose Z 
is A. 

2. By § 574, area ABC + area A'BC =2Ax T. (2) 

3. Similarly, area ABC + area ABV =:2Bx T. (3) 

4. Lune ACBC, whose Z is C, is composed of A ABO, 
ABO ; and area ABO = area A'B'C. (§ 569) 

5. Then, area ABC + area A'B^C =2Cx T. (4) 

6. Add (2), (3), (4) ; since A ABC, A'BC, AB'C, A'B'C form 
surface of hemisphere whose area is 4 IT (§ 559), 

2 area ABC ■\-4.T^{2A-\-2B'\-2C)xT, 

7. Transposing 4 T, and dividing by 2, we obtain equation 

(1). 

Let it be required, for example, to find the area of a spherical A whose 
^ are 105°, 80°, and 95°, on a sphere the area of whose surface is 144. 

The spherical excess of the spherical A is 100°, or ^ referred to a rt. i^ 
as the unit of measure ; and the area of a tri-rectangular A is ^ of 144, 
or 18. 

Then the area of the spherical A is ^Q x 18, or 20. 
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580. It may be proved, as in § 579, that 

If the unit of meastire for angles is the right angle^ the volume 
of a triangular spherical pyramid is equal to the spherical excess 
of its basCy multiplied by the volume of a tri-rectangular pyramid. 

Prop. XXVIII. Theorem 

581. If the unit of measure for angles is the right angle, the 
area of any spherical polygon is equal to the sum of its angles, 

' diminished by as many times two right angles as the figure has 
sides less two, multiplied by the area of a tri-rectangular triangle. 

Given K the area of any spherical poly- v^"*****^^^^ 

gon, n the number of its sides, s the sum of X'''^^\ 

its A referred to a rt. Z as the unit, and T ^^ .,^ \ 

the area of a tri-rectangular A. ^*V^ yr 

To Prove ^= [s - 2 (n - 2)] x T. (1) >v^/ 

Proof. 1. Divide spherical polygon into n — 2 spherical A 
by drawing diagonals from any vertex. 

2. By § 579, area each A equals sum of its A, minus 2 rt. zS, 
multiplied by T. 

3. Then, sura of areas of A equals sum of their A (or sum 
of A of polygon), minus n — 2 times 2 rt. A, multiplied by T; 
which proves equation (1). 

582. It may be proved, as in § 581, that 

If the unit of measure for angles is the right angle, the volume 
of any spherical pyramid is equal to the sum of the angles of its 
base, diminished by as imany times two right angles as the base 
has sides less two, multiplied by the volume, of a tri-rectangular 
pyramid. 

Ez. 21. The sides of a spherical triangle, on a sphere the area of 
whose surface is 166, are 44**, 63°, and 97^, respectively. Find the area 
of its polar triangle. 

Ez. 22. Find the area of a spherical hexagon whose angles are 120^, 
189°, 148°, 166°, 162°, and 167°, on a sphere the area of whose surface 
is 280. 
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Ez. 23. Given an opaque sphere whose radius OB is 16 V2 feet A 
light is placed at C, a point so chosen that Z AOB — 46% AB being the 
radius of the small circle which inter- 
cepts the light. The shadow cast by the 
sphere upon the plane QB is a circle 
with centre at M^ and has an area of 
9216 T square feet. Find the distance, 
(73/, from the light to the plane QB, 

If M were not the centre of the 
shadow and the shadow were not a 
circle, would the circle whose centre is A and the plane QB be parallel ? 

Ez. 24. Find the volume of a pentagonal spherical pyramid the 
angles of whose base are 109°, 128°, 137°, 163°, and 158°, respectively ; 
the volume of the sphere being 180. 

MEASUREMENT OF THE SPHERE 

Definitions 

583. A zone is a portion of the surface of a sphere included 
between two parallel planes. 

The circumferences of the circles which bound the zone are 
called the hoses, and the perpendicular distance between their 
planes the altitude, 

A zone of one base is a zone one of whose bounding planes is 
tangent to the sphere. 

A.spherical segment is a portion of a sphere included between 
two parallel planes. 

The circles which bound it are called the bases, and the per- 
pendicular distance between them the altitude. 

A spherical segment of one base is a spherical segment one of 
whose bounding planes is tangent to the sphere. 

584. If semicircle ACEB be revolved 
about diameter AB as an axis, and CD 
and EF are lines ± AB, arc CE generates 
a zone whose altitude is DF, CEFD a 
spherical segment whose altitude is DF, 
arc AO B. zone of one base, and ACD a 
spherical segment of one base. 
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If a semicircle be revolved about its diameter as an 
axis, the solid generated by any sector of 
the semicircle is called a spherical sector. 

Thus, if semicircle ACDB be revolved 
about diameter AB as an axis, sector OCD 
generates a spherical sector. 

The zone generated by the arc of the 
sector is called the base of the spherical 
sector. 

Prop. XXIX. Theorem 

586. The area of the surface generated by the revolution of a 
straight line about a straight line in its plane, not parallel to and 
not intersecting it, as an axis, is equal to its projection on the ajxis, 
multiplied by the circumference of a circle, whose radium is the 
perpendicular ereded at the middle point of the line and terminat- 
ing in the axis. 

M 




Oiyen str. line AB revolved about str. line FMin its plane, 
not II to and not intersecting it, as an axis ; lines AC and 
BD1.FM, and EF the ± erected at the middle point of AB 
terminating in FM, 

To Prove area AB*=^CDx2irEF {%% 254, 334). (1) 

Proof. 1. Draw line AQ ± BD, line EH A. CD-, AB gener- 
ates lateral surface of a frustum of a cone of revolution. 

2. By § 509, area AB=^ABx2 irEH. (2) 

3. Since A ABG, EFH are similar (?), ^ = f^- (^) 

A(jr EH 

4. Then, ABxEH= AG xEF= CD xEF, (?) 

5. Substituting in (2), gives equation (1). 

♦ The expression **area AB'''' is used to denote the area of the surface 
generated by AB, 
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Prop. XXX. Theorem 

587. Th£. area of a zone is equal to its altitude multiplied by 

the circumference of a great circle. 

M 
A' 

C 
D' 
B' 
Q 

Given arc AB revolved about diameter OJ!f as an axis, lines 
AA\ BB' ± OMy and R the radius of the arc. 
To Prove area zone generated by AB = A^B^ x 2,irR. (1) 

Proof. 1. Divide AB into equal arcs AJC, CD, DB-, draw 
chords AC, CD, DB, lines 0(7', DD' ± DM, and OE±AG. 

2. By § 586, area AC=A'C' x 2 'ttOE, 

area CD= (72)' X 2 irOE, etc. 

3. Adding, area generated by broken line ACDB 

= (A'C + CD' -h etc.) X 2 wOE = A'B' x 2 irOE. 

4. If subdivisions of AB be bisected indefinitely, area gen- 
erated by broken line ACDB approaches area generated by arc 
AB as a limit,* and A'B' x 2 ttOE approaches A'B' x 2 ttI? as 
a limit. (§ 330t) 

5. Prove equation (1) by Theorem of Limits. 

588. The proof of § 587 holds for any zone which lies 
entirely on the surface of a hemisphere; for, in that case, no 
chord is II OM, and § 5S6 is applicable. 

Since a zone not entirely on the surface of a heihisphere is 
the sum of two zones, each of which does lie entirely on the sur- 
face of a hemisphere, the theorem of § 587 holds for any zone. 

* A rigorous proof of this is beyond the scope of the present treatise. 

t The theorem of § 330 i^ evidently true when, instead of the perl- 
meter of a regular inscribed polygon, we have a broken line consisting of 
equal straight lines inscribed in an arc. 



MEASUREMENT OF THE SPHERE 285 

589. If S denotes the area of a zone^ h its altitude, B the 
radius of the sphere, 

S = 2 wEh. 

590. Since the surface of a sphere may be regarded as a 
zone whose altitude is a diameter of the sphere, 

The area of the surface of a sphere is equal to its diameter 
multiplied by the circumference of a great circle, 

591. Let S denote the area of the surface of a sphere, R its 
radius, and D its diameter. 

Then, iS = 2B x2wB = 47rM 

That is, the area of the surface of a sphere is equal to the 
square of its radius multiplied by 4 tt. 

Again, S=^7rX (2By=^ irlP. 

That is, the area of the surface of a sphere is equal to the 
square of its diameter multiplied by w. 

592. Since Tri? is the area of a great O (?), the surface of a 
sphere is equivalent to four great circles. 

593. The areas of the surfaces of two spheres are to each other 
as the squares of their radii, or as the squares of their diameters. 

(The proof is left to the pupil ; compare § 338.) 

Ez. 25. Find the area of the surface of the earth included in the 
north temperate zone. (Call earth a sphere whose radius is 4000 miles 
and the altitude of the zone 2164.8 miles.) 

Ez. 26. A sphere is 32 feet in diameter. Find the area of the surface 
visible to an observer standing 32 feet from the centre of the sphere. 

Ez. 27. The radii of two spheres are in the ratio }. What is the 
ratio of the areas of their surfaces ? 

Ex. 28. The area of the surface of a sphere is three times the area 
of the surface of another. Find the ratio of their radii. If the area of 
one is M times that of the other, find ratio of radii. 

Ez. 29. Find the area of a spherical triangle whose angles are 76°, 
106*^, and 100®, respectively, on a sphere whose radius is 8 inches. 

Ez. 30. A plane bisects a radius of a sphere. Find the ratio of the 
areas of the surfaces into which the surface of the sphere is divided. 
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Prop. XXXI. Theorem 

594. If an isosceles triangle he revolved about a straight line 
in its plane, not parallel to its base, as an axis, which passes 
through its vertex without intersecting its surface^ the volume of 
the solid genei*ated is equal to the area of the surface generated 
by the base, multiplied by one-third the altitude. 



Given isosceles A OAB revolved about str. line OF in its 
plane, not 11 to base AB, as an axis; and line 0C1.AB. 
To Prove vol. OAB* = area ABy.\ OG. (1) 

Proof. 1. Draw AD, BE ± 0F\ extend BA to meet OF 
at F. 

2. vol. 05jP= vol. OBE + vol. BEF 

= ^tt^bF X OE + \irB^ X EF (§ 505) 

=^\7rBTfx {OE + EF)^\irBE X BE X OF. 

3. Since BE x OF = 00 x BF, each being, twice area OBF, 
vol. OBF= \ irBE X 00 X BF^wBE x BF x^OC. 

4. Then (§ 503), vol. OBF= area generated hy BFxi 00. (2) 

5. Similarly, vol. O^F=area generated by AF x i 00. (3) 

6. Subtracting (3) from (2) gives equation (1). 

Ex. 31. The area of the surface of a sphere is 900 w. Find volume 
of an inscribed cone whose axis coincides with a fixed diameter and the 
radius of whose base is 22. How many cones satisfy the condition? 

♦The expression **vol. OAB^^ is used to denote the volume of the 
solid generated by OAB. 
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Prop. XXXII. Theorem 

The volume of a spherical sector is equal to the area of 
the zone which forms its base, multiplied by one4hird the radius 
of the sphere. 




Oiyen sector OAB revolved about diameter OM as an axis, 
and R the radius of the arc. 

To Prove volume of spherical sector generated by OAB 
equal to area of zone generated by AB x \E. 

Proof. 1. Divide AB into equal arcs, AC, CD, DB; draw 
chords AC, CD, DB, also lines OC, CD, and line OE ± AC 

2. By § 594, vol. OAC « area -40 x J OE, 

vol. OCD = area CD x ^ OE, etc. 

3. Adding, volume generated by polygon OACDB 

= (area ^C+ area CD, etc.) x^OE = area ACDB x ^ OE. 

4. If subdivisions of AB be bisected indefinitely, volume 
generated by polygon OACDB approaches volume generated 
by sector OAB as a limit,* and area ACDB x ^ OE approaches 
area generated by arc -45 X ^22 as a limit. (J§ 329, 330 1) 

5. Prove theorem by Theorem of Limits. 

It is evident, as in § 588, that § 505 holds for any spherical sector. 

Ex. 32. The angles of a spherical quadrilateral are 95°, 115"^, 185°, 
and 110°, respectively. What is the area of the quadrilateral if the radius 
of the sphere is 7 inches ? 

* A rigorous proof of this is beyond the scope of the present treatise, 
t See note, foot p. 284. 
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596. If V denotes the volume of a spherical sector, h the 
altitude of the zone which forms its base, B the radius of the 
sphere, 

F= 2 wRh X i i? (§ 589) = iwIPh. 

597. Since a sphere may be regarded as a spherical sector 
whose base is the surface of the sphere, 

Tlie volume of a sphere is equal to the area of its surface multi- 
plied by one-third its radius, 

598. Let V denote the volume of a sphere, R its radius, and 
D its diameter. 

Then, V=4:wIP X i^(§ 591) =f ,riP. 

That is, the volume of a sphere is equal to the cube of its radius 
multiplied by | tt. 

Again, F = 7rZ)2 X i D (§ 591) = \ wD". 

That is, the volume of a sphere is equal to the cube of its diam- 
eter multiplied by ^ w. 

599. The volumes of two spheres are to each other as the cubes 
of their radii, or as the cubes of their diameters, 

(The proof is left to the pupil.) 

600. The volume of a spherical pyramid is equal to the area 
of its base multiplied by one-third the radius of the sphere. 

Let P denote volume of spherical pyramid, K the area of its 
base, B the radius of the sphere, n the number of sides of the 
base, s the sum of its A referred to a rt. Z as the unit of meas- 
ure, T the area of a tri-rectangular A, T the volume of a tri- 
rectangular pyramid, S the area of the surface of the sphere, 
and Fits volume. 

Then. P [«-2(n-2)]xr' ^r (gg 581 582) 
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Also, ^=15 = ^. (§569) 

Then, t^=^=P^AU 591, 59S)=\B; and therefore 

Ez. 33. A tank in the form of a cylinder of revolution is 2 meters 
in altitude, and the diameter of its base is 1 meter. How many gallons 
of water will it contain ? 

Ez. 34. A bar of iron in the form of a rectangular parallelopiped is 
12 inches long, 8 inches wide, and 4 inches thick. The bar is melted and 
cast into a spherical ball. Find the radius of the ball. 

Ez. 35. A brass rod is in the form of a cylinder of revolution, 
whose length is 4 feet and diameter of base 3 inches, capped at each 
end by a hemisphere whose diameter is 3 inches. The rod and hemi- 
spheres have a uniform thickness of | inch. Find its weight. (One 
cubic foot of water weighs 62 J^ pounds, and brass is 8.2 times as heavy 
as water.) 

Ex. 36. A spherical metal shell is J inch in thickness. The out- 
side diameter of the shell is 10 inches. Find the amount of metal in the 
shell. 

Ez. 37. The diameter of a sphere, the altitude and diameter of a 
cone of revolution and of a cylinder of revolution are each a inches. 
Their volumes are in what ratio? Their entire surfaces are in what 
ratio? 

Ez. 38. Find ratio of the volumes of a sphere to its circumscribed 
cube. 

Ez. 39. Find the ratio of the volume of a sphere to its circumscribed 
regular tetraedron. 

Ez. 40. The volume of a spherical wedge is 76. The volume of the 
sphere is 326. Find the angle of the base of the spherical wedge. 

Ez. 41. Find the ratio of the volume of a sphere to its circumscribed 
cylinder of revolution. Could an oblique circular cylinder circumscribe 
the sphere ? Why ? 

Ez. 42. Find the ratio of the volume of a sphere to the volume of the 
inscribed cube* 



290 SOLID GEOMETRY — BOOK IX 

Prop. XXXIII. Problem 

601. Given the radii of the bases, and the altitude, of a spheri- 
cal segment, to find its volume. 




— ^ ^ 

Oiyen the centre of arc ADB, lines AA', Bff ± to diameter 
OM, AA' = r', BB* = r, and A'B' = h. 

Bequired to express volume of spherical segment generated 
by the revolution of ADBB'A' about OM as an axis in terms 
of r, r', h. 

Solution. 1. Draw lines OA, OB, AB; also, line OC JL AB, 
and line AE ± BB' ; denote radius OA by E. 

2. vol. ADBB'A' = vol. ACBD -f vol. ABB' A'. (1) 

3. vol. ACDB = vol. OADB - vol. OAB. 

4. By § 596, vol. OADB = | irlPh. 

5. By § 594, vol. OAB = area AB x i 00 

= A X 2irOC X J 00 (§ 586) ==iwWh. 

6. Then, vol. ACDB = 1 7ri?A - | ttOC"^ = f 7r(i? - OO^A. 

7. By§253, ^^ __ 5^2 ^ ;3^ ^ (^ ^^^s (^) ^ ^ ^S'. 

8. Then, vol. ACDB :=i'7r x \AS^ X h = ^ttZB^A 

= i w(BE^ + Z&')^ = i 7r[(r - r7 + Vyi. 

9. Substitute in (1), by § 511, vol. ADBB'A' 

= i ^[(^ - O' + ^']^ -f i ^(2 r^ + 2 r'« + 2 rr')^ 
=. ^ ^(r« - 2 rr' + r« + A« 4- 2 r« 4- 2 r'« + 2 rr')h 
= ^ 7r(3 r^ + 3 r'^h -f | tt^^ ^ ^ 7r(r2 + r«)^ -f J tt^^I 

602. If r denotes radius of base, h the altitude, of a spherical 
segment of one base, its volume is 



MEASUREMENT OF THE SPHERE 291 

Ex. 43. Find the volume of a cone of revolution inscribed in a sphere 
whose volume is 4500 v. The axis of the cone is 15 and coincides with a 
fixed diameter. Can there be more than one such^cone ? 

Ex. 44. A plane is drawn through the axis of a cone of revolution. 
The intersection of the plane and the cone is an equilateral triangle whose 
side is 12. Find the area of the surface of a sphere inscribed in the cone. 

Ex. 45. A plane is passed through the axis of a cone of revolution. 
The intersection of the plane and the cone is an equilateral triangle. 
Find the ratio of the volume of the sphere inscribed in the cone to the 
Volume of the cone. 

Ex. 46. The legs of a right triangle are 18 and 12, respectively. The 
triangle revolves about the hypotenuse as an axis. Find the area of the 
surface generated. 

Ex. 47. A hollow iron column in the shape of a frustum of a cone 
of revolution is 10 feet long ; one base is 10 inches in outer diameter, and 
8 inches in inner, and the other base is 6 inches in outer diameter, and 4 
inches in inner. The column is melted and formed into a bar in the 
shape of a rectangular parallelepiped, 4 inches wide and 2 inches 
thick. Find length of bar. ' 

Ex. 48. A 10-pound spherical iron cannon ball is 3 inches in diam- 
eter. Find the diameter of a 20-pounder. 

Ex. 49. Measure the circumference of a great circle of any sphere of 
known diameter. Using the measurement as given, compute the volume 
of the sphere. 

Ex. 50. Given a semicircle of radius r, and a chord parallel to the 
diameter of the semicircle. The radii drawn from the middle point of 
the diameter to the extremities of the chord form an angle of GO*'. The 
semicircle is revolved about its diameter as an axis. Find the volume of 
the solid generated by the segment between the chord and the arc. 

Ex. 51. Given an equilateral triangle ABDy 
and a light placed at point C, equidistant from 
A^ B and D, and at a distance 12 from plane 
ABD, A side of ABD is 8 and plane ABD is 
parallel to plane QB, A'B'D' is the shadow of 
ABD upon QB, and CO' is perpendicular to 
A'B'D', meeting ABD at 0. The distance from 
C to QR la 64. Find area A'B'D'. 
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Acute angle, § 87. 
Adjacent angles, § 13. 

diedral angles, § 378. 
Alternate-exterior angles, § 74. 
-interior angles, § 74. 
Altitude of a cone, § 496. 

of a cylinder, § 480. 

of a frustum of a cone, 

§496. 
of a frustum of a pyramid, 

§448. 
of a parallelogram, § 103. 
of a prism, § 413. 
of a pyramid, § 446. 
of a spherical segment, 

§683. 
of a trapezoid, § 103. 
of a triangle, § 73. 
of a zone, § 683. 
Angle, § 10. 

at the centre of a regular 

polygon, § 308. 
between two intersecting 

curves, § 636. 
inscribed in a segment, 

§149. 
of a lune, § 666. 
Angles of a polygon, § 116. 

of a quadrilateral, § 102. 
of a spherical polygon, 

§639. 
of a triangle, § 21. 
Angular degree, § 39. 
Antecedents of a proportion, § 213. 



Apothem of a regular polygon, 

§308. 
Arc of a circle, § 23. 
Area of a surface, § 278. 
Axiom, § 32. 

Axis of a circle of a sphere, § 618. 
of a circular cone, § 496. 

Base of a cone, § 496. 

of a polyedral angle, § 401. 
of a pyramid, § 446. 
of a spherical pyramid, § 641. 
of a spherical sector, § 685. 
of a spherical wedge, § 666. 
of a triangle, § 73. 
Bases of a cylinder, § 480. 

of a parallelogram, § 103. 

of a prism, § 413. 

of a spherical segment, § 683. 

of a trapezoid, § 103. 

of a truncated prism, § 419. 

of a truncated pyramid, 

§447. 
of a zone, § 683. 
Bi-rectangular triangle, § 663. 
Broken line, § 6. 

Central angle, § 149. 

Centre of a parallelogram, § 108. 

of a regular polygon, § 308. 
Chord of a circle, § 147. 
Circle, § 23. 

circumscribed about a poly- 
gon, § 162. 
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Circle inscribed in a polygon, 

§162. 
Circles tangent externally, § 151. 

tangent internally, § 151. 
Circular cone, § 495. 

cylinder, § 480. 
Circumference, § 28. 
Commensurable magnitudes, § 181. 
Common measure, § 181. 
tangent, § 151. 
Complement of an angle, § 40. 

of an arc, § 189. 
Complementary angles, § 40. 
Concave polygon, § 119. 
Concentric circles, § 146. 
Cone, § 496. 

of revolution, § 496. 
Conical surface, $ 495. 
Consequents of a proportion, § 213. 
Constant, § 184. 
Converse of a proposition, § 67. 
Convex polyedral angle, § 402. 

polyedron, § 411. 

polygon, § 118. 

spherical polygon, § 540. 
Corollary, § 32. 
Corresponding angles, § 74. 
Cube, § 421. 
Curve, § 5. 
Cylinder, § 480. 

of revolution, § 480. 
Cylindrical surface, § 480. 

Decagon, § 116. 

Degree of arc, § 189. 
Determination of a plane, § 343. 
of a straight line, 
§35. 
Diagonal of a polyedron, § 410. 
of a polygon, § 115. 
of a quadrilateral, § 102. 
of a spherical polygon, 
§ 539. 
Diameter of a circle, § 142. 
of a sphere, § 512. 
Diedral angle, { 378. 



Dimensions of a rectangle, § 279. 
of a rectangular paral- 
lelepiped, § 432. 
Directrix of a conical surface, 
§495. 
of a cylindrical surface, 
§480. 
Distance between two points on 
the surface ol a sphere, 
§524. 
of a point from a line, 

§96. 
of a point from a plane, 
§360. 
Dodecaedron, § 410. 
Dodecagon, § 116. 

Edge of a diedral angle, § 378. 
Edges of a polyedral angle, § 401. 

of a polyedron, § 410. 
Element of a conical surface, 
§495. 
of a cylindrical surface, 
§480. 
Enneagon, § 116. 
Equal figures, § 12. 

polyedral angles, § 403. 
Equiangular polygon, § 117. 

triangle, § 22. 
Equilateral polygon, § 117. 

spherical triangle, 

§539. 
triangle, § 22. 
Equivalent solids, § 412. 

surfaces, § 270. 
Exterior angles, § 74. 

of a triangle, § 73. 
Extremes of a proportion, § 213. 

Face angles of a polyedral angle, 

§401. 
Faces of a diedral an^e, { 378. 

of a polyedral angle, § 401. 

of a polyedron, § 410. 
Foot of a line, § 849. 
Fourth proportional, § 215. 
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Frustum of a cone, § 405. 

of a pyramid, § 448. 

of a pyramid circum- 
scribed about a frus- 
tum of a cone, § 499. 

of a pyramid inscribed 
in a frustum of a cone, 
§400. 

Generatrix of a conical surface, 
§405. 
of a cylindrical sur- 
face, § 480. 

Qeometrical figure, § 8. 

Geometry, § 9. 

Great circle of a sphere, § 518. 

Hendecagon, § 116. 

Heptagon, § 116. 

Hexaedron, § 410. 

Hexagon, § 116. 

Homologous, § 48. 

Hypotenuse of a right triangle, 

§22. 
Hypothesis, § 46. 

Icosaedron, § 410. 
Incommensurable magnitudes, 

§181. 
Indirect method of proof, § 6Q. 
Inscribed angle, § 149. 
Inscriptible polygon, § 152. 
Interior angles, § 74. 
Isosceles spherical triangle, § 530. 

trapezoid, § 108. 

triangle, § 22. 

Lateral area of a cone, § 408. 

of a cylinder, § 487. 
of a frustum of a cone, 

§408. 
of a prism, § 418. 
of a pyramid, § 445. 
Lateral edges of a prism, § 413. 

of a pyramid, § 445. 
Lateral faces of a prism, § 418. 



Lateral faces of a pyramid, f 446. 
Lateral surface of a cone, § 405. 

of a cylinder, §480. 
Legs of a right triangle, § 22. 
Limit of a variable, § 185. 
Line, § 2. 

Locus of a series of points, § 342. 
Lower base of a frustum of a cone, 

§405. 
nappe of a conical tuxfaoei 

§406. 
Lune, § 566. 

Material body, § 1. 
Mean proportional, § 214. 
Means of a proportion, § 213. 
Measure of a magnitude, § 180. 

of an angle, § 30. 
Median of a triangle, § 138. 
Mutually equiangular polygons, 
§121. 
equiangular spherical 

polygons, § 547. 
equilateral polygons, 

§120. 
equilateral spherical 
polygons, § 547. 

Numerical measure, § 180. 

Oblique angles, § 37. 

lines, § 37. 

prism, § 417. 
Obtuse angle, § 87. 
Octaedron, § 410. 
Octagon, § 116. 

Parallel lines, § 68. 

planes, § 840. 
Parallelogram, § 103. 
Parallelepiped, § 421. 
Pentagon, § 116. 
Perimeter of a polygon, § 115. 
Perpendicular lines, § 14. 

planes, § 386. 
Plane, § 6. 
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Plane angle of a diedral angle, 
§379. 
figure, § 8. 
geometry, § 9. 
tangent to a cone, § 495. 
tangent to a cylinder, § 487. 
tangent to a frustum of a 

cone, § 496. 
tangent to a sphere, § 615. 
Point, § 3. 

of contact of a line tangent 

to a circle, § 150. 
of contact of a line tangent 

to a sphere, § 515. 
of contact of a plane tangent 
to a sphere, § 515. 
Polar distance of a circle of a 
sphere, § 527. 
triangle of a spherical tri- 
angle, § 543. 
Poles of a circle of a sphere, § 618. 
Polyedral angle, § 401. 
Polyedron, § 410. 

circumscribed about a 

sphere, § 515. 
inscribed m a sphere, 
§515. 
Polygon, § 115. 

circumscribed about a 

circle, § 152. 
inscribed in a circle, § 152. 
Postulate, § 32. 
Prism, § 413. 

circumscribed about a cylin- 
der, § 487. 
inscribed in a cylinder, 
§487. 
Problem, § 32. 

Projection of a line on a line, 
§254. 
of a line on a plane, 

§396. 
of a point on a line, 

§254. 
of a point on a plane, 
§896. 



Proportion, § 210. 
Proposition, § 32. 
Pyramid, § 445. 

circumscribed about a 
cone, §499. 

inscribed in a cone, § 499. 

Quadrangular prism, § 416. 

pyramid, § 446. 
Quadrant, § 154. 
Quadrilateral, § 102. 

Radius of a circle, § 23. 

of a regular polygon, § 806. 
of a sphere, § 512. 
Ratio, § 180. 

Reciprocally proportional magni- 
tudes, § 258. 
Rectangle, § 103. 

Rectangular parallelepiped, § 421. 
Rectilinear figure, § 8. 
Re-entrant angle, § 119. 
Regular polyedron, § 477. 
polygon, § 305. 
prism, § 417. 
pyramid, § 446. 
Rhomboid, § 103. 
Rhombus, § 108. 
Right angle, § 14. 

angled spherical triangle, 

§539. 
circular cone, § 495. 
cylinder, § 480. 
diedral angle, § 386. 
parallelopiped, § 421. 
prism, § 417. 

section of a cylinder, § 487. 
section of a prism, § 420. 
triangle, § 22. 

Scalene triangle, § 22. 

Secant, § 150. 

Sector of a circle, § 147. 

Segment of a circle, § 147. 

Segments of a line by a point, § 23L 

Semicircle, § 154. 
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Semi-circumferenoe, § 164. 
Sides of a polygon, § 115. 

of a quadrilateral, § 102. 
of a spherical polygon, § 639. 
of a triangle, § 21. 
of an angle, § 10. 
Similar arcs, § 335. 

cones of revolution, § 495. 
cylinders of revolution, 

§480. 
polyedrons, § 468. 
polygons, § 233. 
sectors, § 336. 
segments, § 336. 
Slant height of a cone of revolu- 
tion, § 498. 
of a frustum of a cone 
of revolution, §498. 
of a frustum of a regu- 
lar pyramid, § 450. 
of a regular pyramid, 
§450. 
Small circle of a sphere, § 618. 
Solid, § 1. 

geometry, § 9. 
Sphere, § 512. 

circumscribed about a 

polyedron, § 516. 
inscribed in a polyedron, 
§516. 
Spherical angle, § 635. 

excess of a spherical tri- 
angle, § 578. 
polygon, § 539. 
pyramid, § 641. 
sector, § 686. 
segment, § 683. 
segment of one base, 

§683. 
triangle, § 539. 
wedge, § 566. 
Square, § 103. 
Straight line, § 5. 

divided in extreme 
and mean ratio, 
§ 272. 



Straight line oblique to a plane, 
§349. 
parallel to a plane, 

§349. 
perpendicular to a 

plane, § 349. 
tangent to a circle, 

§160. 
tangent to a sphere, 
§ 515. 
Straight lines divided proportion- 
ally, § 226. 
Subtended arc, § 147. 
Supplement of an angle, § 40. 
of an arc, § 189. 
Supplementary-adjacent angles, 
§42. 
angles, § 42. 
Surface, § 1. 
Surface of a material body, § 1. 

of a solid, § 1. 
Symmetrical polyedral angles, 
§404. 
spherical polygons, 
§544. 

Tangent circles, § 161. 
Tetraedron, § 410. 
Theprem, § 32. 
Third proportional, § 214. 
Transversal, § 74. 
Trapezium, § 103. 
Trapezoid, § 103. 
Triangle, § 21. 
Triangular prism, § 416. 

pyramid, § 446. 
Triedral angle, § 401. 
Tri-rectangular triangle, § 563. 
pyramid, § 676. 
Truncated prism, § 419. 

pyramid, § 447. 

Unit of measure, § 180. 
of surface, § 278. 
of volume, § 410. 
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Upper base of a frustum of a cone, 

§496. 
Upper nappe of a conical surface, 

§496. 

Variable, § 184. 
Vertex of a cone, § 495. 

of a conical surface, § 496. 

of a polyedral angle, § 401. 

of a pyramid, § 445. 

of a spherical pyramid, 
§541. 

of a triangle, § 73. 

of an angle, § 10. 



Vertical angle of a triangle, § 7S 

angles, § 37. 

diedral angles, § 378. 

polyedral angles, § 401. 
Vertices of a polyedron, f 410. 

of a polygon, § 115. 

of a quadrilateral, § 102. 

of a spherical polygon, 
§539. 

of a triangle, § 21. 
Volume of a solid, § 410. 

Zone, § 583. 

of one base, § 583. 
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